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Chapter 1

High energy processes with hadrons

1.1 Diagrammatic approach

The basic degrees of freedom that feel the strong interactions, quarks and gluons, are confined into hadrons,
strongly interacting particles. Considering the nucleons (light hadrons), the characteristic energy and
distance scales are given by the nucleon mass, Λ ∼ MN , or taking into account the color degrees of
freedom one may prefer a scale Λ ∼MN/Nc ∼ 300 MeV. We refer to this as O(M) or O(Q0) if we consider
high-energy processes. Such processes are characterised by hard kinematical variables that are of order Q
with Q2 � Λ2. Depending on details, the high-energy scale Q can be the CM energy, Q ∼

√
s or it can

be a measure of the exchanged momentum.

K2

K1

1P

2P

k

k2

1

2

1
p

p
H

Figure 1.1: Schematic illustration of the contribution of a hard
subprocess, parton (p1) + parton (p2) → parton (k1) + par-
ton (k2), to the (2-particle inclusive) scattering process hadron
(P1) + hadron (P2) → hadron (K1) + hadron (K2) + X, at
the level of the amplitude. The process being hard implies for
the hadronic momenta P1 · P2 ∼ P1 ·K1 ∼ Q2, etc.

The basic framework for the strong interactions is QCD. Hadrons, however, do not correspond to free
particle states created via the quark and gluon operators in QCD. The situation thus differs from that
of QED with physical electrons and photons. In the latter case one knows how in the calculation of an
S-matrix element contraction of annihilation and creation operator in the field and particle state lead to
the spinor wave function. For positive times ξ0 = t > 0 one has

〈0|ψi(ξ)|p, s〉 = 〈0|ψi(ξ) b†(p, s)|0〉 = 〈0|ψi(0)|p, s〉 e−i p·ξ = ui(p, s) e
−i p·ξ, (1.1)

with p0 = +Ep = +
√
p2 +m2. Such a matrix element is ’untruncated’ as seen e.g. from

〈0|ψi(ξ)|p, s〉 θ(t) = θ(t)

∫
d4k

(2π)4
e−ik·ξ

i(/k +m)

k2 −m2 + iε

ui(p, s)

2m
(2π)3 2Ep δ

3(k − p). (1.2)

H

In a process involving a composite hadronic state |P 〉, contractions with
one or several of the quark and gluon operators may be involved, leading
to nonzero matrix elements for a quark between the hadron state and a
remainder, but also for nonzero matrix elements involving multi-parton
field combinations,

〈X|ψi(ξ)|P 〉, 〈X|Aµ(η)ψ(ξ)|P 〉, . . . .
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Correlators, describing parton distributions

For a particular hadron and a parton field combination, one may collect those operators that involve
hadron |P 〉 into (distribution) correlators

Φij(p;P ) =
∑
X

∫
d3PX

(2π)3 2EX
〈P |ψj(0)|X〉 〈X|ψi(0)|P 〉 δ4(p+ PX − P )

=
1

(2π)4

∫
d4ξ ei p·ξ 〈P |ψj(0)ψi(ξ)|P 〉, (1.3)

where a summation over color indices is understood. It is often convenient to use momentum space fields,
ψ(p) ≡

∫
d4x ei p·x ψ(x), for a free field expansion leading to

ψi(p, t) =
∑
s

(
ui(p, s) b(p, s)

e−iEpt

2Ep
+ vi(−p, s) d†(−p, s)

eiEpt

2Ep

)
, (1.4)

ψi(p) =
∑
s

(
ui(p, s) b(p, s) (2π)δ(p2 −m2) θ(p0)

+ vi(−p, s) d†(−p, s) (2π)δ(p2 −m2) θ(−p0)
)
. (1.5)

For the correlator we have

(2π)4δ4(p− p′) Φij(p;P ) =
1

(2π)4
〈P |ψj(p′)ψi(p)|P 〉. (1.6)

This latter form is convenient for interpretation of the nature of the correlators because for a free field we
have

〈X|ψi(p)|P 〉 = 〈PX |b(p, s)|P 〉ui(p, s) (2π)δ(p2 −m2) θ(p0)

+ 〈PX |d†(−p, s)|P 〉 vi(−p, s) (2π)δ(p2 −m2) θ(−p0).

One also encounters correlators involving matrix elements of the form

ΦµA ij(p, p1;P ) =
1

(2π)8

∫
d4ξ d4η ei (p−p1)·ξ ei p1·η 〈P |ψj(0)Aµ(η)ψi(ξ)|P 〉, (1.7)

or with momentum space operators (for gluons Aµ(p) ≡
∫
d4x ei p·xAµ(x)) one has

(2π)4δ4(p− p′) ΦµA ij(p, p1;P ) =
1

(2π)8
〈P |ψj(p′)Aµ(p1)ψi(p− p1)|P 〉. (1.8)

Pictorially one has for the correlators,

Φ (p;P,S)

P

p

P

p

or P

p

P

p−p

(p,p−p ;P,S)Φ

p
1

1A

1

.

We will not attempt to calculate these, but leave them as the soft parts, requiring nonperturbative QCD
methods to calculate them. In particular, although being ’untruncated’ in the quark legs, they will no
longer exhibit poles corresponding to free quarks. These are fully unintegrated parton correlators for initial
state hadrons, in general quite problematic quantities. For example, they are by themselves not even color
gauge-invariant, an issue to be discussed below. We will later also discuss similar correlators for final
state hadrons. When more hadrons are involved, one needs to consider two-hadron correlators, involving
two-hadron states (or correlators involving hadronic states in initial and final state), etc. If the hadrons
are well-separated in momentum phase-space with Pi · Pj ∼ Q2, one expects on dimensional grounds
that incoherent contributions are suppressed by 1/(Pi − Pj)2 ∼ 1/Q2. Such a separation in momentum
space requires a hard inclusive scattering process (Q2 ∼ s), which then at high energy and/or for large
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momentum transfer still can be factorized into forward correlators. The inclusive character is needed to
assure that partons originate from one hadron, leaving a (target) jet. In turn, partons decay into a jet
in which we limit ourselves to the consideration of an identified hadronic state (which could in principle
also be a multi-particle, e.g. two-pion, state). In all of the hadronic states mentioned before one can also
consider polarized hadronic states. The spin of quarks is contained in Dirac structure and that of gluons
in the Lorentz structure of correlators.

The basic idea in the diagrammatic approach is to realize that the correlator involves hadronic states and
quark and gluon operators. The correlators can be studied independent from the hard process, provided
we have dealt with the issue of color gauge invariance. The correlator is the Fourier transform in the
space-time arguments of the quark and gluon fields. In the correlators, all momenta of hadrons and quarks
and gluons (partons) inside the hadrons are soft which means that p2 ∼ p · P ∼ P 2 = M2

N � Q2 ∼ s.
The off-shellness being of hadronic order implies that in the hard process partons are in essence on-shell.
Consistency of this may be checked by using QCD interactions to give partons a large off-shellness of O(Q)
and check the behavior as a function of the momenta. In these considerations one must also realize that
beyond tree-level one has to distinguish bare and renormalized fields.

Correlators, describing parton fragmentation

In the hard process final state partons decay into a jet, in the discussion of which we limit ourselves to the
consideration of an identified hadronic state (which could in principle also be a multi-particle, e.g. two-
pion, state). For the fragmentation process of a parton (with momentum k) into hadrons (with momentum
Ph) we combine the decay matrix elements in the (fragmentation) correlator, for quarks

∆ij(k;Kh) =
∑
X

1

(2π)4

∫
d4ξ eik·ξ 〈0|ψi(ξ)|Kh, X〉〈Kh, X|ψj(0)|0〉

=
1

(2π)4

∫
d4ξ eik·ξ 〈0|ψi(ξ)a†hahψj(0)|0〉, (1.9)

where an averaging over color indices is implicit. In a momentum space representation for the operators,
we have

(2π)4δ4(k − k′) ∆ij(k;Kh) =
1

(2π)4

∑
X

〈0|ψi(k)|Kh, X〉〈Kh, X|ψj(k′)|0〉. (1.10)

Pictorially we have

hK Kh

h h∆(k;K  ,S )

k k

In particular, we note that in fragmentation correlators, one no longer deals with plane wave hadronic
states, but with out states |Kh, X〉. There are a a number of other subtleties in these definitions. The use
of intermediate states X and in addition one specified state with momentum Kh needs some explanation.
First note that the unit operator can be written as

Î ≡
∑
X

|X〉〈X| =
∞∑
n=0

În (1.11)

with (assuming at this stage one type/flavor of hadrons)

În =
1

n!

∫
dK̃1 . . . dK̃n a

†(K1) . . . a†(Kn)|0〉〈0|a(K1) . . . a(Kn) (1.12)
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containing the n-particle states (with dK̃ being the invariant one-particle phase-space). Thus the summa-
tion appearing in the definition of the fragmentation correlator is for a given hadron sector∑

X

|Ph, X〉〈Ph, X| = |Ph〉〈Ph|+
∫
dK̃1 |Ph,K1〉〈Ph,K1|

+
1

2!

∫
dK̃1dK̃2 |Ph,K1,K2〉〈Ph,K1,K2|+ . . .

= a†hÎah = a†hah. (1.13)

After integrating over Ph one obtains∫
dP̃h

∑
X

|Ph, X〉〈Ph, X| =
∞∑
n=0

n În = N̂h, (1.14)

which is the number operator for hadrons h. This will become relevant when one integrates over the
phase-space of particles in the final state to go from 1-particle inclusive to inclusive scattering processes.

Other useful operators are the momentum operator

P̂µ =

∫
dK̃1 |K1〉Kµ

1 〈K1|+
1

2!

∫
dK̃1dK̃2 |K1,K2〉(Kµ

1 +Kµ
2 )〈K1,K2|+ . . .

=
∑
h,X

∫
dK̃h|Kh, X〉Kµ

h 〈Kh, X|, (1.15)

or the operator

P̂µP̂ ν =
∑
h1,X

∫
dK̃1 |K1, X〉Kµ

1K
ν
1 〈K1, X|

+
∑

h1,h2,X

∫
dK̃1dK̃2 |K1,K2, X〉Kµ

1K
ν
2 〈K1,K2, X|. (1.16)

Inclusion of spin

In principle hadrons could be polarized, having additional degrees of freedom, |P, α〉, etc. In order to
treat the spin of initial states, one then can explicitly work with distribution correlators in the hadron
spin-space,

Φij,βα(p;P ) =
1

(2π)4

∫
d4ξ ei p·ξ 〈P, β|ψj(0)ψi(ξ)|P, α〉. (1.17)

It is convenient to include the off-diagonal elements in the definition. Having a non-pure initial state
described by a spin density matrix ρ(P, S) =

∑
α |P, α〉Probα〈P, α| one then finds the spin-dependent

correlator
Φij(p;P, S) ≡ ραβ(P, S) Φij,βα(p;P ). (1.18)

A single spin vector S is sufficient to parameterize the density matrix for a spin 1/2 hadron. For hadrons
with higher spins one needs additional parameters (e.g. a spin vector and a symmetric traceless tensor to
describe spin 1).

For fragmentation correlators, the role of spin is different. In that case not only the specific kind of
hadron in the final state, but also its spin state is fixed. This means that besides having Dirac structure,
we also include spin states (off-diagonal to remain as general as possible)

∆ij,βα(k;Ph) =
∑
X

1

(2π)4

∫
d4ξ eik·ξ 〈0|ψi(ξ)|Ph, α,X〉〈Ph, β,X|ψj(0)|0〉. (1.19)

In many applications we will use a spin-dependent fragmentation correlator ∆ij(k;Ph, Sh) by defining

∆ij(k;Ph, Sh) ≡ (2sh + 1) ∆ij,βα(k;Ph) ραβ(Ph, Sh), (1.20)

where ρ(Ph, Sh) is the usual spin density matrix. The factor (2sh+1) assures that for a spin vector Sh = 0
one ends up with a sum over spins for the produced hadron. Depending on the spin the parametrization of
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density matrix may require beside the spin vector polarization tensors of higher rank. Note that in most
applications Sh (or other tensors) will be replaced by analyzing power Ah(Ph, f) of the decay channel
(with f representing the final state variables) of the produced particle, e.g. in the case of production of
Λ’s or ρ’s, rather than the tunable polarization for initial states (see section on spin vectors).

1.2 Sudakov decompositions and n-dependence

In a hard process, the parton fields that appear in the different correlators correspond to partons in the
subprocess for which the momenta satisfy pi ·pj ∼ Q2. In the study of a particular correlator it implies the
presence of a ’hard’ environment. To connect the correlator to the hard part of the process, it is useful to
introduce for each correlator with hadron momentum P , a null-vector n, such that P · n ∼ Q. Using this
relation, n would be dimensionless. It is actually more convenient to replace n/(P · n) by a dimensionful
null-vector n ∼ 1/Q, such that P ·n = 1. The vectors P and n can be used to keep track of the importance
of various terms in the correlators and in the components of momentum and spin vectors1. The n-vector
will acquire a meaning in the explicit applications or play an intermediary role. At leading order, it will
turn out that the precise form of n doesn’t matter, but at subleading (1/Q) order one needs to be careful.

For parton momenta we write

p = xP + pT + (p · P − xM2)︸ ︷︷ ︸
σ

n, (1.21)

where the term xP ∼ Q, pT ∼M and σ n ∼M2/Q. We have the exact relations p · pT = p2
T = (p−xP )2.

The momentum fraction
x = p · n (1.22)

is O(1). Note that one can construct two conjugate null-vectors,

n+ = P − 1
2 M

2 n and n− = n, (1.23)

satifying n+ · n− = 1 and n2
+ = n2

− = 0, that can be used to define light-cone components2 a± = a · n∓.
The symmetric and antisymmetric ’transverse’ projectors are defined as

gµνT = gµν − n{µ+ n
ν}
− = gµν − P {µnν} +M2 nµnν ≈ gµν − P {µnν} (1.24)

εµνT = εn+n−µν = ε−+µν = εPnµν . (1.25)

The decomposition of spin vectors is discussed at the end of this chapter.

Different n-vectors

A choice of a different null-vector n′, in principle leads to different x′, σ′ and pT ′ as well as different
transverse projectors. With P ·n′ = 1, implying P ·∆n = 0, one easily finds that the differences vanish at
order Q0,

O(Q0) : ∆x = ∆p2
T = ∆n = 0. (1.26)

With ∆n = n′ − n arbitrary (of order 1/Q) one easily finds that the changes ∆x and ∆pT are related,

O(Q0) : ∆pT = −∆xP (1.27)

(corresponding to the validity of xP + pT ≈ x′P + pT ′ up to O(Q0)). By looking at various contractions
order by order one finds

O(1/Q) : ∆x = −∆pT · n = pT ·∆n = −∆p2
T

2σp
= −∆σp

M2
(1.28)

(Note that ∆pT · n = pT ′ · n and pT ·∆n = pT · n′). We note also the following relations valid at O(Q0)
for the transverse momenta, pT ≈ pT ′ − (pT ′ · n)P ≈ pT ′T and similarly pT ′ ≈ pT − (pT · n′)P ≈ pTT ′ .

1If one prefers a dimensionless vector, one must make a choice P · n ∼ Q. In that case all further appearances of n in this
section should simply be replaced by n/(P · n).

2There is an arbitrariness in the definition of these vectors, allowing n+ → αn+ and n− → n−/α. In this way one can
make dimensionless vectors. In the explicit appearance of vectors such a rescaling corresponds to a boost.
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Given two (hard) hadronic momenta P and P ′ one thus can (disregarding 1/Q2 mass corrections) use
P ′/(P · P ′) as the null-vector n for the hadron with momentum P . At O(Q0) the momentum fractions
x ≈ (p · P ′)/(P · P ′) are the same for any of the hard (hadronic) momenta P ′ involved in the process. We
note that the integration ∫

d4p =

∫
dx d2pT dσ =

∫
d(p · n) d2pT d(p · P ), (1.29)

is insensitive to the choice of n-vector.
Another way to study the n-dependence is by applying ∂n, using ∂µn x = pµ,

∂µn p
ν = pµ P ν + ∂µn p

ν
T + gµν(p · P − xM2)−M2 pµnν .

Having ∂µn p
ν = 0 implies

∂µn p
ν
T = −gµν(p · P − xM2)− pµ(P ν −M2 nν).

Explicit components are

n · ∂n pνT = −xP ν − (p · P − 2xM2)nν ,

P · ∂n pνT = −(2 p · P − xM2)P ν +M2 (p · P )nν ,

(P −M2n) · ∂n pνT = −2(p · P − xM2)(P ν −M2 nν),

∂µnT p
ν
T = −gµνT (p · P − xM2)− pµT (P ν −M2 nν).

For the vector ∆n (orthogonal to P ) we can write ∆nµ = ∆n · n(Pµ −M2 nµ) + ∆nµT to get

∆x = pT ·∆nT + ∆n · n (p · P − xM2),

∆p2
T = −2(p · P − xM2) pT ·∆nT .

Regions of importance in parton kinematics

We want to illustrate the kinematics for partons and translate it to physically intuitive quantities, the
off-shellness p2 for partons or the invariant mass squared M2

R = (P − p)2 of the residual (spectator)
hadronic system and the (spacelike) transverse momentum squared p2

T = −p2
T . We can do this for partons

in hadrons (distributions), but also for the production of hadrons from partons (fragmentation),

p

P−pP

p = xP + pT + σp n

P+ = P · n ≡ 1

x = p · n = p+

σp = p · P − xM2

n+ ≡ P − 1
2M

2 n

p− = p · n+ = p · P − 1
2 xM

2

P
h

k−P
h

k

k = z−1 Ph + kT + σh nh

Ph · nh = P−h ≡ 1

z−1 = k · nh = k−

σk = k · Ph − z−1M2
h

n− ≡ Ph − 1
2M

2
h nh

k+ = k · n− = k · Ph − 1
2 z
−1M2

h
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2p  −M2

M R = 0

−(1−x)M2

M 21−z
z

2(x−1)M

22(p.P −M  )

−(1−x)M2

2
M

R

2
= (p−P)   

z = 1/2
(x = 2)

0

=

x=1

x = 1/2

z =1

M
R

k
T
2

The kinematic freedom for the partons is illus-
trated in a plot of the off-shellness p2 versus 2p ·P ,
where it is convenient to slightly shift the zero-
points to get a nice symmetry. The relations

p2 −M2 = 2x
(
p · P −M2

)
+ p2

T

− (1− x)2M2, (1.30)

p2 −M2 = 2
(
p · P −M2

)
+M2

R, (1.31)

determine lines of constant MR or p2
T . They are

used to map out the physical region determined
by p2

T = −p2
T ≤ 0 and M2

R ≥ 0. We note
that for x = 1 the region disappears shrinking
to the line MR = 0 or x = 1. We note the
symmetry x = 1/z in jumping from distributions
of partons into hadrons to fragmentation of par-
tons into hadrons. We assume that the domi-
nant contributions come from the regions where
p2 ∼ p · P ∼M2

R ∼M2, thus Φ disappearing as a
function of these variables.

1.3 Distribution correlators in high-energy processes

In a hard process, the different importance of the various components allows up to specific orders in 1/Q, an
integration over some components of the parton momenta. The fact that the main contribution in Φ(p;P )
is assumed to come from regions where p·P ≤M2, whereas the momenta have characteristic scale Q, allows
performing the σ-integration up to M2/Q2 contributions (and possible contributions from non-integrable
tails). Transverse momentum dependent (TMD) correlators are light-front correlators, integrated over
σ ≡ p · P − xM2,

Φij(x, pT ;n) =

∫
d(p · P ) Φij(p;P ) =

∫
dσp dτp δ(τp − 2xσp − p2

T − x2M2) Φij(p;P ) (1.32)

=

∫
d(ξ · P ) d2ξT

(2π)3
ei p·ξ 〈P |ψj(0)ψi(ξ)|P 〉

∣∣∣∣
LF

, (1.33)

where we have suppressed the dependence on hadron momentum P and made the off-shellness τ = p2

explicit. The argument of the delta function is useful when one wants to study which regions in off-
shellness or in the residual mass spectrum M2

R = (P − p)2 contribute for given x and p2
T . The subscript

LF refers to light-front, implying ξ · n = 0. The light-cone correlators are the correlators containing the
parton distribution functions depending only on the light-cone momentum fraction x,

Φij(x;n) =

∫
d(p · P ) d2pT Φij(p;P ) =

∫
dσp dτp θ(2xσp − τp + x2M2) Φij(p;P ) (1.34)

=

∫
d(ξ · P )

(2π)
ei p·ξ 〈P |ψj(0)ψi(ξ)|P 〉

∣∣∣∣
LC

, (1.35)

where the subscript LC refers to light-cone, implying ξ · n = ξT = 0. This integration is generally allowed
(again up to M2/Q2 contributions and contributions coming from tails, e.g. logarithmic corrections from
1/p2

T tails) if we are interested in hard processes, in which only hard scales (large invariants ∼ Q2 or
ratios thereof, angles, rapidities) are measured. If one considers hadronic scale observables (correlations
or transverse momenta in jets, slightly off-collinear configurations) one will need the TMD correlators.

Twist expansion

The correlators encompass the information on the soft parts. They depend on the hadron and (contained)
quark momenta P and p (and spin vectors). The structure of the correlator is reproduced from these
momenta incorporating the required Dirac and Lorentz structure. Clearly, it is advantageous to maxi-
mize the number of components along the momentum (collinear). For the soft scalar objects this means
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maximizing the number of contractions with n. This leads for nonlocal operators to the dominance of the
twist-2 operators

ψ(0)/nψ(ξ) and Gnα(0)Gnβ(ξ), (1.36)

(the latter with transverse indices α and β). Twist in this case is just equal to the canonical dimension of
the operator combination (remember that dim(n) = -1).

The fact that the matrix elements involve operators on the light-front, allows for specific operators,
the socalled good operators in front-form quantization, an easy interpretation in terms of partons. These
partons are the quanta created by the good fields. The good fields are

ψ+ =
1

2
/n+/n− ψ =

1

2
/P/nψ and AµT = gµνT Aν . (1.37)

In front-form quantization the other components of the fields can be expressed in the good fields using
equations of motion, at least after imposing the gauge A+ = A · n = 0 (where Gnα = ∂nAαT ). More
important, however, for the description of hard processes is that matrix elements involving these good
fields turn out to be the leading ones in an expansion in the inverse hard scale 1/Q.

As argued above (and made more explicit in applications to hard scattering processes) the correlators
involve collinear momenta (soft with respect to each other), but for use within the hard process an external
direction shows up, represented by a null vector n, which will acquire a meaning in the explicit applications
or play an intermediary role. It can be used in the projection of components or in an expansion of fields
or field combinations, e.g.

ψ = ψ+ + ψ− =
1

2
/P/nψ +

1

2
/n/P ψ, (1.38)

Aµ = (A · n)Pµ +AµT + (A · P )nµ. (1.39)

ψγµψ = (ψ/nψ)Pµ + ψγµTψ + (ψ/Pψ)nµ. (1.40)

Examples of orders of magnitude of the fields within the matrix elements appearing in hard processes are

〈 n ·A 〉 ∼ n · P = 1, (1.41)

〈 AαT 〉 ∼ 〈 GnαT 〉 ∼ pαT ∼M, (1.42)

〈 ψ 〉 ∼M3/2, (1.43)

〈 ψ /nψ 〉 ∼ 〈 ψ [/n, γµT ]ψ 〉 ∼ 〈 GnαT GnβT 〉 ∼M2. (1.44)

〈 ψψ 〉 ∼ 〈 ψDn ψ 〉 ∼ 〈 ψ γµT ψ 〉 ∼M3 , (1.45)

〈 ψDα
T ψ 〉 ∼ 〈 ψ /P ψ 〉 ∼M4 , (1.46)

These results are obvious because 〈 ψγµ ψ 〉 in a matrix element of the form Φ(p;P ) must involve the
(relevant) momenta pµ or Pµ, it must be a vector and it must have dimension 3, leaving M2 pµ or M2 Pµ

as possibilities. Knowing the order of magnitude of the momenta as appearing in a hard scattering process,
we obtain the above results. The above integrated or the TMD correlators also can depend on nµ, e.g.
appearing via the transverse tensors gµνT or εµνT (both being of order unity).

Gauge choices and n-dependence

We already remarked that for a given hadron, it is certainly convenient to also use n as a vector that fixes a
light-like gauge A+ = A ·n = 0. This is essential when one wants to discuss or interpret the correlator and
the fields appearing in it in front form quantization. Such a treatment, however, is considered problematic
in the treatment of the hard process to which the soft parts couple. Here a light-like gauge choice produces
additional poles for which one must introduce prescriptions. Moreover if one has several soft parts one can
only make one gauge choice in the calculation.

The freedom in choosing n, even choosing n different for each hadron involved, also allows the treatment
of an arbitrary axial gauge A · v = 0 with v2 6= 0, applied in the treatment of the full process. We simply
could take n as3

v ≡ (v · n+)n+
v2

2 (v · n+)
n+ ≈ (P · v)n+

v2

2 (P · v)
P. (1.47)

3Note that the length of v is irrelevant; making it dimensionless one has P · v/
√
|v2| ∼ Q or we could give it dimension

energy−1, allowing setting P ·v = 1. It is possible to include a small transverse piece vT on the righthandside of the expression
for v, which implies (taking v · n+ = 1) writing n → n + vT − 1

2
v2
T n+. If one assumes vT ∼ M/Q2 (thus smaller than

v ∼ 1/Q) it might serve as a regulator.
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Consider a gluon with polarization µ and momentum p = xP + pT + (p · P − xM2)n connecting a soft
part and the truncated hard part Hµ(p, . . . ; v), which we assume to be O(Qd). For an on-shell gluon
with momentum p0 = xP + pT − (p2

T/2x)n (differing from p by a vector proportional to M2 n) one has
p0 ·H(p0, . . . ; v) = 0. This implies for a gluon attached to the correlator

p ·H(p, . . . ; v) ∝ M2 n ·H(p, . . . ; v)︸ ︷︷ ︸
O(Qd−1)

,

showing that for Ward identities the gluons in the soft part can, up to O(1/Q2) corrections (compared to
the expectation Qd+1), be considered to behave as on-shell partons. With the above n-choice one sees,
moreover, that

n ·H(p, . . . ; v)

P · n
≈ v ·H(p, . . . ; v)

P · v
− v2

2(P · v)2
P ·H(p, . . . ; v)

≈ v ·H(p, . . . ; v)

P · v
+

v2

2x (P · v)2
pT ·H(p, . . . ; v)︸ ︷︷ ︸

O(1/Qd−2)

,

which means that for the soft part omitting the n ·A gluons (putting n ·H = 0) implies4 at leading order
also the omission of the v ·A gluons (v ·H = 0).

Color gauge invariance

The field combinations considered sofar in the correlators are not color gauge-invariant since they involve
the A-fields and, more important, because they involve nonlocal field combinations. At each specific order
in Q one of course expects gauge-invariant combinations. Along the light-cone, the leading combinations
involve the ’parton fields’

/nψ(ξ) = /nψ+(ξ) and Gnα(ξ),

while A+ = An = n ·A operators appear in gauge links along the light-cone (ξ+ = n · ξ = ξT = 0),

U
[n]
[0,ξ] = P exp

(
−i
∫ ξ

0

d(η·P )n·A(η)

)
, (1.48)

which are needed to connect colored parton fields. Which n appears in a correlator is fixed by the hard
process, although some freedom in n may remain. We note that the exponent in the gauge link is in
essence built from ’operators’ (n · ∂)−1n ·A, which are O(1). Actually, the gauge-invariant correlators will
in some cases appear multiplied with the parton momentum, pµ Φ(p;P ), etc., which implies a derivative
∂µξ in the matrix element, which is e.g. standard in the matrix elements involving gluon fields Gµν . The
color gauge-invariant light-cone correlators for quarks and gluons are

Φij(x;n) =

∫
d(ξ · P )

(2π)
ei p·ξ 〈P |ψj(0)U

[n]
[0,ξ] ψi(ξ)|P 〉

∣∣∣∣
LC

, (1.49)

Γαβ(x;n) =

∫
d(ξ · P )

(2π)
ei p·ξ 〈P |Tr

(
Gnβ(0)U

[n]
[0,ξ]G

nα(ξ)U
[n]
[ξ,0]

)
|P 〉
∣∣∣∣
LC

, (1.50)

while for the TMD light-front correlators

Φij(x, pT ;n,C) =

∫
d(ξ · P ) d2ξT

(2π)3
ei p·ξ 〈P |ψj(0)U

[n,C]
[0,ξ] ψi(ξ)|P 〉

∣∣∣∣
LF

, (1.51)

Γαβ(x, pT ;n,C,C ′) =

∫
d(ξ · P ) d2ξT

(2π)3
ei p·ξ 〈P |Tr

(
Gnβ(0)U

[n,C]
[0,ξ] Gnα(ξ)U

[n,C′]
[ξ,0]

)
|P 〉
∣∣∣∣
LF

,(1.52)

where we in passing mention that path dependence (indicated by the arguments C and C ′) will arise
because of the (necessary) transverse piece(s) in the gauge link.

Φquark(x, pT ;n,C) =

∫
d(ξ·P ) d2ξT

(2π)3
ei p·ξ 〈P |ψj(0)U

[n,C]
[0,ξ] ψi(ξ)|P 〉

∣∣∣∣
ξ·n=0

,

Φαβgluon(x, pT ;n,C,C ′) =

∫
d(ξ·P ) d2ξT

(2π)3
ei p·ξ 〈P |Tr

(
Gnβ(0)U

[n,C]
[0,ξ] Gnα(ξ)U

[n,C′]
[ξ,0]

)
|P 〉
∣∣∣∣
ξ·n=0

,

4Here the condition on the smallness of a possible vT in defining n becomes important.
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Sum rules

Completing the integration over the correlators, one ends up with a local matrix element

Tr (ΓΦ) =

∫
dx d2pT Γji(x, pT ) Φij(x, pT )

= 〈P |ψj(0) Γji(i∂ξ)U
[n,C]
[0,ξ] ψi(ξ)|P 〉

∣∣∣∣∣
ξ=0

. (1.53)

In particular when the operator ψΓUψ is an operator with simple or known expectation values between
plane wave states (including possibly spin dependence) this provides interesting sum rules for the functions
appearing in the correlator.

1.4 Fragmentation correlators in high-energy processes

In high-energy processes, it is useful to employ the Sudakov decomposition of the momenta. We write for
the parton momentum

k =
1

z
Ph + kT +

(
k · Ph −

M2
h

z

)
n

Ph · n
, (1.54)

where z = Ph · n/k · n. The above equation defines the coordinates of k for fixed Ph. One can consider
variations of Ph for fixed k, in which case we write

Ph = z k + Ph⊥ −
(
k · Ph −

M2
h⊥
z

)
n

k · n
(1.55)

with M2
h⊥ = M2

h − P 2
h⊥. For a fixed set of light-like vectors n± identifying the lightlike vector in both

above equations as n = n+ (and thus n− = Ph/(Ph · n) or k/(k · n), respectively), we write the momenta
in either one of the following forms

Ph =

[
P−h ,

M2
h

2P−h
, 0T

]
k =

[
P−h
z
,
k · Ph −M2

h/2z

P−h
, kT

] LT←→
Ph =

[
P−h ,

M2
h⊥

2P−h
, Ph⊥

]
k =

[
k−,

k · Ph −M2
h⊥/2z

z k−
, 0

] (1.55)

These two representations are connected by a Lorentz transformation5 that leaves the minus component
unchanged (with b− = k− = P−h /z and bT = −kT = Ph⊥/z) switching between either k or Ph having no
transverse component. We note that we have used the invariant k · Ph in the above, but it is also possible
to use k2 related through z2(k2 − k2

T ) = 2z k · Ph −M2
h .

For integrations this implies∫
dz d2kT d(k · Ph) =

∫
Ph · n

(k · n)2
d(k · n) d2kT d(k · Ph) =

∫
z2 d4k . . . |Ph =

=

∫
1

z2 (k · n)
d(Ph · n) d2Ph⊥ d(Ph · k) =

∫
1

z2
d4Ph . . . |k. (1.56)

We consider the TMD correlator integrated only over k · Ph,

∆ij(z, kT ;n,C) =
1

4z

∫
d(k · Ph)

Ph · n
∆ij(k, Ph;C) =

1

4z

∫
dk2

2(k · n)
∆ij(k, Ph;C) =

∫
dk+

4 z
∆ij(k, Ph;C)

=
∑
X

∫
dξ+ d2ξT
4z (2π)3

eik·ξ 〈0|U [n,C]
[a,ξ] ψi(ξ)|Ph, X〉〈Ph, X|ψj(0)U

[n,C]
[0,a] |0〉

∣∣∣∣
LF

(1.57)

5A transformation leaving the minus component unchanged, parametrized by b− and bT is[
a−, a+,aT

]
→

[
a−, a+ +

aT · bT
b−

−
b2T a

−

2(b−)2
, aT −

a−

b−
bT

]
.
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where LF refers to the light-front, ξ− = ξ · n = 0. The integration in coordinate space can be written in
a coordinate independent way,∫

dξ+ d2ξT
4z (2π)3

eik·ξ . . . =

∫
(k · n)

4 (Ph · n)2

d(ξ · Ph) d2ξT
(2π)3

exp

(
i

z
Ph · ξ + ikT · ξT

)
. . . .

Integrating over the transverse momenta, we define

∆ij(z;n) =

∫
d2Ph⊥ ∆ij(z, kT ;n,C) =

z

4

∫
dk+ d2kT ∆ij(k, Ph;C)

=
∑
X

∫
z

4

dξ+

(2π)
eik·ξ 〈0|U [n]

[a,ξ]ψi(ξ)|Ph, X〉〈Ph, X|ψj(0)U
[n]
[0,a]|0〉

∣∣∣∣
LC

(1.58)

where LC refers to the light-cone, ξ− = ξ · n = ξT = 0. Instead of ξ+ one can use∫
z

4

dξ+

(2π)
eik·ξ . . . =

∫
1

4 (k · n)

d(ξ · Ph)

(2π)
exp

(
i

z
Ph · ξ

)
. . . .

We note that issues on dependence on n can be taken over from the distribution functions, including
issues on gauge choices and the possibility to get for time-like axial gauges a natural regulator from the
transverse momenta.

Sum rules for fragmentation functions

Since for fragmentation correlators, the hadrons are produced, one can construct observables by summing
and integrating over them including particular (in principle spin dependent) weights. To construct the
observable, we assume the parton momentum k to be fixed, varying Ph and Px. The sum rule then is∑

h

∫
dz d2Ph⊥ O

h
αβ(z, Ph⊥) ∆ij,βα

(
z, Ph⊥z

)
=
∑
h,X

∫
d4Ph
(2π)4

(2π)δ(P 2
h −M2

h) θ(Ph · n)

∫
dk2

8π (k · n)

×
∫
d4ξ eik·ξ 〈0|U [n,C]

[a,ξ] ψi(ξ)|Ph, α,X〉O
h
αβ(Ph) 〈Ph, β,X|ψj(0)U

[n,C]
[0,a] |0〉

=

∫
dk2

8π (k · n)

∫
d4ξ eik·ξ 〈0|U [n,C]

[a,ξ] ψi(ξ) Ô ψj(0)U
[n,C]
[0,a] |0〉

=

∫
dk+

4π

∫
d4ξ eik·ξ 〈0|U [n,C]

[a,ξ] ψi(ξ) Ô ψj(0)U
[n,C]
[0,a] |0〉

=
1

2

∫
dξ+ d2ξT e

ik·ξ 〈0|U [n,C]
[a,ξ] ψi(ξ) Ô ψj(0)U

[n,C]
[0,a] |0〉

∣∣∣∣
LF

(1.59)

where the operator Ô is

Ô =
∑
h,X

∫
dz d2Ph⊥
2z(2π)3

|Ph, α,X〉Ohαβ(Ph) 〈Ph, β,X|. (1.60)

If the operator Ô is also known at the parton level,

Ô =
∑
s

∫
dp− d2pT
2p− (2π)3

b†(p, s)o(p, s)b(p, s), (1.61)

we obtain (again at fixed k)

∑
h

∫
dz d2Ph⊥ O

h
αβ(z, Ph⊥) ∆ij,βα

∣∣∣∣∣
k

=
1

2(k · n)

∑
s

ui(k, s)o(k, s)uj(k, s)

=

[
/k

2(k · n)

(
o(k, s) + o(k,−s)

2
+ γ5/s

o(k, s)− o(k,−s)
2

)]
ij

. (1.62)
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The simplest application of this is considering the fragmentation of unpolarized quarks into hadrons
with Ohαβ = Ph ·n δαβ corresponding to the the operator Ô = P̂ ·n. Using the leading order parametrization

∆ij,αα(z, kT ;Ph, Sh;n) =
1

2(Ph · n)
D1(z, k2

T ) (/Ph)ij , (1.63)

for the correlator (summed over spins), the sumrule becomes∑
h

∫
dz zDq→h

1 (z) = 1, (1.64)

which is precisely the momentum sumrule for fragmentation functions.

1.5 Color treatment

Let’s take as an example the Drell-Yan process for which the basic process involves two correlators. Making
color explicit, we have in the amplitude the contribution 〈X|ψr(ξ2)ψr(ξ1)|P1P2〉 and in the cross section

σ ∝
∑
r,s

〈P1|ψr(ξ1)ψs(01)|P1〉 〈P2|ψs(02)ψr(ξ2)|P2〉. (1.65)

Realizing that the matrix elements have a color triplet projector as intermediate state we have Φrs ∝
〈|ψrψs|〉 ∝ δrs and one in fact only can use the trace Φ =

∑
Φrr. Because Trc(I I) = (1/Nc)TrC(I) TrC(I),

one then finds σ ∝ (1/Nc)Φ1Φ2. Including gauge links coming from collinear gluons attached to the
correlators, we get (note the color embedding!)

σ ∝ 〈P1|ψr1(ξ1)ψs1(01)|P1〉Us1s[−∞,02] U
ss2
[01,−∞] 〈P2|ψs2(02)ψr2(ξ2)|P2〉Ur2r[−∞,ξ1] U

rr1
[ξ2,−∞]. (1.66)

Identifying 01 = 02 = 0 and performing a gauge transformation V (ξ) ≡ V[0,ξ], we get

σ ∝ TrC
[
〈P1|V (ξ)ψ(ξ1)ψ(01)V †(01)|P1〉V (−∞)U[−∞,02] V

†(02)V (01)U[01,−∞] V
†(−∞)

× 〈P2|V (02)ψ(02)ψ(ξ2)V †(ξ2)|P2〉V (−∞)U[−∞,ξ1] V
†(ξ1)V (ξ2)U[ξ2,−∞] V

†(−∞)
]
.

= TrC
[
〈P1|V[0,ξ1]ψ(ξ1)ψ(0)|P1〉V[0,−∞] U[−∞,0] V[0,−∞] U[−∞,0]

× 〈P2|ψs(0)ψ(ξ2)V[ξ2,0]|P2〉V[0,−∞] U[−∞,ξ1]V[ξ1,0] V[0,ξ2] U[ξ2,−∞] V[−∞,0]

]
. (1.67)

If the path in V is choosen to run via −∞, V[0,ξ] = U−[0,ξ] (thus a ’staple’ via minus infinity), we get

σ ∝ TrC
[
〈P1|U−[0,ξ1]ψ(ξ1)ψ(0)|P1〉 〈P2|ψ(0)ψ(ξ2)U−[ξ2,0]|P2〉

]
.

=
1

Nc
〈P1|ψ(0)U−[0,ξ1]ψ(ξ1)|P1〉 〈P2|ψ(ξ2)U−[ξ2,0] ψ(0)|P2〉, (1.68)

where the splitting is allowed because the matrix elements are proportional to unit matrices in color space
(there are no A-fields in the ’second’ part that belong to correlator 1 or the other way around).

1.6 Large transverse momenta

We started out with the assumption that the support of the correlators Φ and ∆ is restricted to regions
where the scalar products of the momenta involved are of hadronic size, or stated differently the fall-off
as a function of these invariants should be sufficiently fast. To check consistency requires consideration
of large transverse momenta generated after emission of hard partons. These will produce ’their own’
hadrons and can at that stage be treated as on-shell partons. As our first case we look at parton(p0) →
parton(p)+parton(l) (with p = p0−l), the emission of an on-shell parton with momentum l by a parton with
momentum p0 (of which we will first neglect p0T ). The momentum fraction is reduced from p0.n = x/xp
(x ≤ xp ≤ 1) to the lower value p.n = x and producing at the same time a (moderately large) transverse
momentum pT . We neglect the O(M) contributions.



April 2010 113

l
p

p

0

p0 ≈ x

xp
P

l ≈ (1− xp) p0 − pT −
p2
T

2 (1− xp) (p0 · n)
n ≈ (1− xp)

xp
xP − pT −

xp
1− xp

p2
T

2x
n,

p ≈ xp p0 + pT +
p2
T

2 (1− xp) (p0 · n)
n ≈ xP + pT +

xp
1− xp

p2
T

2x︸ ︷︷ ︸
σp

n.

For the invariant momenta we have

p2
0 ≈ l2 ≈ 0 and p2 ≈ p2

T

1− xp
.

1

3/4

1/2

px  = 3/4

M R = 0

x  = 1/2p
px 

T
2p = −µ

2

T
2p

px  

px  

x1−

T
2p

px  1−

T
2p

1− x

T
2p

1− x

2 p.Px = 1/2

2p

The figure to the left shows the support region as
also discussed previously, but now neglecting all
O(M) contributions. Thus p · P ≈ σp ≈ p− and

p2 ≈ 2xσp + p2
T .

Although we assumed Φ to vanish for large val-
ues of the variables p · P and p2, these can take
larger values, e.g. after parton braching, as dis-
cussed above. In that case the additional variables
entering are the fraction p0 ·n = x/xp of the orig-
inal parton and (considered below) its transverse
momentum p0T with x ≤ xp ≤ 1. By varying xp
from 1 (minimal loss of longitudinal momentum
along P ) to xp = x (maximal loss) we scan the
full physical region of Φ(x, pT ). For given x and
pT , the values of the invariants are fixed for a given
xp,

τp ≈ p2 ≈ p2
T

1− xp
,

σp ≈ p · P ≈
xp

1− xp
p2
T

2x
.

The situation for fragmentation is analogous.

l

k

k

0

k0 ≈ zk
z
Ph

l ≈ (1− zk)

zk
k0 − kT −

zk k
2
T

2 (1− zk) (k0 · n)
n ≈ (1− zk)

z
Ph − kT −

z k2
T

2(1− zk)
n,

k ≈ z−1
k k0 + kT +

zk k
2
T

2 (1− zk) (k0 · n)
n ≈ z−1 Ph + kT +

z k2
T

2(1− zk)︸ ︷︷ ︸
σk

n.

For the invariant momenta, we have

k2 ≈ l2 ≈ 0 and k2 ≈ zk
1− zk

k2
T .

We will now give the explicit integrations including also small transverse momenta p0T for distributions
(and k0T for fragmentation). We get

Φ(x, pT ) =

∫
dσp dτp δ(τp − 2xσp − p2

T )

∫
d4l δ(l2) . . .Φ0(p0) (1.69)

=

∫
dσp dτp δ(τp − 2xσp − p2

T )

∫
d(p0 · n) d2p0T d(p0 · P ) δ(l2) . . .Φ0(p0), (1.70)
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The integration over p0 · n = x/xp is easily turned into an xp-integration, the integration over p0 · P can
be performed to get Φ0(x/xp, p0T ) and in the evaluation of l2 we have (note lT = p0T − pT ). Using

l2 = (p0 − p)2 = (pT − p0T )2 − 1− xp
xp

2xσp, (1.71)

we find

Φ(x, pT ) =

∫
dσp dτp dxp d

2p0T
x

x2
p

δ
(
τp − 2xσp − p2

T

)
× δ

(
p2
T − 2p0T · pT + p2

0T −
1− xp
xp

2xσp

)
. . .Φ0

(
x

xp
, p0T

)
=

∫
dσp dτp dxp d

2p0T
x

x2
p

δ
(
τp − 2xσp − p2

T

)
× δ

(
p2
T

xp
− 2p0T · pT + p2

0T −
1− xp
xp

τp

)
. . .Φ0

(
x

xp
, p0T

)
=

∫ 1

x

dxp d
2p0T

2xp (1− xp)
. . .Φ0

(
x

xp
, p0T

)
, (1.72)

where in the integrand invariants like τp and σp are fixed,

τp = p2 =
1

1− xp
p2
T −

2xp
1− xp

p0T · pT +
xp

1− xp
p2

0T , (1.73)

2xσp = p2 − p2
T =

xp
1− xp

p2
T −

2xp
1− xp

p0T · pT +
xp

1− xp
p2

0T . (1.74)

We note that

1

p2
=

(1− xp)
p2
T

(
1 + 2xp

p0T · pT
p2
T

+ 4x2
p

(p0T · pT )2

(p2
T )2

− xp
p2

0T

p2
T

+O(p3
0T )

)
(1.75)

1

(p2)2
=

(1− xp)2

(p2
T )2

(
1 + 4xp

p0T · pT
p2
T

+ 12x2
p

(p0T · pT )2

(p2
T )2

− 2xp
p2

0T

p2
T

+O(p3
0T )

)
. (1.76)

For fragmentation functions, we get

l2 = (k0 − k)2 = (kT − k0T )2 − (1− zk) 2z−1 σk, (1.77)

and we find

∆(z, kT ) =

∫
dσk dτk dzk d

2k0T
1

z zk
δ
(
τk − 2z−1 σk − k2

T

)
× δ

(
k2
T − 2k0T · kT + k2

0T − (1− zk) 2z−1 σk
)
. . .∆0

(
z

zk
, k0T

)
=

∫
dσk dτk dzk d

2k0T
1

z zk
δ
(
τk − 2z−1 σk − k2

T

)
× δ

(
zk k

2
T − 2k0T · kT + k2

0T − (1− zk) τk
)
. . .∆0

(
z

zk
, k0T

)
=

∫ 1

x

dzk d
2k0T

2(1− zk)
. . .∆0

(
z

zk
, k0T

)
, (1.78)

where in the integrand invariants like τk and σk are fixed,

τk = k2 =
zk

1− zk
k2
T −

2

1− zk
k0T · kT +

1

1− zk
k2

0T , (1.79)

2z−1 σk = k2 − k2
T =

1

1− zk
k2
T −

2

1− zk
k0T · kT +

1

1− zk
k2

0T . (1.80)

We note that

1

k2
=

(1− zk)

zk k2
T

(
1 + 2

p0T · pT
zk k2

T

+ 4
(k0T · kT )2

z2
k (k2

T )2
− k2

0T

zk k2
T

+O(k3
0T )

)
(1.81)

1

(k2)2
=

(1− zk)2

z2
k (k2

T )2

(
1 + 4

k0T · kT
zk k2

T

+ 12
(k0T · kT )2

z2
k (k2

T )2
− 2

k2
0T

zk k2
T

+O(k3
0T )

)
. (1.82)
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Appendix A: The gauge link

As indicated gauge link are essential ingredients to have proper definitions of color gauge-invariant cor-
relators. They arise from insertions of quark-gluon-quark correlators and of these the leading ones are
expected to be correlators containing A · n fields. The general Aµ(η) field in the correlator in Eq. 1.7 can
be written as

Aµ =
(A · n)

P · n
Pµ +AµT +

(P · n)(A · P )− (A · n)M2

(P · n)2
nµ.

This expansion can be written down for Aµ(x) or Aµ(p) To see, how quark-gluon-quark correlators are
turned into color gauge-invariant objects, it is convenient to look at the momentum space field and rewrite
the momentum in terms of the gluon momentum

Aµ(p) =

∫
d4η ei p·η Aµ(η)

=

∫
d4η eip·η

[
(A(η) · n)

p · n
pµ

+
(p · n)AµT (η)− pµT (A(η) · n)

p · n

+
(p · n)(A(η) · P )− (p · P )(A(η) · n)

(p · n)(P · n)
nµ

]
.

In the correlator the momentum pµ −→ i∂µ(η), so

Aµ(p) =
1

p · n

∫
d4η ei p·η

[
An(η) pµ

+ i∂n(η)AµT (η)− i∂µT (η)An(η)

+
i∂n(η)AP (η)− i∂P (η)An(η)

P · n
nµ

]

=
1

p · n

[
An(p) pµ + iGnµT (p) +

iGnP (p)

P · n
nµ

]

The first term will lead to gauge links along the n-direction. The introduction of the gluon momentum pµ,
rather than staying with the hadron momentum is done not only because it renders the subleading parts
gauge invariant but it provides the necessary and convenient starting point for using Ward identities for
the An insertions (gluon with polarization along the parton/hadron momentum). It will turn out that the
insertions on the external legs of the hard part give the path dependence.

To see this, consider field combinations denoted as

U
[n]
− ψ(p+) = U

[n]
− (p+)ψ(p+) =

∫
dξ− ei p

+·ξ− U
[n]
[−∞,ξ−]ψ(ξ−),

where ξ− = ξ · P and p+ = p · n, which are the only relevant components that need to be considered here.
Explicitly one has (with A+ = A · n)

U
[n]
− ψ(p+) =

∞∑
N=0

(−i)N
∫ ∞
−∞

dξ−
∫ ξ

−∞
dη−N

∫ ξ

η−N

dη−N−1 . . .

∫ ξ

η−2

dη−1 A+(η−N ) . . . A+(η−1 )ψ(ξ) ei p
+ξ− ,

in which the arguments run between −∞ < η−N < η−N−1 < . . . < η−1 < ξ−, implemented through θ(η−N−1 −
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η−N ) . . . θ(η−1 − η
−
2 )θ(ξ− − η−1 ), which can be rewritten as momentum-space integrations,

U
[n]
− ψ(p+) =

∞∑
N=0

(−i)N
∫ ∞
−∞

dξ−
∫ ∞
−∞

dη−N

∫ ∞
−∞

dη−N−1 . . .

∫ ∞
−∞

dη−1

×
∫

dp+
N

−2π i
. . .

∫
dp+

1

−2π i

e−i p
+
N (η−N−1−η

−
N )

p+
N + iε

. . .
e−i p

+
1 (ξ−−η−1 )

p+
1 + iε

A+(η−N ) . . . A+(η−1 )ψ(ξ−) ei p
+ξ−

=

∞∑
N=0

∫
dp+
N

2π
. . .

∫
dp+

1

2π

A+(p+
N )

(p+
N + iε)

A+(p+
N−1 − p

+
N )

(p+
N−1 + iε)

. . .
A+(p+

1 − p
+
2 )

(p+
1 + iε)

ψ(p+ − p+
1 ).

=

∞∑
N=0

∫
dp+
N

2π
. . .

∫
dp+

1

2π

A+(p+
N )

(p+
N + iε)

A+(p+
N−1)

(p+
N + p+

N−1 + iε)
. . .

A+(p+
1 )

(p+
N + . . .+ p+

1 + iε)

× ψ(p+ − p+
1 − . . .− p

+
N ).

=

∞∑
N=0

∫
dp+

1

2π
. . .

∫
dp+
N

2π

A+(p+
1 )

(p+
1 + iε)

A+(p+
2 )

(p+
1 + p+

2 + iε)
. . .

A+(p+
N )

(p+
1 + . . .+ p+

N + iε)

× ψ(p+ − p+
1 − . . .− p

+
N ).

Summarizing,

U
[n]
− ψ(p) =

∫
d4ξ exp (i p · ξ) P exp

(
−ig

∫ ξ·P

−∞
d(η · P ) n ·A(η)

)
ψ(x)

=

∞∑
N=0

∫
d4pN
(2π)4

. . .

∫
d4p1

(2π)4

An(pN )

(xN + iε)

An(pN−1 − pN )

(xN−1 + iε)
. . .

An(p1 − p2)

(x1 + iε)
ψ(p− p1)

=

∞∑
N=0

∫
d4p1

(2π)4
. . .

∫
d4pN
(2π)4

An(p1)

(x1 + iε)

An(p2)

(x1 + x2 + iε)
. . .

An(pN )

(x1 + . . .+ xN + iε)
ψ

(
p−

N∑
i=1

pi

)
,

(1.83)

where xi = pi · n. We thus can expand

U
[n]
± ψ(p) =

∞∑
M=0

U
[n](M)
± ψ(p), (1.84)

where U
[n](0)
± = 1. The gauge link and the terms in its expansion, not only have a particular structure in

coordinate or momentum space, but they also have a charge structure. In particular for applications in
non-abelian gauge theories, it is convenient to expand the gauge link, like the field Aµ = AaµTa, in terms
of color matrices,

U
[n]
± = U

a[n]
± Ta, (1.85)

which is possible for each of the terms in the expansion of the gauge link, but also works for the full gauge
link.

It is possible to use a more symmetric expression for the gauge link in momentum space. The momenta
p1, . . . , pN are integration variables. We can use the relations

1

(x1 + x2 + iε)

[
1

(x1 + iε)
+

1

(x2 + iε)

]
=

1

(x1 + iε)(x2 + iε)
, (1.86)

1

(x1 + x2 + x3 + iε)

[
1

(x1 + x2 + iε)(x1 + iε)
+ . . .

]
︸ ︷︷ ︸

6 permutations

=
1

(x1 + x2 + x3 + iε)

[
1

(x1 + iε)(x2 + iε)
+ . . .

]
︸ ︷︷ ︸

3 permutations

=
1

(x1 + iε)(x2 + iε)(x3 + iε)
, (1.87)

and its generalization to more momenta, to symmetrize the result. This simply works in the abelian case,
when all permutations of An(pτ(1)) . . . A

n(pτ(N)) are identical, but can also be used in the non-abelian



April 2010 117

case. In that case one has for two fields (omitting the prescription)

An(p1)An(p2)

x1(x1 + x2)
=

1

2

An(p1)An(p2)

x1(x1 + x2)
+

1

2

An(p2)An(p1)

x2(x1 + x2)

=
1

4

{An(p1), An(p2)}
x1 x2

+
1

4

(x2 − x1) [An(p1), An(p2)]

x1 x2 (x1 + x2)
=

1

2

An(p1)An(p2)

x1 x2
,

where the commutator term is not important, being proportional to (x2 − x1) δ(x1 − x2). Thus we have

U
[n]
− ψ(p) =

∫
d4ξ exp (i p · ξ) P exp

(
−ig

∫ ξ·P

−∞
d(η · P ) n ·A(η)

)
ψ(x)

=

∞∑
N=0

1

N !

∫
d4p1

(2π)4
. . .

∫
d4pN
(2π)4

An(p1)An(p2) . . . An(pN )

(x1 + iε)(x2 + iε) . . . (xN + iε)
ψ

(
p−

N∑
i=1

pi

)
, (1.88)

which is now by construction symmetrized in color space. For a link along n coming from +∞ one has

U
[n]
+ ψ(p) =

∫
d4ξ exp (i p · ξ) P exp

(
−ig

∫ ξ·P

∞
d(η · P ) n ·A(η)

)
ψ(x)

=

∞∑
N=0

∫
d4pN
(2π)4

. . .

∫
d4p1

(2π)4

An(pN )

(−xN + iε)

An(pN−1 − pN )

(−xN−1 + iε)
. . .

An(p1 − p2)

(−x1 + iε)
ψ(p− p1).

=

∞∑
N=0

∫
d4p1

(2π)4
. . .

∫
d4pN
(2π)4

An(p1)

(−x1 + iε)
. . .

An(pN )

(−x1 − . . .− xN + iε)
ψ

(
p−

N∑
i=1

pi

)
,

=

∞∑
N=0

1

N !

∫
d4p1

(2π)4
. . .

∫
d4pN
(2π)4

An(p1)An(p2) . . . An(pN )

(−x1 + iε)(−x2 + iε) . . . (−xN + iε)
ψ

(
p−

N∑
i=1

pi

)
,(1.89)

One also sees that a term U
[n](M)
± is the consecutive action of M simple U

[n](1)
± -links. The conjugate link

is

ψ(p)U
[n]†
− =

∫
d4ξ exp (−i p · ξ) ψ(ξ)P exp

(
+ig

∫ ξ·P

−∞
d(η · P ) n ·A(η)

)

=

∞∑
N=0

(−)N

N !

∫
d4p1

(2π)4
. . .

∫
d4pN
(2π)4

ψ

(
p+

N∑
i=1

pi

)
An(p1)An(p2) . . . An(pN )

(p+
1 + iε)(p+

2 + iε) . . . (p+
N + iε)

=

∞∑
N=0

1

N !

∫
d4p1

(2π)4
. . .

∫
d4pN
(2π)4

ψ

(
p−

N∑
i=1

pi

)
An(−p1)An(−p2) . . . An(−pN )

(p+
1 − iε)(p

+
2 − iε) . . . (p

+
N − iε)

.

(1.90)

The links along the n-direction are actually essential to render the insertion of other gluon components
gauge-invariant. To see this, one must realize that including the n-links the relevant pieces in the correlator
contain

. . . i∂µ(η) . . . U
[n]
[...η]A

α(η)U
[n]
[η,...] . . . .

In order to evaluate the pieces we give a number of useful relations for gauge links

i ∂nξ U
[n]
[0,ξ] = U

[n]
[0,ξ] iD

n(ξ), (1.91)

ig Gnα(ξ) = [iDn(ξ), iDα
T (ξ)] = [iDn(ξ), g AαT (ξ)]− [i∂αξ , g A

n(ξ)], (1.92)

[i∂nξ , U
[n]
[η,ξ] gA

α
T (ξ)U

[n]
[ξ,η]] = U

[n]
[η,ξ]

(
ig Gnα(ξ) + [i∂αξ , gA

n(ξ)]
)
U

[n]
[ξ,η], (1.93)

iDα
T (η)U

[n]
[η,ξ] − U

[n]
[η,ξ] iD

α
T (ξ) =

∫ ξ·P

η·P
d(ζ · P ) U

[n]
[η,ζ] [ iDn(ζ), iDα

T (ζ)]︸ ︷︷ ︸
ig Gnα(ζ)

U
[n]
[ζ,ξ]. (1.94)

In particular one sees that (with α a transverse component),

i∂n(η)U
[n]
[...η]A

α(η)U
[n]
[η,...] =⇒ U

[n]
[...η] [iDn(η), Aα(η)]U

[n]
[η,...] (1.95)
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while
−i∂α(η)U

[n]
[...η]A

n(η)U
[n]
[η,...] =⇒ −U [n]

[...η] [i∂α(η), An(η)]U
[n]
[η,...] (1.96)

and for the combination

i∂n(η)U
[n]
[...η]A

α(η)U
[n]
[η,...] − i∂

α(η)U
[n]
[...η]A

n(η)U
[n]
[η,...] =⇒ U

[n]
[...η] iG

nα(η)U
[n]
[η,...]. (1.97)

Similarly

i∂n(η)U
[n]
[...η]A

P (η)U
[n]
[η,...] − i∂

P (η)U
[n]
[...η]A

n(η)U
[n]
[η,...] =⇒ U

[n]
[...η] iG

nP (η)U
[n]
[η,...]. (1.98)

It is useful to have the above relations also in momentum space. We have (everywhere absorbing g in A)∫
d4ξ ei p·ξ ψ(ξ) = ψ(p), (1.99)∫
d4ξ ei p·ξ i∂µξ ψ(ξ) = pµ ψ(p), (1.100)∫
d4ξ ei p·ξ Aµ(ξ)ψ(ξ) =

∫
d4p0

(2π)4
Aµ(p0)ψ (p− p0) = Aµ ψ(p), (1.101)∫

d4ξ ei p·ξ Aµ(ξ)Aν(ξ)ψ(ξ) =

∫
d4p1

(2π)4

d4p2

(2π)4
Aµ(p1)Aν(p2)ψ (p− p1 − p2) , (1.102)∫

d4ξ ei p·ξ Aµ(ξ)Aν(ξ) =

∫
d4p1

(2π)4

d4p2

(2π)4
Aµ(p1)Aν(p2) (2π)4 δ4 (p− p1 − p2) ,

=

∫
d4p1

(2π)4
Aµ(p1)Aν(p− p1), (1.103)∫

d4ξ ei p·ξ iGnα(ξ) = iGnα(p)

= xAαT (p)− pαT An(p) +

∫
d4p1

(2π)4

d4p2

(2π)4
[An(p1), AαT (p2)] (2π)4 δ4 (p− p1 − p2) , (1.104)

For the Fourier transforms of the fields including a gauge link one has besides Eqs 1.83 or 1.88,

U
[n]
− i∂nψ(p) =

∞∑
N=0

1

N !

∫
d4p1

(2π)4
. . .

d4pN
(2π)4

An(p1)An(p2) . . . An(pN )

(x1 + iε)(x2 + iε) . . . (xN + iε)

(
x−

N∑
i=1

xi

)
ψ

(
p−

N∑
i=1

pi

)
= xU

[n]
− ψ(p)

−
∞∑
N=1

N∑
i=1

1

N !

∫
d4p1

(2π)4
. . .

d4pN
(2π)4

An(p1)

(x1 + iε)
. . . An(pi) . . .

An(pN )

(xN + iε)
ψ

(
p−

N∑
i=1

pi

)
= xU

[n]
− ψ(p)

−
∞∑
N=1

1

(N − 1)!

∫
d4p1

(2π)4
. . .

d4pN
(2π)4

An(p1) . . . An(pN−1)

(x1 + iε) . . . (xN−1 + iε)
An(pN )ψ

(
p−

N∑
i=1

pi

)
.

= xU
[n]
− ψ(p)− U [n]

− Anψ(p).

Using Eq. 1.83 one can of course also obtain this result. Thus one finds

U
[n]
− iDnψ(p) = i∂n U

[n]
− ψ(p) (1.105)

For a transverse derivative one obtains

U
[n]
− i∂αT ψ(p) = pαT U

[n]
− ψ(p)−

∞∑
N=1

N∑
i=1

1

N !

∫
d4p1

(2π)4
. . .

d4pN
(2π)4

An(p1) . . . pαiTA
n(pi) . . . A

n(pN )

(x1 + iε) . . . (xi + iε) . . . (xN + iε)
ψ

(
p−

N∑
i=1

pi

)
.
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Using

[An(p1) . . . An(pN ), AαT (p0)] = An(p1) . . . An(pN )AαT (p0)−AαT (p0)An(p1) . . . An(pN )

=

N∑
i=1

An(p1) . . . An(pi−1) [An(pi), A
α
T (p0)]An(pi+1) . . . An(pN ),

we get

U
[n]
− AαT ψ(p)−AαT U

[n]
− ψ(p)

=

∞∑
N=0

1

N !

∫
d4p1

(2π)4
. . .

d4pN
(2π)4

d4p0

(2π)4

[
An(p1) . . . An(pN )

(x1 + iε) . . . (xN + iε)
, AαT (p0)

]
ψ

(
p− p0 −

N∑
i=1

pi

)

=

∞∑
N=1

N∑
i=1

1

N !

∫
d4p1

(2π)4
. . .

d4pN
(2π)4

d4p0

(2π)4

An(p1) . . . [An(pi), A
α
T (p0)] . . . An(pN )

(x1 + iε) . . . (xi + iε) . . . (xN + iε)
ψ

(
p− p0 −

N∑
i=1

pi

)
.

Furthermore,

pαT U
[n]
− ψ(p) =

∞∑
N=0

1

N !

∫
d4p1

(2π)4
. . .

d4pN
(2π)4

pαT
An(p1) . . . An(pN )

(x1 + iε) . . . (xN + iε)
ψ

(
p−

N∑
i=1

pi

)

=

∞∑
N=1

N∑
i=1

1

N !

∫
d4p1

(2π)4
. . .

d4pi−1

(2π)4

d4pi+1

(2π)4
. . .

d4pN
(2π)4

An(p1) . . . An(pi−1)

(x1 + iε) . . . (xi−1 + iε)
pαT

An(pi+1) . . . An(pN )

(xi+1 + iε) . . . (xN + iε)
ψ

(
p−

N∑
i=1

pi

)
,

and

∞∑
N=1

N∑
i=1

1

N !

∫
d4p1

(2π)4
. . .

d4pN
(2π)4

An(p1) . . . An(pi−1)

(x1 + iε) . . . (xi−1 + iε)
AαT (pi)

An(pi+1) . . . An(pN )

(xi+1 + iε) . . . (xN + iε)
ψ

(
p−

N∑
i=1

pi

)

=

∞∑
N=1

N∑
i=1

1

N !

∫
d4p1

(2π)4
. . .

d4pN
(2π)4

An(p1) . . . xiA
α
T (pi) . . . A

n(pN )

(x1 + iε) . . . (xi + iε) . . . (xN + iε)
ψ

(
p−

N∑
i=1

pi

)
.

Combining the results,

∞∑
N=1

N∑
i=1

1

N !

∫
d4p1

(2π)4
. . .

d4pN
(2π)4

An(p1) . . . iGnα(pi) . . . A
n(pN )

(x1 + iε) . . . (xi + iε) . . . (xN + iε)
ψ

(
p−

N∑
i=1

pi

)

=

∞∑
N=1

N∑
i=1

1

N !

∫
d4p1

(2π)4
. . .

d4pN
(2π)4

An(p1) . . . An(pi−1)

(x1 + iε) . . . (xi−1 + iε)
AαT (pi)

An(pi+1) . . . An(pN )

(xi+1 + iε) . . . (xN + iε)
ψ

(
p−

N∑
i=1

pi

)
+ U

[n]
− AαT ψ(p)−AαT U

[n]
− ψ(p) + U

[n]
− i∂αT ψ(p)− pαT U

[n]
− ψ(p).

=

∞∑
N=1

N∑
i=1

1

N !

∫
d4p1

(2π)4
. . .

d4pN
(2π)4

An(p1) . . . An(pi−1)

(x1 + iε) . . . (xi−1 + iε)
AαT (pi)

An(pi+1) . . . An(pN )

(xi+1 + iε) . . . (xN + iε)
ψ

(
p−

N∑
i=1

pi

)
+ U

[n]
− iDT

αψ(p)− iDα
T U

[n]
− ψ(p).

Appendix B: Calculation of gauge link

We want to consider a hard proces and see which gluon correlators need to be resummed to get a gauge-
invariant correlator including a gauge link. We first look at the insertions onto one fermion line. At this
stage nonabelian effects do not matter. Working with momentum representation of the fields, we consider
of the Aµ(p) insertion only the collinear term, to be precise An(p)pµ/(p.n). Furthermore, first consider
the situation that the hard process is a simple (constant) vertex (like a γα in deep inelastic scattering).
Thus, we are going to resum the diagrams
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Γ

k

p

Γ

k− kp
1

p
1

p
1

p−

Γ

kk−

− p
2

p
1

p
2

p
1

p

p−

1

The first term gives as relevant contribution

A0 = ψ(k)Γψ(p),

where the ψ(p) and ψ(k) are fields belonging to the correlators of initial (momentum p) and final state
quark (momentum k) respectively. The first gauge link contribution is

A1 =

∫
d4p1

(2π)4
ψ(k)

−i /p1A
k(p1)

p1 · k
i(/k − /p1)

(−2k · p1 + iε)
Γψ(p− p1).

The numerator becomes /p1(/k − /p1) = /p1/k = {/k, /p1} = 2 k · p1. The added term is zero since ψ(k)/k ≈ 0.
Thus one has (note that the sign of k · p1 is plus),

A1 = ψ(k)

∫
d4p1

(2π)4

Ak(p1)

(−k · p1 + iε)
Γψ(p− p1) = ψ(k)U

[k](1)
+ Γψ(p) (1.106)

The 2-gluon term becomes

A2 =

∫
d4p1

(2π)4

d4p2

(2π)4
ψ(k)

Ak(p1)

p1 · k
Ak(p2)

p2 · k
/p1

1

/k − /p1
/p2

1

/k − /p1 − /p2
Γψ(p− p1 − p2)

=

∫
d4p1

(2π)4

d4p2

(2π)4
ψ(k)

Ak(p1)

p1 · k
Ak(p2)

p2 · k
/p1 (/k − /p1)

(−2k · p1 + iε)

/p2 (/k − /p1 − /p2)

(−2k · p1 − 2k · p2 + iε)
Γψ(p− p1 − p2)

= ψ(k)

∫
d4p1

(2π)4

d4p2

(2π)4

Ak(p1)

(−k · p1 + iε)

Ak(p2)

(−k · p1 − k · p2 + iε)
Γψ(p− p1 − p2)

= ψ(k)U
[k](2)
+ Γψ(p), (1.107)

etc. and the total result becoming

∞∑
N=0

AN = ψ(k)U
[k]
+ Γψ(p) = ψ(k)U

a[k]
+ (p) Γψ(p). = ψ(k)Ta ΓU

a[k]
+ ψ(p). (1.108)

The next situation to be investigated is the momentum dependence if there is momentum dependence in
the basic diagram,

Γ
1

Γ
2

kq

p

A0 = i ψ(k) Γ2
1

/q
Γ1 ψ(p). (1.109)

The two one-gluon insertions are

A1 = i ψ(k)

∫
d4p1

(2π)4

Ak(p1)

k · p1
/p1

1

/k − /p1 + iε
Γ2

1

/q − /p1
Γ1 ψ(p− p1)

+ i ψ(k)

∫
d4p1

(2π)4
Γ2

Ak(p1)

k · p1

1

/q
/p1

1

/q − /p1
Γ1 ψ(p− p1)

= i ψ(k)

∫
d4p1

(2π)4

Ak(p1)

k · p1
/p1

1

/k − /p1 + iε
Γ2

1

/q
Γ1 ψ(p− p1)

+ i ψ(k)

∫
d4p1

(2π)4

Ak(p1)

k · p1
/p1

1

/k − /p1 + iε
Γ2

[
1

/q − /p1
− 1

/q

]
Γ1 ψ(p− p1)

+ i ψ(k)

∫
d4p1

(2π)4
Γ2

Ak(p1)

k · p1

[
1

/q − /p1
− 1

/q

]
Γ1 ψ(p− p1).
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As before we have

/p1
1

/k − /p1 + iε
≈ 2k · p1

−2k · p1 + iε
,

which actually becomes equal to −1 if it is multiplied by a function that vanishes when p1 → 0, so the
second and third line in the above expression cancel and provided6 [Ak(p1),Γ2] = 0, we are left with

A1 = i ψ(k)

∫
d4p1

(2π)4

Ak(p1)

−k · p1 + iε
Γ2

1

/q
Γ1 ψ(p− p1) = i ψ(k)U

[k](1)
+ Γ2

1

/q
Γ1ψ(p). (1.110)

There are three two-gluon insertions, yielding the second order term in the link, etc.
Going back, we consider the insertion on a line coming from a different correlator in the basic diagram

with just one vertex Γ. Starting with A0 = [ψ(k) Γψ(p)] . . . ψ(p′), we find

Γ

’

’k− k

p
1

p
1

p

A1 =
[
ψ(k)

∫
d4p′1
(2π)4

Ak(p′1)

k · p′1
/p′1

1

/k − /p′1 + iε
Γψ(p)

]
. . . ψ(p′ − p′1),

=
[
ψ(k)

∫
d4p′1
(2π)4

Ak(p′1)

−k · p′1 + iε
Γψ(p)

]
. . . ψ(p′ − p′1),

=
[
ψ(k)U

[k](1)
+ Γψ(p)

]
. . . ψ(p′) =

[
ψ(k)U

[k](1)
+ (p) Γψ(p)

]
. . . ψ(p′).

(1.111)

Next we consider the situation of two insertions onto a final state leg with momentum k coming from
different correlators, for which there are two (or in general for a nonabelian case, three) contributions,

Γ

’

Γ

’

’k−
Γ

’+

’

’

’

’k− k k k

(a) (b) (c)

p
1

p
1

p−

p
1

p
1

p−

p
1

p
1

p
1 p

1
p− p

1
p

1

p
1

p
1

p
1

p
1

k−   −

p
1

p
1

k−   −

p
1

p
1

k−   −p
1

For the third diagram (relevant in the non-abelian case) we use the propagator

Dρσ(k) =
i gρσs (k)

k2 + i ε
,

where gµνs (k) = −gµν + kµ kν/k2. Furthermore, we need the QCD vertex

’

’+

µ a

ν b

ρ c

p
1

p
1

p
1

p
1

V µνρabc (p1, p
′
1, p1 + p′1)

= i fabc [(p1 − p′1)ρ gµν + (2p1 + p′1)ν gµρ − (p1 + 2p′1)µ gνρ] .

The contraction with p1µ yields

p1µ V
µνρ
abc (p1, p

′
1, p1 + p′1) = i fabc

[
(p1 + p′1)2 gνρs (p1 + p′1)− p′21 gνρs (p′1)

]
,

Contraction with p1µ and p′1ν gives

p1µ p
′
1ν V

µνρ
abc (p1, p

′
1, p1 + p′1) =

i

2
fabc (p1 + p′1)2 (p1 − p′1)ρ

and including the color contractions with Ana(p1) and Anb (p′1) as well as the propagator for leg p1 + p′1, we
get the matrix-valued result

p1µ p
′
1ν TcA

n
a(p1)Anb (p′1)V µνρ

′

abc (p1, p
′
1, p1 + p′1)Dρ′ρ(p1 + p′1) = − i

2
[An(p1), An(p′1)] (p1 − p′1)ρ.

6If this commutator is not zero, there must be gluon insertions into Γ2
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For the three diagrams we then obtain

A11 =
[
ψ(k)

∫
d4p1 d

4p′1
(2π)8

Ak(p1)

k · p1
/p1

1

/k − /p1

Ak(p′1)

k · p′1
/p′1

1

/k − /p1 − /p′1
Γψ(p− p1)

]
. . . ψ(p′ − p′1)

+
[
ψ(k)

∫
d4p1 d

4p′1
(2π)8

Ak(p′1)

k · p′1
/p′1

1

/k − /p′1

Ak(p1)

k · p1
/p1

1

/k − /p1 − /p′1
Γψ(p− p1)

]
. . . ψ(p′ − p′1)

−
[
ψ(k)

∫
d4p1 d

4p′1
(2π)8

[Ak(p1), Ak(p′1)]

2 (k · p1)(k · p′1)
(/p1 − /p′1)

1

/k − /p1 − /p′1
Γψ(p− p1)

]
. . . ψ(p′ − p′1)

Let us investigate the singularity structure. Using x1 ≡ k · p1, x′1 ≡ k · p′1, and α1 ≡ p1 · p′1 one has a part
(coming from diagrams (a) and (c) above) containing

Ak(p1)Ak(p′1)

x1 x′1

[
−x1 x

′
1/p′1 − 1

2 x1 x
′
1(/p1 − /p′1)

]
(−x1 + iε)(−x′1 + iε)

1

/k − /p1 − /p′1

=
1

2

Ak(p1)Ak(p′1)

(−x1 + iε)(−x′1 + iε)
(−/p1 − /p′1)

1

/k − /p1 − /p′1
=

1

2

Ak(p1)Ak(p′1)

(−x1 + iε)(−x′1 + iε)
,

and similarly a part with the fields in opposite order. Hence the result for A11 can be rewritten as

A11 =
1

2

[
ψ(k)

∫
d4p′1
(2π)4

U
[k](1)
+

Ak(p′1)

k · p′1
/p′1

1

/k − /p′1
Γψ(p)

]
. . . ψ(p′ − p′1)

− 1

2

[
ψ(k)

∫
d4p1 d

4p′1
(2π)8

Ak(p1)

k · p1

Ak(p′1)

k · p′1
/p′1

[
1

/k − /p1 − /p′1
− 1

/k − /p′1

]
Γψ(p− p1)

]
. . . ψ(p′ − p′1)

+
1

2

[
ψ(k)

∫
d4p1 d

4p′1
(2π)8

Ak(p1)

k · p1

Ak(p′1)

k · p′1
/p1

[
1

/k − /p1 − /p′1
− 1

/k − /p1

]
Γψ(p− p1)

]
. . . ψ(p′ − p′1)

+
1

2

[
ψ(k)

∫
d4p1

(2π)4
U

[k](1)
+

Ak(p1)

k · p1
/p1

1

/k − /p1
Γψ(p− p1)

]
. . . ψ(p′)

− 1

2

[
ψ(k)

∫
d4p1 d

4p′1
(2π)8

Ak(p′1)

k · p′1
Ak(p1)

k · p1
/p1

[
1

/k − /p1 − /p′1
− 1

/k − /p1

]
Γψ(p− p1)

]
. . . ψ(p′ − p′1)

+
1

2

[
ψ(k)

∫
d4p1 d

4p′1
(2π)8

Ak(p′1)

k · p′1
Ak(p1)

k · p1
/p′1

[
1

/k − /p1 − /p′1
− 1

/k − /p′1

]
Γψ(p− p1)

]
. . . ψ(p′ − p′1)

− 1

2

[
ψ(k)

∫
d4p1 d

4p′1
(2π)8

[Ak(p1), Ak(p′1)]

(k · p1)(k · p′1)
(/p1 − /p′1)

1

/k − /p1 − /p′1
Γψ(p− p1)

]
. . . ψ(p′ − p′1)

We note that in the lines 2, 3 and 5, 6 of the above equation, the prescription doesn’t matter because the
part multiplying the product of A-fields vanishes for p1 → 0 and p′1 → 0. Thus including line 7 all terms
cancel and we have

A11 = ψ(k)U
[k](11)
+ (p, p′) Γψ(p) . . . ψ(p′) =

1

2

[
ψ(k){U [k](1)

+ , U
[k](1)
+ }Γψ(p)

]
. . . ψ(p′), (1.112)

i.e. the gaugelinks on (fermion) leg with momentum k is the (color) symmetrized product of gaugelinks.
The abelian case (without third diagram)

A11 =
[
ψ(k)

∫
d4p1 d

4p′1
(2π)8

Ak(p1)

k · p1

Ak(p′1)

k · p′1
/p1

1

/k − /p1
/p′1

1

/k − /p′1
Γψ(p− p1)

]
. . . ψ(p′ − p′1)

+
[
ψ(k)

∫
d4p1 d

4p′1
(2π)8

Ak(p1)

k · p1

Ak(p′1)

k · p′1
/p1

1

/k − /p1
/p′1

[
1

/k − /p1 − /p′1
− 1

/k − /p′1

]
Γψ(p− p1)

]
. . . ψ(p′ − p′1)

+
[
ψ(k)

∫
d4p1 d

4p′1
(2π)8

Ak(p′1)

k · p′1
Ak(p1)

k · p1
/p′1

[
1

/k − /p1 − /p′1
− 1

/k − /p′1

]
Γψ(p− p1)

]
. . . ψ(p′ − p′1),

where the first two lines come from the first contribution. Because [Ak(p1), Ak(p′1)] = 0 the result is

A11 = [ψ(k) ΓU
[k](1)
+ ψ(p)] . . . U

[k](1)
+ ψ(p′) (1.113)
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Γ

−−

k

p
1

p
2

p

1
p

p
2

Returning to the A2-term of a link for ψ(p) we note that the contribution of the
nonabelian diagram in which two legs are attached to one soft part is actually already
included in the soft part with one collinear gluon. Its contribution

−1

2

[
Ak(p1)

k · p1
,
Ak(p2)

k · p2

]
(/p1 − /p2)

1

/k − /p1 − /p2
= −1

2

[Ak(p1), Ak(p2)]

(−x1 + iε)(−x2 + iε)

x2 − x1

x1 + x2
,

is actually just the vanishing antisymmetric term discussed before (see Eq. 1.88).

Without further calculation, the result for the contribution from gluons from 3 different soft parts will be

A111 = ψ(k)U
[k](111)
+ (p, p′, p′′) . . . ψ(p) . . . ψ(p′) . . . ψ(p′′)

=
1

3!
ψ(k)

{
U

[k](1)
+ (p), U

[k](1)
+ (p′), U

[k](1)
+ (p′′)

}
. . . ψ(p) . . . ψ(p′) . . . ψ(p′′), (1.114)

where A,B,C indicates the symmetric combination. For this we would actually also need the four-point
gluon vertex.

This four-point gluon vertex also is needed in the final case we will explicitly investigate, which is
two gluons collinear with momentum p and one collinear with momentum p′. We now need a number of
diagrams and the four-point vertex, contracted with three momenta. The latter is given by

’

’

µ

ν

σ

b, ρ

d,a,

c,

+ +

p
1

p
1

1
p 

p
2

p
1

p
2

V µνρσabcd = −i g2
[
fabe fcde (gµρ gνσ − gµσ gνρ)

+ face fbde (gµν gρσ − gµσ gνρ)
+ fade fbce (gµν gρσ − gµρ gνσ)

]
= −i g2

[
fabe fcde (2 gµρ gνσ − gµσ gνρ − gµν gρσ)

+ face fbde (2 gµν gρσ − gµσ gνρ − gµρ gνσ)
]

The contraction with p′ ν1 An(p′1), pµ2 A
n(p2) and pσ1 A

n(p1) yields

pσ1p
µ
2p
′ ν
1 A

n
d (p1)Ana(p2)Anb (p′1)Tc V

µνρσ
abcd =

ig2

[
[An(p1), [An(p2), An(p′1)]]

(
2pρ2 p1 · p′1 − p

ρ
1 p2 · p′1 − p

′ρ
1 p2 · p1

)
+ [An(p2), [An(p1), An(p′1)]]

(
2pρ1 p2 · p′1 − p

ρ
2 p1 · p′1 − p

′ρ
1 p2 · p1

)]
.

The contributions to the gauge-link are the following

Γ

’
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k
Γ
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Γ
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p
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p
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For the seven diagrams involving three collinear gluons, two collinear to p, one to p′, we obtain the
contributions

A21 =
[
ψ(k)

∫
d4p1

(2π)4

d4p2

(2π)4

d4p′1
(2π)4

. . . Γψ(p− p1)
]
. . . ψ(p′ − p′1)

with three basically ’abelian’ contributions,

(a) =
Ak(p1)

k · p1

Ak(p2)

k · p2

Ak(p′1)

k · p′1
/p1

1

/k − /p1
/p2

1

/k − /p1 − /p2
/p′1

1

/k − /p1 − /p2 − /p′1

(b) =
Ak(p1)

k · p1

Ak(p′1)

k · p′1
Ak(p2)

k · p2
/p1

1

/k − /p1
/p′1

1

/k − /p1 − /p′1
/p2

1

/k − /p1 − /p2 − /p′1

(c) =
Ak(p′1)

k · p′1
Ak(p1)

k · p1

Ak(p2)

k · p2
/p′1

1

/k − /p′1
/p1

1

/k − /p1 − /p′1
/p2

1

/k − /p1 − /p2 − /p′1

of which the singularity structure is kept in contributions (a0), (b0) and (c0) and we get of which the
singularity structure is (using D = 1/(/k − /p1 − /p2 − /p′1))

(a) =
Ak(p1)Ak(p2)Ak(p′1)

x1 x2 x′1

x1 x2 /p′1D

(−x1 + iε)(−x1 − x2 + iε)

=
Ak(p1)Ak(p2)Ak(p′1)

x1 x2 x′1

x2

(x1 + x2)
/p′1D

(b) =
Ak(p1)Ak(p′1)Ak(p2)

x1 x2 x′1

x1

(−x1 + iε)
/p′1

1

/k − /p1 − /p′1
/p2D

=
Ak(p1)Ak(p′1)Ak(p2)

x1 x2 x′1
(−/p′1)

1

/k − /p1 − /p′1
/p2D

=
Ak(p1)Ak(p′1)Ak(p2)

x1 x2 x′1

x′1
(x1 + x′1 − α1)

/p2D

(c) =
Ak(p′1)Ak(p1)Ak(p2)

x1 x2 x′1

x′1
(−x′1 + iε)

/p1
1

/k − /p1 − /p′1
/p2D

=
Ak(p′1)Ak(p1)Ak(p2)

x1 x2 x′1
(−/p1)

1

/k − /p1 − /p′1
/p2D

=
Ak(p′1)Ak(p1)Ak(p2)

x1 x2 x′1

(x1 − α1)

(x1 + x′1 − α1)
/p2D

We have here introduced α1 = p′1 · p1, α2 = p′1 · p2, and α = α1 +α2. A useful relation is /p1/p′1/p2 = α1 /p2 =
α2 /p1, also implying α1 x2 = α2 x1 or x1/x2 = α1/α2. We note that summing these three diagrams in the
abelian case simply give

[(a) + (b) + (c)]abelian =
Ak(p1)Ak(p2)Ak(p′1)

(−x1 + iε) (−x1 − x2 + iε) (−x′1 + iε)
[−/p′1 − (x1 + x2)/p2] D

=
Ak(p1)Ak(p2)Ak(p′1)

(−x1 + iε) (−x1 − x2 + iε) (−x′1 + iε)
=

1

2

Ak(p1)Ak(p2)Ak(p′1)

(−x1 + iε) (−x2 + iε) (−x′1 + iε)
,

(1.115)

giving A21 = [ψ(k) ΓU
[k](2)
+ ψ(p)] . . . U

[k](1)
+ ψ(p′). In the nonabelian case, we also have two effectively

’three-gluon’ contributions,

(d) = −1

2

Ak(p1)

k · p1

[
Ak(p2)

k · p2
,
Ak(p′1)

k · p′1

]
/p1

1

/k − /p1
(/p2 − /p′1)

1

/k − /p1 − /p2 − /p′1

= +
1

2

Ak(p1) [Ak(p2), Ak(p′1)]

x1 x2 x′1
(/p2 − /p′1)D

(e) = −1

2

[
Ak(p1)

k · p1
,
Ak(p′1)

k · p′1

]
Ak(p2)

k · p2
(/p1 − /p′1)

1

/k − /p1 − /p′1
/p2

1

/k − /p1 − /p2 − /p′1

= +
1

2

[Ak(p1), Ak(p′1)]Ak(p2)

x1 x2 x′1

(x1 − x′1 − α1)

(x1 + x′1 − α1)
/p2D
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The sum of these two gives

(d) + (e) =
1

2

Ak(p1)Ak(p2)Ak(p′1)

x1 x2 x′1
(/p2 − /p′1)D

+
1

2

Ak(p1)Ak(p′1)Ak(p2)

x1 x2 x′1

(
/p′1 −

2x′1
(x1 + x′1 − α1)

/p2

)
D

− 1

2

Ak(p′1)Ak(p1)Ak(p2)

x1 x2 x′1

(x1 − x′1 − α1)

(x1 + x′1 − α1)
/p2D.

An alternative in this calculation is to not add (d) and (e), but rather to add (e) to (b) and (c) to avoid
having to deal with poles in 1/(/k − /p1 − /p′1). One gets

(b) + (c) + (e) =
Ak(p1)Ak(p′1)Ak(p2)

x1 x2 x′1

[
−/p′1 −

1

2
(/p1 − /p′1)

]
1

/k − /p1 − /p′1
/p2D

+
Ak(p′1)Ak(p1)Ak(p2)

x1 x2 x′1

[
−/p1 +

1

2
(/p1 − /p′1)

]
1

/k − /p1 − /p′1
/p2D

=
1

2

Ak(p1)Ak(p′1)Ak(p2)

x1 x2 x′1
/p2D +

1

2

Ak(p′1)Ak(p1)Ak(p2)

x1 x2 x′1
/p2D.

Including the contributions of (a) and (d), we have

(a) + . . .+ (e) =
1

2

Ak(p1)Ak(p2)Ak(p′1)

x1 x2 x′1

[
/p2D +

x2 − x1

x1 + x2
/p′1D

]
+

1

2

Ak(p1)Ak(p′1)Ak(p2)

x1 x2 x′1
/p′1D +

1

2

Ak(p′1)Ak(p1)Ak(p2)

x1 x2 x′1
/p2D.

Finally, there are two types of ’four-gluon’ contributions,

(f) =
1

2

[
Ak(p1)

k · p1
,

[
Ak(p2)

k · p2
,
Ak(p′1)

k · p′1

]]
(p2 − p′1)λ

×
[
(p1 + p2 + p′1)2 gλτs (p1 + p2 + p′1)− (p2 + p′1)2 gλτs (p2 + p′1)

]
× iDτρ(p1 + p2 + p′1) γρ

1

/k − /p1 − /p2 − /p′1

= −
[
Ak(p1)

k · p1
,

[
Ak(p2)

k · p2
,
Ak(p′1)

k · p′1

]]
(α1 − α2) (p2 − p′1)τ

× iDτρ(p1 + p2 + p′1) γρ
1

/k − /p1 − /p2 − /p′1
,

(g) = −
[
Ak(p1)

k · p1
,

[
Ak(p2)

k · p2
,
Ak(p′1)

k · p′1

]]
(2α1 p

τ
2 − α2 p

τ
1)

× iDτρ(p1 + p2 + p′1) γρ
1

/k − /p1 − /p2 − /p′1

−
[
Ak(p2)

k · p2
,

[
Ak(p1)

k · p1
,
Ak(p′1)

k · p′1

]]
(2α2 p

τ
1 − α1 p

τ
2)

× iDτρ(p1 + p2 + p′1) γρ
1

/k − /p1 − /p2 − /p′1
.

Using the contractions

−αpτ2 gs τρ(p1 + p2 + p′1)γρ = α /p2 − 1
2 α2 (/p1 + /p2 + /p′1)

= α1 /p2 − α2 /p1 + 1
2 α2 (/p1 + /p2 − /p′1) = 1

2 α2 (/p1 + /p2 − /p′1)

−αpτ1 gs τρ(p1 + p2 + p′1)γρ = α2 /p1 − α1 /p2 + 1
2 α1 (/p1 + /p2 − /p′1) = 1

2 α1 (/p1 + /p2 − /p′1)

−αp′τ1 gs τρ(p1 + p2 + p′1)γρ = 1
2 (/p1 + /p2 − /p′1),

−α(p2 − p′1)τ gs τρ(p1 + p2 + p′1)γρ = α1 /p2 − α2 /p1 − 1
2 α1 (/p1 + /p2 − /p′1),= − 1

2 α1 (/p1 + /p2 − /p′1),
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realizing that with p1 and p2 being integration variables,

[Ak(p1), [Ak(p2), Ak(p′1)]]F (p1, p2) = Ak(p1)Ak(p2)Ak(p′1)F (p1, p2) +Ak(p′1)Ak(p1)Ak(p2)F (p2, p1)

−Ak(p1)Ak(p′1)Ak(p2) (F (p1, p2) + F (p2, p1)) ,

[Ak(p2), [Ak(p1), Ak(p′1)]]F (p1, p2) = Ak(p1)Ak(p2)Ak(p′1)F (p2, p1) +Ak(p′1)Ak(p1)Ak(p2)F (p1, p2)

−Ak(p1)Ak(p′1)Ak(p2) (F (p1, p2) + F (p2, p1)) ,

and using

C = (/p1 + /p2 − /p′1)
1

/k − /p1 − /p2 − /p′1
=

(x1 + x2 − x′1 + [/p′1, /p1] + [/p′1, /p2]

(−x1 − x2 − x′1 + α)
,

we can rewrite the last two contributions as

(f) = −1

4

[Ak(p1), [Ak(p2), Ak(p′1)]]

x1 x2 x′1

α1(α1 − α2)

α2
C

= −1

4

Ak(p1)Ak(p2)Ak(p′1)

x1 x2 x′1

α1(α1 − α2)

α2
C

+
1

4

Ak(p1)Ak(p′1)Ak(p2)

x1 x2 x′1

(α1 − α2)2

α2
C

− 1

4

Ak(p′1)Ak(p1)Ak(p2)

x1 x2 x′1

α2(α2 − α1)

α2
C

(g) = −1

4

[Ak(p1), [Ak(p2), Ak(p′1)]]

x1 x2 x′1

α1 α2

α2
C − 1

4

[Ak(p2), [Ak(p1), Ak(p′1)]]

x1 x2 x′1

α1 α2

α2
C

= −1

2

Ak(p1)Ak(p2)Ak(p′1)

x1 x2 x′1

α1 α2

α2
C

+
Ak(p1)Ak(p′1)Ak(p2)

x1 x2 x′1

α1 α2

α2
C

− 1

2

Ak(p′1)Ak(p1)Ak(p2)

x1 x2 x′1

α1 α2

α2
C

Adding the contributions and using x1/x2 ≈ α1/α2 we get

(f) + (g) = −1

4

Ak(p1)Ak(p2)Ak(p′1)

x1 x2 x′1

x1

(x1 + x2)
(/p1 + /p2 − /p′1)D

+
1

4

Ak(p1)Ak(p′1)Ak(p2)

x1 x2 x′1
(/p1 + /p2 − /p′1)D

− 1

4

Ak(p′1)Ak(p1)Ak(p2)

x1 x2 x′1

x2

(x1 + x2)
(/p1 + /p2 − /p′1)D.
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The full result becomes

(a) + . . .+ (g) = −1

4

Ak(p1)Ak(p2)Ak(p′1)

x1 x2 x′1

[
x2

(x1 + x2)
+
x2 − x1

x1 + x2

]
− 1

4

Ak(p1)Ak(p′1)Ak(p2)

x1 x2 x′1

− 1

4

Ak(p′1)Ak(p1)Ak(p2)

x1 x2 x′1

x2

(x1 + x2)

=
1

4

Ak(p1)Ak(p2)Ak(p′1)

(−x1 + iε) (−x1 − x2 + iε) (−x′1 + iε)

1

4

Ak(p1)Ak(p′1), Ak(p2)

(−x1 + iε) (−x2 + iε) (−x′1 + iε)

1

4

Ak(p′1)Ak(p1)Ak(p2)

(−x1 + iε) (−x1 − x2 + iε) (−x′1 + iε)

=
1

8

Ak(p1)Ak(p2)Ak(p′1)

(−x1 + iε) (−x2 + iε) (−x′1 + iε)

1

4

Ak(p1)Ak(p′1), Ak(p2)

(−x1 + iε) (−x2 + iε) (−x′1 + iε)

1

8

Ak(p′1)Ak(p1)Ak(p2)

(−x1 + iε) (−x2 + iε) (−x′1 + iε)
.

So we get

A21 = [ψ(k)U
[k](21)
+ (p, p′) Γ . . . ψ(p)] . . . ψ(p′) (1.116)

= [ψ(k)

[
1

4
U

[k](2)
+ (p)U

[k](1)
+ (p′) +

1

4
U

[k](1)
+ (p)U

[k](1)
+ (p′)U

[k](1)
+ (p)

+
1

4
U

[k](1)
+ (p′)U

[k](2)
+ (p)

]
Γ . . . ψ(p)] . . . ψ(p′) (1.117)

= [ψ(k)

[
1

8
U

[k](1)
+ (p)U

[k](1)
+ (p)U

[k](1)
+ (p′) +

1

4
U

[k](1)
+ (p)U

[k](1)
+ (p′)U

[k](1)
+ (p)

+
1

8
U

[k](1)
+ (p′)U

[k](1)
+ (p)U

[k](1)
+ (p)

]
Γ . . . ψ(p)] . . . ψ(p′) (1.118)

This reproduces the correct (expected) results in the abelian case, and in the limit that U [k](1)(p′) is
replaced by a Fαk(p′1), or that U [k](1)(p) is replaced by a Fαk(p).
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1.7 Gauge links in the Drell-Yan process

In this section we discuss the application of the general procedure (outlined in the paper of Bomhof,
Mulders and Pijlman, EPJ C47 (2006), 417) to the Drell-Yan process. Figure 4 in that paper then reduces
to the study of gluon insertions from one of the hadrons (momentum P ) into a hard process, illustrated
in Fig. 1.2

p
2

p
1
−p p

Γ

Figure 1.2: The quark-gluon correlator ΦA(P ; p1, p) that needs to be combined with the hard part of
the Drell-Yan process. We will consider DY-like processes, allowing the hard part Γ to contain any hard
process (not only lepton pair production).

For the gauge link, one needs in particular the quark gluon propagator containing an A+ gluon, which
gives a leading contribution in the expansion in inverse hard scale. The leading contribution is proportional
to P+. In particular we thus look at the part Φn(P ; p1, p)P

+. We need to calculate the contributions in
Fig. 1.3.

p
2

p
2
+p

p

p
1
−p p

1
−p

p
2
+p

p
Γ Γ

µ a

(a) (b)

Figure 1.3: The two leading quark-gluon contributions. The first one (a) is the one that gives the familiar
piece along the n− direction, in this case running from minus infinity to the position of the quark field. If
color plays a role in the hard part Γ the part (b) needs to be included. It contains all insertions into the
truncated vertex Γ, starting with for one gluon Γµa(p1 − p, p2, p).

The contribution in Fig. 1.3(a) gives

Fig. 1.3(a) =⇒ (−i/P T a)
i

/p2 + /p
Γ(p1 − p, p2 + p) =

/P (/p2 + /p)

2 p2·p+ iε
T aΓ(p1 − p, p2 + p)

=
T a

x+ iε
Γ(p1 − p, p2 + p), (1.119)

where x = p · p2/P · p2 (thus p = xP + . . .). Note that a vanishing contribution proportional to /p2/P needs
to be added. The prescription +iε originates from the hard propagator with momentum p2 +p. The result
can be rewritten as the well-known eikonal contribution and a second term,

Fig. 1.3(a) =⇒ T a

x+ iε
Γ(p1, p2) +

T a

x
(Γ(p1 − p, p2 + p)− Γ(p1, p2)) . (1.120)

In the second term the prescription no longer matters, since the numerator goes to zero for x→ 0 In the
situation that there is no color involved in Γ and the vertex does not depend on p (like for a qq → γ∗ vertex),
we are ready with the first gluon. Let us allow complications, because those will start playing a role with
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intertwined gluons from both hadrons or in situations of more complex vertices, such as quark-antiquark
or gluon-gluon production.

To calculate the internal insertions we use Ward identities. A simple one, which we will actually need
is the insertion into the propagator,

µ

p
1

p
1
−p

p
1
−p p

1p −=
p

It reads
i

/p1
(−i/p T a)

i

/p1 − /p
= T a

i

/p1 − /p
− i

/p1
T a. (1.121)

Including the vertex and external propagators, the Ward identity that we need for the internal insertions
is the following one,

µ

µ

µ++
−=

p
1
−p

p
2
+p p

2

p
1

p
1
−p

p
1

p
2

p

p

p
2

p
2
+p

p

p
1
−p

p

p
1
−p

p
2

p
p

Γ Γ
Γ Γ

Γ
µ a

It reads

−i
/p2

Γ(p1, p2)
i

/p1
(−i/pT a)

i

/p1 − /p
+
−i
/p2

(−i/pT a)
−i

/p2 + /p
Γ(p1 − p, p2 + p)

i

/p1 − /p
+
−i
/p2

(−pµΓµa)
i

/p1 − /p

=
−i

/p2 + /p
T aΓ(p1 − p, p2 + p)

i

/p1 − /p
− −i

/p2
Γ(p1, p2)T a

i

/p1
.

Using
i

/p1
(−i/p) i

/p1 − /p
=

i

/p1 − /p
− i

/p1
and

−i
/p2

(−i/p) −i
/p2 + /p

=
−i

/p2 + /p
− −i

/p2
,

we get for the truncated amplitude Γµa the Ward identity

pµΓµa = −T aΓ(p1 − p, p2 + p) + Γ(p1, p2)T a. (1.122)

Collecting now the pieces for Fig. 1.3 we get for the combined result (using P = p/x),

Fig. 1.3 =⇒ T a

x+ iε
Γ(p1, p2) +

T a

x+ iε
(Γ(p1 − p, p2 + p)− Γ(p1, p2)) +

pµΓµa

x

=
T a

x+ iε
Γ(p1, p2) +

T a

x
(Γ(p1 − p, p2 + p)− Γ(p1, p2))− T a

x
Γ(p1 − p, p2 + p) + Γ(p1, p2)

T a

x

=
T a

x+ iε
Γ(p1, p2) +

1

x
(Γ(p1, p2)T a − T aΓ(p1, p2))

=
T a

x+ iε
Γ(p1, p2). (1.123)

The vanishing of the second term in the one but last line is in essence the Ward identity in Eq. 1.122 for
p = 0 (equivalent to color charge conservation). Note, however, that we could as well have simply written

Fig. 1.3 =⇒ T a

x+ iε
Γ(p1 − p, p2 + p) +

pµΓµa

x+ iε

=
T a

x+ iε
Γ(p1 − p, p2 + p)− T a

x+ iε
Γ(p1 − p, p2 + p) + Γ(p1, p2)

T a

x+ iε

= Γ(p1, p2)
T a

x+ iε
, (1.124)
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Conclusion of this exercise is that the color charge can either remain on the incoming antiquark side of the
vertex Γ or it can be moved to the incoming quark side of the vertex, which looks most attractive since it
then can be absorbed into Φ as the first order contribution to the gauge link.

Note, however, that in the case of transverse momentum dependence one also needs the transverse
pieces in the gauge link. They originate when higher twist contributions involving AαT (p) fields in the
correlator are included. First the ψ(0)AαT (η)ψ(ξ) operators need to be combined with gauge links along
the n-direction, then they need to be rewritten into a Gnα and ψ(0)AαT (±∞)ψ(ξ) matrix elements. The
latter give the transverse gauge pieces of the gauge link. These higher twist contributions have their own
color factors, which are evaluated by considering the color structure of the diagram with the color charges
at the places where the transverse gluons couple. In order to properly recover all factors when one has
different type of color flows in a particular process, one should therefore keep for staple-shaped gauge links
all the color charges on the appropriate legs, i.e. for the gauge link in correlator 1 on the antiquark leg
from correlator 2 and for the gauge link of correlator 2 on the quark leg of correlator 1.
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Appendix B: Spin vectors

For the hadron spin vector satisfying S2 = −1 and P · S = 0, we can write

S = SL
P

M
+ ST − SLM n ≈ SL

P

M
+ ST , (1.125)

satisfying S2
L +S2

T = 1. The quantity SL is the light-cone helicity, ST the transverse spin vector. One has

SL = M S · n and SµT = gµνT Sν . (1.126)

The spin vector is used in the parametrization of the density matrix. Often, therefore, the transverse spin
will be defined with respect to a hadron momentum P ′ using

gµν⊥ = gµν − P ′{µP ν}

P · P ′
. (1.127)

If the hadron momentum P ′ is hard with respect to the original hadron, i.e. P · P ′ large, one still has a
useful expansion in which P ′ has the role as an (approximate) null-vector. One has (first expression exact)

S = S||
P

M
√

1− δ
+ S⊥ − S||M

P ′

(P · P ′)
√

1− δ
≈ S||

P

M
+ S⊥, (1.128)

with δ = M2M ′2/(P · P ′)2, which satisfies S2
|| + S

2
⊥ = 1 and where

S|| =
1√

1− δ
M S · P ′

P · P ′
≈ M S · P ′

P · P ′
and S⊥ = gµν⊥ Sν . (1.129)

Comparing both expansions order by order in (1/Q), we find

S|| − SL =
M S · P ′

P · P ′
−M S · n =

M ST · P ′

P · P ′
= −M S⊥ · n,

and one finds using that S ≈ SL P
M + ST ≈ S|| PM + S⊥ that

SL ≈ S|| ≈ M S · n ≈ M S · P ′

P · P ′
, (1.130)

ST ≈ S⊥ − (S⊥ · n)P ≈ S⊥T , (1.131)

S⊥ ≈ ST −
ST · P ′

P · P ′
P ≈ ST⊥ . (1.132)

Using

p · S = pT · ST +
p · P − xM2

M
SL = pT ′ · ST ′ +

p · P − x′M2

M
SL′ , (1.133)

and the fact that the differences x− x′ and SL − SL′ are O(1/Q) we have

pT · ST ≈ pT ′ · ST ′ , (1.134)

which also holds if we use an approximate n′ ≈ P ′/P · P ′.

Appendix C: polarization sums for gluons

A useful feature is the fact that the polarization sum for on-shell gluons satisfying v ·A = 0 is approximately
equal to the sum for gluons satisfying n · A = 0, at least if n is constructed from v and P as in Eq. 1.47.
This is important because at some point on-shell (cut) gluons in the hard part need to be considered to
study the large transverse momentum dependence of correlators. In the section on ’Moderate transverse
momenta’ we have shown the kinematics for the branching parton(p0) → parton(p) + parton(l) (with
p = p0 − l) in case of the emission of an on-shell parton with momentum l.
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Looking at the polarization sum for the cases that either l or p are gluons, we need the products of
these vectors with the gauge vector (assume P · v = 1),

l · v =
x

xp

[
1− xp + η

x2
p

1− xp

]
,

p · v = x

[
1− η xp

1− xp

]
≈ x.

with

η = −v2 p2
T

4x2
= v2 |p2

T |
4x2

,

serving as a small regulator. We note that in p · v the η-term is not harmful (no extra poles),

η
xp

1− xp
= − xp

1− xp
v2 p2

T

4x2
≈ −v

2 (p · P )

2x
≈ −v

2 (p · P ) (P · n)

2 (p · n) (P · v)2
∼ O

(
M2

Q2

)
(in last step we wrote the expression for the cases that the lengths of n and v are not fixed).

We can write for the polarization sum

dµν(l; v) = −gµν +
lµ vν + lν vµ

l · v
− v2 lµ lν

(l · v)2
=
∑
i

dµν(i)(l; v) (1.135)

with

dµν(1)(l; v) =
1− xp(

1− xp + η
x2
p

1−xp

) dµν(l;n), (1.136)

dµν(2)(l; v) = η
x2
p

1− xp
−gµν(

1− xp + η
x2
p

1−xp

) (1.137)

dµν(3)(l; v) = −η
4x2

p

|p2
T |

lµ lν(
1− xp + η

x2
p

1−xp

)2 (1.138)

dµν(4)(l; v) = η
2xxp
|p2
T |

lµ P ν + lν Pµ(
1− xp + η

x2
p

1−xp

) . (1.139)

We note that for a time-like gauge choice (v2 > 0) one has η > 0 and one avoids hitting the poles. Similarly
we find for the polarization sum when the parton with momentum p is a gluon the sum

dµν(p; v)

p2
=

1

p2

[
−gµν +

pµ vν + pν vµ

p · v
− v2 pµ pν

(p · v)2

]
=

1

p2

∑
i

dµν(i)(p; v) (1.140)

with

dµν(1)(p; v)

p2
=

1

p2
(

1− η xp
1−xp

) dµν(p;n) ≈ − (1− xp)
|p2
T |

dµν(p;n) (1.141)

dµν(2)(p; v)

p2
= −η xp

1− xp
1

p2

−gµν(
1− η xp

1−xp

) ≈ −η xp
|p2
T |
gµν (1.142)

dµν(3)(p; v)

p2
= −η 4

|p2
T |

1

p2

pµ pν(
1− η xp

1−xp

)2 ≈ η
4(1− xp)
|p2
T |2

pµ pν (1.143)

dµν(4)(p; v)

p2
= η

2x

|p2
T |

1

p2

pµ P ν + pν Pµ(
1− η xp

1−xp

) ≈ −η 2x(1− xp)
|p2
T |2

(pµ P ν + pν Pµ) . (1.144)



Chapter 2

Specific processes

2.1 General structure

Starting with the annihilation process `1 + `2 → X, we have for the contribution of the process `1 + `2 →
k1 + k2 + . . ., the inclusive cross section

dσ =
1

F (`1, `2)

∫ ∏
i

dk̃iH(`1, `1; ki) δ
4(`1 + `2 −

∑
i

ki) (2.1)

=
1

F (`1, `2)
L(`1, q)⊗

∫ ∏
i

dk̃iH(q; ki) δ
4(q −

∑
i

ki) (2.2)

Here dk̃i = d3ki/(2π)3 2Ei is the one-particle phase space and it is customary to split of the leptonic part
in which q = `1 + `2. For the one-hadron inclusive process `1 + `2 → H(K) +X the contribution from the
subprocess `1 + `2 → k + k1 + k2 + . . . is

dσ =
1

F (`1, `2)
dK̃

∫
dK̃X

∫ ∏
i

dk̃i Σ(`1, `2;K,KX , ki) δ
4(`1 + `2 −K −KX −

∑
i

ki). (2.3)

=
1

F (`1, `2)
dK̃

∫
d4k

∫
dK̃X δ4(k −K −KX)

×
∫ ∏

i

dk̃iH(`1, `2; k, ki)⊗∆(K, k,KX) δ4(q − k −
∑
i

ki). (2.4)

Making the Sudakov expansion for k using a light-like vector n (outlined elsewhere) we have d4k =
dz−1 d2kT d(k ·K) = dz−1 dk̃, d(k ·K) with z−1 = k · n/K · n and defining

∆
(
z−1, kT

)
=

∫
d(k ·K)

∫
dK̃X δ4(k −K −KX) ∆(K, k,KX), (2.5)

dσ̂ =
1

F (`1, `2)
dk̃

∫ ∏
i

dk̃iH(`1, `2; k, ki) δ
4(q − k −

∑
i

ki). (2.6)

we find

dσ =
1

F (`1, `2)
L(`1, q)⊗ dK̃

∫
dz−1 d2kT

×
∫ ∏

i

dk̃iH(q; k, ki)⊗∆
(
z−1, kT

)
δ4(q − k −

∑
i

ki). (2.7)

2.2 Introduction to electroweak processes

We will consider the following three types of processes,

• The lepton-hadron scattering process `H → `′X

133
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• The annihilation process `¯̀→ X

• The lepton-pair production process AB → `¯̀X (Drell-Yan process).

All these processes involve electroweak currents, coupling to the leptons in a known way. The basic
advantage of electroweak processes lies in the fact that the process is accurately described in terms of the
exchange of one photon (for electromagnetic processes), since the coupling, α = e2/4π ≈ 1/137, is weak.
The same is true for the weak vector bosons. On the hadronic side, the coupling to the quarks is known,
but the structure of hadrons in terms of quarks and gluons is the unknown part. The fact that the coupling
to the quarks is known, however, enables the study of hadron structure.

For lepton-hadron scattering we consider the inclusive measurement `H → `′X and the 1-particle
inclusive or semi-inclusive measurement `H → `′hX. The invariants are defined,

e

h

XH

e’

q2 = (k − k′)2 ≡ −Q2 ≤ 0 (2.8)

2P · q ≡ 2M ν ≡ Q2

xB
(2.9)

2Ph · q ≡ −zhQ2 (2.10)

P · Ph ≡ z P · q (2.11)

The variable xB is the Bjorken scaling variable. Since the invariant mass squared of the hadronic final
state satisfies

W 2
X = (P + q)2 =

1− xB
xB

Q2 +M2 ≥M2, (2.12)

one has 0 ≤ xB ≤ 1, with xB = 1 corresponding to elastic scattering, i.e. W 2
X = M2. In this case a hadron

is probed with a spacelike (virtual) photon, for which one can consider a frame in which the momentum
only has a spatial component, from which it is clear that the resolving power of the probing photon is of
the order λ ≈ 1/Q. Roughly spoken one probes a nucleus (1 - 10 fm) with Q ≈ 10 − 100 MeV, baryon
or meson structure (with sizes in the order of 1 fm) with Q ≈ 0.1− 1 GeV and one probes deep into the
nucleon (< 0.1 fm) with Q > 2 GeV. As we will see, the invariants z ≈ zh for the case of one leading jet
(to which h belongs) in the limit that Q2 →∞.

For the annihilation process we distinguish the inclusive measurement `¯̀→ X, the 1-particle inclusive
measurements `¯̀→ hX and the 2-particle inclusive measurements `¯̀→ h1h2X (hadrons belonging to
back-to-back jets). The invariants are defined

1
h

2
h

-
e

X

e
+

q2 = (k + k′)2 ≡ Q2 ≥ 0 (2.13)

2P1 · q ≡ z1Q
2 (2.14)

2P2 · q ≡ z2Q
2 (2.15)

In the case of production of hadrons with a timelike (virtual) photon one can consider the rest-frame of
the virtual photon, in which case it is clear that Q is a measure of the excitation energy.

For the Drell-Yan process we only consider the inclusive case, which already involves two hadrons. We
restrict ourselves to lepton pairs with small transverse momentum (compared to Q), for which we have
the invariants

µ
+

A

B

-
µ

q2 = (k + k′)2 ≡ Q2 ≥ 0 (2.16)

2PA · q ≡
Q2

xA
(2.17)

2PB · q ≡
Q2

xB
(2.18)
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2.3 The hadronic tensor

2.3.1 Lepton-hadron scattering

Consider the process ` + H → `′ + h + X, in which a lepton with momentum k scatters off a hadron H
with momentum P and one hadron h with momentum Ph is measured in coincidence with the scattered
lepton with momentum k′. The lepton emits a highly virtual photon with momentum

qµ = kµ − k′µ, (2.19)

with Q2 ≡ −q2 > 0. The unobserved outstate will be denoted by |PX〉, having a total momentum PµX . We
will consider the most general case of a pure incoming spin state, characterized by the spin vectors Sµ, an
observed hadronic spin state characterized by the spin vector Sh and lepton helicities λ and λ′.

We have the following relations

P 2 = M2, P 2
h = M2

h , (2.20)

k2 = m2 ≈ 0, k′2 = m′2 ≈ 0, (2.21)

(k + P )2 = s, (2.22)

S2 = S2
h = −1, (2.23)

P · S = Ph · Sh = 0. (2.24)

We will work in the limit where Q2, P · q and Ph · q are large keeping the ratios Q2/2P · q and 2Ph · q/Q2

finite. The invariant ampitude for the process is given by

M = ū(k′, λ′)γµu(k, λ)
e2

Q2
〈PX ;PhSh|Jµ(0)|PS〉. (2.25)

The square of this amplitude can be split into a purely leptonic and a purely hadronic part, according to

|M |2 =
e4

Q4
L(`H)
µν Hµν(`H), (2.26)

with the lepton tensor (neglecting the lepton masses) being

L(`H)
µν (kλ; k′λ′) = δλλ′

(
2kµk

′
ν + 2kνk

′
µ −Q2gµν + 2iλ εµνρσq

ρkσ
)
. (2.27)

The product of hadronic current matrix elements is written as

H(`H)
µν (PX ;PS;PhSh) = 〈PS|Jµ(0)|PX ;PhSh〉〈PX ;PhSh|Jν(0)|PS〉, (2.28)

where a summation over spins of the unobserved out state is understood. The total cross section is given
by

dσ =
1

F
|M |2dR, (2.29)

with the flux factor
F = 4

√
(P · k)2 −M2m2 ≈ 2s (2.30)

and the Lorentz invariant phase space

dR = (2π)4δ4(k + P − k′ − PX − Ph)
d3PX

(2π)32P 0
X

d3k′

(2π)32k′0
d3Ph

(2π)32P 0
h

. (2.31)

Integrating Hµν over PX , gives the usual hadron tensor

2MW (`H)
µν (q;PS;PhSh) =

1

(2π)4

∫
d3PX

(2π)32P 0
X

(2π)4δ4(q + P − PX − Ph)H(`H)
µν (PX ;PS;PhSh). (2.32)

The phase space for the scattered lepton can be rewritten as

d3k′

(2π)32k′0
=
E′ dE′ dΩ

16π3
, (2.33)
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where Ω is the lepton scattering angle and E′ the energy of the scattered lepton. Thus one gets

2Eh dσ
(`H)

d3Ph dΩdE′
=

2ME′

s

α2

Q4
L(`H)
µν W µν(`H), (2.34)

where the lepton tensor is given by the expression between brackets in Eq. (2.27) and the hadron tensor
by Eq. (2.32).

Note that for inclusive scattering one obtains the familiar result

dσ(`H)

dΩdE′
=

2ME′

s

α2

Q4
L(`H)
µν Wµν(`H), (2.35)

with the hadron tensor given by

2MW (`H)
µν (q;PS) =

1

2π

∫
d3PX

(2π)32P 0
X

(2π)4δ4(q + P − PX)〈PS|Jµ(0)|PX〉〈PX |Jν(0)|PS〉

=
1

2π

∫
d4x eiq·x 〈PS|[Jµ(x), Jν(0)]|PS〉. (2.36)

2.3.2 Electron-positron annihilation

Consider the process e− + e+ → h1 + h2 +X, where two hadrons belonging to opposite jets emerge with
momenta Pµ1 and Pµ2 . The annihilating incoming leptons with momenta kµ and k′µ produce a high mass
photon with momentum

qµ = kµ + k′µ, (2.37)

with Q2 ≡ q2 > 0. The unobserved outstate will be denoted by |PX〉. We will consider the general
case of polarized leptons with helicities λ and λ′ and production of hadrons of which the spin states are
characterized by spin vectors Sµ1 and Sµ2 , respectively. We have the following relations

P 2
1 = M2

1 , P 2
2 = M2

2 , (2.38)

k2 = k′2 = m2 ≈ 0, (2.39)

S2
1 = S2

2 = −1, (2.40)

P1 · S1 = P2 · S2 = 0. (2.41)

We will work in the limit where Q2, P1 · q and P2 · q are large, keeping the ratios 2P1 · q/Q2 and 2P2 · q/Q2

finite. The invariant ampitude for the process is given by

M = v̄(k′, λ′)γµu(k, λ)
e2

Q2
〈PX ;P1S1;P2S2|Jµ(0)|0〉. (2.42)

The square of this amplitude can be split into a purely leptonic and a purely hadronic part, according to

|M |2 =
e4

Q4
L(e+e−)
µν Hµν(e+e−), (2.43)

with the lepton tensor (neglecting the lepton masses) being

L(e+e−)
µν (kλ; k′λ′) = δλλ′

(
2kµk

′
ν + 2kνk

′
µ −Q2gµν + 2iλ εµνρσk

ρk′σ
)
. (2.44)

The product of hadronic current matrix elements is written as

H(e+e−)
µν (PX ;P1S1;P2S2) = 〈0|Jµ(0)|PX ;P1S1;P2S2〉〈PX ;P1S1;P2S2|Jν(0)|0〉, (2.45)

where a summation over spins of the unobserved out state is understood. The total cross section is given
by

dσ =
1

F
|M |2dR, (2.46)

with the flux factor
F = 4

√
(k · k′)2 − k2k′2 ≈ 2Q2 (2.47)
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and the Lorentz invariant phase space

dR = (2π)4δ4(k + k′ − PX − P1 − P2)
d3PX

(2π)32P 0
X

d3P1

(2π)32P 0
1

d3P2

(2π)32P 0
2

. (2.48)

Integrating Hµν over PX , gives the usual hadron tensor

W (e+e−)
µν (q;P1S1;P2S2) =

1

(2π)4

∫
d3PX

(2π)32P 0
X

(2π)4δ4(q−PX −P1 −P2)H(e+e−)
µν (PX ;P1S1;P2S2). (2.49)

One obtains the cross section (including a factor 1/2 from averaging over incoming polarizations)

P 0
1 P

0
2 dσ(e+e−)

d3P1 d3P2
=

α2

4Q6
L(e+e−)
µν W µν(e+e−), (2.50)

where the lepton tensor is given by the expression between brackets in Eq. (2.44) and the hadron tensor
by Eq. (2.49).

Note that for a single produced hadron one finds

Eh
dσ

d3Ph
=

α2

2Q6
L(e+e−)
µν Wµν(e+e−), (2.51)

where the hadron tensor is given by

W (e+e−)
µν (q;PhSh) =

1

(2π)

∫
d3PX

(2π)32P 0
X

(2π)4δ4(q−PX−Ph)〈0|Jµ(0)|PX ;PhSh〉〈PX ;PhSh|Jν(0)|0〉. (2.52)

For the annihilation cross section one finds

σ(e+e− → hadrons) =
4π2 α2

Q6
L(e+e−)
µν Rµν(e+e−), (2.53)

where the tensor Rµν is given by

R(e+e−)
µν (q) =

∫
d3PX

(2π)32P 0
X

(2π)4δ4(q − PX)〈0|Jµ(0)|PX〉〈PX |Jν(0)|0〉

=

∫
d4x eiq·x 〈0|[Jµ(x), Jν(0)]|0〉. (2.54)

2.3.3 The Drell-Yan process

Consider the process A + B → ` + ¯̀+ X, where two spin- 1
2 hadrons with momenta PµA and PµB interact

and two outgoing leptons (considered massless) are measured with momenta kµ and k′µ. The leptons are
assumed to originate from a high mass photon with momentum

qµ = kµ + k′µ, (2.55)

with Q2 ≡ q2 > 0. The unobserved outstate will be denoted by |PX〉, having a total momentum PµX .
We will consider the case of pure incoming spin states, characterized by the spin vectors SµA and SµB ,
respectively, and observed lepton helicities λ and λ′. We have the following relations

P 2
A = M2

A, P 2
B = M2

B , (2.56)

(PA + PB)2 = s, (2.57)

k2 = k′2 = m2 ≈ 0, (2.58)

S2
A = S2

B = −1, (2.59)

PA · SA = PB · SB = 0. (2.60)

In the deep inelastic limit Q2, s → ∞, with the ratio τ = Q2/s fixed. The invariant amplitude for the
process is given by

M = ū(k, λ)γµv(k′, λ′)
e2

Q2
〈PX |Jµ(0)|PASA;PBSB〉. (2.61)



April 2010 138

The square of this amplitude can be split into a purely leptonic and a purely hadronic part, according to

|M |2 =
e4

Q4
L(DY )
µν Hµν(DY ), (2.62)

with the lepton tensor (neglecting the lepton masses) being

L(DY )
µν (kλ; k′λ′) = δλλ′

(
2kµk

′
ν + 2kνk

′
µ −Q2gµν + 2iλ εµνρσq

ρkσ
)
. (2.63)

The product of hadronic current matrix elements is written as

H(DY )
µν (PX ;PASA;PBSB) = 〈PASA;PBSB |Jµ(0)|PX〉〈PX |Jν(0)|PASA;PBSB〉, (2.64)

where a summation over spins of the unobserved out state is understood. The total cross section is given
by

dσ =
1

F
|M |2dR, (2.65)

with the flux factor

F = 4
√

(PA · PB)2 −M2
AM

2
B ≈ 2s (2.66)

and the Lorentz invariant phase space

dR = (2π)4δ4(PA + PB − PX − k − k′)
d3PX

(2π)32P 0
X

d3k

(2π)32k0

d3k′

(2π)32k′0
. (2.67)

Integrating Hµν over PX , gives the usual hadron tensor

W (DY )
µν (q;PASA;PBSB) =

1

(2π)4

∫
d3PX

(2π)32P 0
X

(2π)4δ4(PA + PB − PX − q)

×H(DY )
µν (PX ;PASA;PBSB)

=
1

(2π)4

∫
d4x eiq·x〈PASA;PBSB |[Jµ(0), Jν(x)]|PASA;PBSB〉. (2.68)

For the last equality completeness of the out states and causality has been used. The remaining phase
space is conveniently written as

d3k

(2π)32k0

d3k′

(2π)32k′0
=

d4q

(2π)4

dΩ

32π2
, (2.69)

where the angles are those of the lepton axis in the rest frame of the two leptons. In terms of the fine-
structure constant α ≡ e2/4π, we then obtain the Drell-Yan cross section (including a factor 2 from the
summation over the lepton polarizations)

dσ(DY )

d4q dΩ
=

α2

2sQ4
L(DY )
µν W µν(DY ), (2.70)

where the lepton tensor is given by the symmetric part in Eq. (2.63) and the hadron tensor by Eq. (2.68).

2.4 Deep inelastic kinematics

In order to deal with the hard processes, it is convenient to consider a Cartesian set of vectors constructed
from the momenta. These start with defining qµ as a spacelike or timelike direction depending on the
process. Then one proceeds using vectors that are orthogonal to q. Such vectors ã are obtained subtracting
from a the projection along q,

ãµ ≡ g̃µνaν = aµ − a · q
q2

qµ, (2.71)

where

g̃µν = gµν − qµqν

q2
. (2.72)
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Another set of vectors that is useful, in particular for the theoretical description of the structure of
hadrons, are a set of light-like vectors, nµ− and nµ+ (n2

+ = n2
− = 0, n+ ·n− = 1) that are in essence hadronic

momenta divided by the large scale Q. If P/Q = an+ + b n− and a ∼ 1 then b ∼ M2/Q2 � a. Hadronic
momenta divided by Q are thus in essence proportional to one light-like vector, the hard momentum q/Q,
however, involves two light-like vectors. We will use for four vectors the notations p = (p0, p1, p2, p3) or p =
[p−, p+, p1, p2] where p± ≡ (p0± p3)/

√
2, depending on the fact if we use a Cartesian set of basisvectors or

a set with two light-like vectors. In the latter case one must be aware of the metric, having e.g. p± = p ·n∓.
We will consider two different sets of frames, the first set (type I) has q⊥ ≡ (q1, q2) = 0⊥, i.e. the

virtual photon has no transverse components. We note that there is still freedom to parametrize q, e.g. in
lepton-hadron scattering,

q
I
=

[
− 1

A

Q√
2
, A

Q√
2
,0⊥

]
.

The quantity A specifies a particular frame. Frames with different A are connected via a simple boost
along the z-axis. The second set of frames (type II) are those where the hadrons have no perpendicular
momentum, relevant in cases where two hadrons play a role. In these frames the transverse momenta are
indicated with pT and thus P T = P hT = 0T . Note that q in such a frame in general does have transverse
components,

q
II
=

[
− 1

A

Q̃√
2
, A

Q̃√
2
, qT

]
,

with q2
T = Q2

T and Q2 = Q̃2 + Q2
T . The connection between frames of type I and II can be made by a

Lorentz transformation, e.g. one that leaves the minus component unchanged 1 and involves a parameter
b− and a two-component vector b

[a−, a+,a] −→
[
a−, a+ − a · b

b−
+
b2 a−

2(b−)2
,a− a−

b−
b

]
. (2.73)

In most of the following we will assume that all hadrons and the virtual photon are in essence parallel,
i.e. QT � Q and up to O(1/Q2) corrections Q̃ ≈ Q. This implies for semi-inclusive lepton-hadron
just one leading jet containing the produced hadron, for 2-particle inclusive lepton annihilation just two
back-to-back jets and for Drell-Yan only lepton-pairs with transverse momentum � Q.

2.4.1 Lepton-hadron scattering

For lepton-hadron scattering the starting point of defining a Cartesian set is a spacelike direction defined
by the momentum transfer qµ. Using the target hadron momentum Pµ one can construct an orthogonal
four vector P̃µ = Pµ − (P · q/q2) qµ, which is timelike and satisfies P̃ 2 = κP · q with

κ = 1 +
M2Q2

(P · q)2
= 1 +

4M2x2
B

Q2
. (2.74)

taking into account mass corrections ∝M2/Q2 which will vanish for large Q2 (κ→ 1). Defining

Zµ ≡ −qµ, (2.75)

Tµ ≡ Q2

P · q
P̃µ√
κ

=
qµ + 2xB P

µ

√
κ

, (2.76)

we have Z2 = −Q2 and T 2 = Q2 and will mostly consider normalized vectors ẑµ = Zµ/Q and t̂µ = Tµ/Q.
Note that P · T =

√
κP · q and P̃ 2 = (P · t̂ )2 = κ (P · ẑ)2. In the space orthogonal to ẑ and t̂ one has the

tensors

gµν⊥ ≡ g
µν + q̂µq̂ν − t̂µt̂ν , (2.77)

εµν⊥ ≡ ε
µνρσ t̂ρq̂σ =

1

(P · q)
√
κ
εµνρσ Pρqσ. (2.78)

A relevant vector in the perpendical space appears if we have more than one hadron, e.g. in 1-particle
inclusive leptoproduction. For instance Ph⊥ = gµν⊥ Phν , defining the orientation of the production plane

in semi-inclusive leptoproduction, ĥµ = Pµh⊥/|P h⊥| (see figure 2.1).

1To do this one needs in the two parametrizations boost factors A differing by a factor Q/Q̃.
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^

P
h h⊥

z

^

lepton scattering plane

q
k

k’ Ph
φ

Figure 2.1: Kinematics of lepton hadron scattering in a frame where target hadron and virtual photon
momentum are parallel (including target rest frame).

We can also construct a timelike direction using the vector vector Ph. The vector P̃h = Pµh−(Ph·q/q2) qµ

satifies P̃ 2
h = κh (Ph · q)2 with

κh = 1 +
M2
hQ

2

(Ph · q)2
= 1 +

4M2
h

z2
hQ

2
. (2.79)

One has P̃ · P̃h = (P · t̂ )(Ph · t̂ ) and P̃ 2
h = M2

h + (Ph · ẑ)2 = (Ph · t̂ )2 − P 2
h⊥ = κh (Ph · ẑ)2.

One can extend the Cartesian set with

Xµ ≡
(Ph · T ) P̃µ − (P · T ) P̃µh

(P · t̂ )(Ph · ẑ)− (P · ẑ)(Ph · t̂ )
(2.80)

Y µ ≡ εµνρσPνPhρqσ

(P · t̂ )(Ph · ẑ)− (P · ẑ)(Ph · t̂ )
= − 1√

κ
εµν⊥ Xν . (2.81)

Explicitly one has

Xµ = qµ + xB P
µ

 2

1− (P ·T )(Ph·q)
(P ·q)(Ph·T )

− Pµh
zh

 2

1− (P ·q)(Ph·T )
(P ·T )(Ph·q)


≈ qµ + xB P

µ −
Pµh
zh
, (2.82)

the last expression being without the mass corrections, valid up to 1/Q2 corrections.

Introducing

κh⊥ = 1 +
M2
h⊥Q

2

(Ph · q)2
= 1 +

4M2
h⊥

z2
hQ

2
, (2.83)

where M2
h⊥ = M2

h + P 2
h⊥, one can write

Xµ = qµ + xB P
µ

 2

1 +
√

κ
κ
h⊥

− Pµh
zh

 2

1 +
√

κ
h⊥
κ

 , (2.84)

from which one e.g. immediately sees that

X2 =
P 2
h⊥
z2
h

 2

1 +
√

κ
h⊥
κ

2

. (2.85)

or using z instead of zh,

X2 =
P 2
h⊥
z2

κ(
1− (1− κ)

M2
h⊥

z2 Q2

) . (2.86)
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Next we introduce two simple light-like vectors (n+ · n− = 1, n2
+ = n2

− = 0), such that we have

Pµ ≡ Q̃

ξ
√

2
nµ+ +

ξ M2

Q̃
√

2
nµ−, (2.87)

Pµh ≡
ζQ̃√

2
nµ− +

M2
h

ζQ̃
√

2
nµ+, (2.88)

qµ ≡ Q̃√
2
nµ− −

Q̃√
2
nµ+ + qµT , (2.89)

where q2
T ≡ −Q2

T and Q̃2 = Q2−Q2
T . Note that the variables ξ and ζ are equal to the invariants xB and zh

or z up to corrections of order M2/Q2, M2
h/Q

2 and Q2
T/Q

2. Furthermore one has that X2 = −Q2
T = −q2

T .

It is possible to take several kinematic corrections into account by starting with the above parametriza-
tion in terms of ξ and ζ and calculate the invariants. Inversion gives

ξ = xB
Q̃2

Q2

2(
1 +

√
1 + Q̃2

Q2

4M2x2
B

Q2

) ,

ζ = zh
Q2

Q̃2

(
1 +

√
1 + Q̃2

Q2

4M2
h

z2
h
Q2

)
2

,

or instead of the last one in terms of z instead of zh,

ζ = z

(
1 +

√
1 +

4x2
B
M2M2

h
z2 Q4

)
(

1 +
√

1 + Q̃2

Q2

4x2
B
M2

Q2

) .
QT is determined from P h⊥ or implicitly from z, zh and xB (e.g. equating the two expressions for
ζ). For inclusive lepton-hadron scattering one has QT = 0 and ξ = 2xB/(1 +

√
κ). This quantity is

referred to as the Nachtmann scaling variable.

We give the hadronic momenta in the frames I and II, including the vector qT , up to O(1/Q2). We do this
omitting the ’boost’ factors 1/A and A multiplying − and + components respectively.

lepton-hadron:
momentum frame I frame II relations

q = k − k′
[
Q√
2
,− Q√

2
,0⊥

] [
Q√
2
,− Q√

2
, qT

]
qT = − 1

z P h⊥

P
[
xBM

2

Q
√

2
, Q

xB
√

2
,0⊥

] [
xBM

2

Q
√

2
, Q

xB
√

2
,0T

]
xB = − q+

P+ ≈ Q2

2P ·q ≈ −
Ph·q
Ph·P

Ph

[
zhQ√

2
,
M2
h⊥

zhQ
√

2
,P h⊥

] [
zhQ√

2
,

M2
h

zhQ
√

2
,0T

]
zh =

P−h
q− ≈ −

2Ph·q
Q2 ≈ P ·Ph

P ·q

qT

[
0 ,−2

Q2
T

Q
√

2
, qT

] [
0 , 0 , qT

]
q2
T = Q2

T

The important thing to notice is that the momentum qT introduced as the transverse part of q in frame II,
produces in frame I a term in the +-direction, which will produce effects only suppressed by 1/Q, rather
than mass effects which always will appear suppressed by 1/Q2.

The forms of the vectors in the Cartesian set and the vectors n± and qT including transverse momentum
corrections, but neglecting mass corrections (order 1/Q2) are explicitly given below.
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`H and e−e+

vector frame I frame II

T
[
Q̃√
2
, Q2

Q̃
√

2
, 0⊥

] [
Q̃√
2
,
Q̃2+2Q2

T

Q̃
√

2
, qT

]
Z

[
− Q̃√

2
, Q2

Q̃
√

2
, 0⊥

] [
− Q̃√

2
, Q̃√

2
, −qT

]
X [ 0 , 0 , qT ]

[
0 , 2

Q2
T

Q̃
√

2
, qT

]
n−

[
1,

Q2
T

Q̃2
,−qT

√
2

Q̃

]
[1 , 0 , 0T ]

n+ [0 , 1 , 0T ] [0 , 1 , 0T ]

qT

[
0 ,−2

Q2
T

Q̃
√

2
, qT

]
[ 0 , 0 , qT ]

Later on we will need to transform from the theoretically useful vectors n± and qT to the quantities
appearing in the expansion of the hadronic tensor, t̂, ẑ and x̂,

nµ− =
1

Q̃
√

2

((
1 +

Q2
T

Q2

)
Tµ −

(
1− Q2

T

Q2

)
Zµ − 2Xµ

)
≈ Tµ − Zµ − 2Xµ

Q
√

2
(2.90)

nµ+ =
Q̃2

Q2

Tµ + Zµ

Q̃
√

2
≈ Tµ + Zµ

Q
√

2
(2.91)

qµT = Xµ − Q2
T

Q2
(Tµ + Zµ) (2.92)

Again inclusion of mass corrections can be done by using the exact inverse of the expressions for
P , Ph and q,

n+ =
ξ
√

2

Q̃

(
P − ξM2

ζQ̃2 Ph
)

(
1− ξ2M2M2

h
ζ2Q4

) ,
n− =

√
2

ζQ̃

(
Ph − ξM2

h

ζQ̃2 P
)

(
1− ξ2M2M2

h
ζ2Q4

) ,
and rewriting q, P , and Ph in terms of Z, T , and X.

Neglecting the mass and transverse momentum corrections of order 1/Q2 (but keeping those of order 1/Q)
we obtain

gµνT ≡ gµν − nµ+nν− − n
µ
−n

ν
+

= gµν⊥ −
QT

Q
q̂{µx̂ν} +

QT

Q
t̂{µx̂ν}, (2.93)

gµν⊥ = gµνT −
√

2n
{µ
+ q

ν}
T

Q
(2.94)

Using normalized vectors is important to see which are the terms containing transverse vectors that should
be kept at order 1/Q. Note that for any vector that in frame II is of the form [0, 0,aT ] with |aT | ∼ 1, i.e.
∼ Q0, one has up to O(1/Q2) the relation

aµT ≈ gµν⊥ aTν −
aT · qT
Q2

qµ +
aT · qT
Q2

Tµ. (2.95)

Note that the first term on the righthand side has in frame I the form [0, 0,aT ]. We will sometimes simply
use the notation aµ⊥ = gµν⊥ aTν for it, but one must be careful not to confuse this with the vector gµν⊥ aν .
An example of such a vector is ST , part of the spin vector characterizing the spin of a spin 1/2 hadron,
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for which one has

Pµ =
M2

2P+
nµ− + P+ nµ+, (2.96)

Sµ = −ShL
M

2P+
nµ− + ShL

P+

M
nµ+ + SµT , (2.97)

such that P · S = 0 and −S2 = 1 = S2
hL + S2

T . Also for the quark transverse momentum vectors kT this
relation will become important.

Also the lepton momenta k and k′ = k − q can be expanded in t̂, ẑ and a perpendicular component
using the scaling variable y = P · q/P · k (in the target restframe reducing to y = ν/E). The result is

kµ =
2− y
y

1

κ
Tµ − 1

2
Zµ + kµ⊥ =

Q

2
q̂µ +

(2− y)

2y

Q√
κ
t̂µ +

√
1− y + 1

4 (1− κ) y2

y

Q√
κ

ˆ̀µ

Q2→∞−→ Q

2
q̂µ +

(2− y)Q

2y
t̂µ +

Q
√

1− y
y

ˆ̀µ, (2.98)

where ˆ̀µ = kµ⊥/|k⊥|, is a spacelike unit-vector in the perpendicular direction lying in the (lepton) scattering
plane. The kinematics in the frame where virtual photon and target are collinear (including target rest

frame) is illustrated in Fig. 1. With the definition of ˆ̀, we have for the leptonic tensor2 neglecting mass
corrections (κ = 1)

Lµν(`H) =
Q2

y2

[
−2

(
1− y +

1

2
y2

)
gµν⊥ + 4(1− y)t̂µt̂ν

+4(1− y)

(
ˆ̀µ ˆ̀ν +

1

2
gµν⊥

)
+ 2(2− y)

√
1− y t̂{µ ˆ̀ν}

−iλe y(2− y) εµν⊥ − 2iλe y
√

1− y t̂ [µε
ν]ρ
⊥

ˆ̀
ρ

]
. (2.99)

For completeness, we also give the full tensor including mass corrections

Lµν(`H) =
1

κ

Q2

y2

[
−2

(
1− y +

1

4
(1 + κ) y2

)
gµν⊥ + 4

(
1− y +

1

4
(1− κ) y2

)
t̂µt̂ν

+4

(
1− y +

1

4
(1− κ) y2

)(
ˆ̀µ ˆ̀ν +

1

2
gµν⊥

)
+ 2(2− y)

√
1− y +

1

4
(1− κ) y2 t̂{µ ˆ̀ν}

−iλe
√
κ y(2− y) εµν⊥ − 2iλe

√
κ y

√
1− y +

1

4
(1− κ) y2 t̂ [µε

ν]ρ
⊥

ˆ̀
ρ

]
.

The lepton-momenta also can be written down in the frames discussed above using that up to O(1/Q2)
corrections

y =
q−

k−
≈ P · q
P · k

=
Q2

xB s
, (2.100)

which in the target rest frame (A = xBM/Q) equals y = ν/E.

lepton-hadron:
momentum frame I frame II relations

k
[

1
A

Q

y
√

2
, A (1−y)Q

y
√

2
,k⊥

] [
1
A
yQ√

2
, A

k2

T

yQ
√

2
,kT

]
kT = k⊥ +

qT
y

k′
[

1
A

(1−y)Q

y
√

2
, A Q

y
√

2
,k⊥

] [
1
A

(1−y)Q

y
√

2
, A

y(k2

T−2kT ·qT )

(1−y)Q
√

2
,kT − qT

]
k2
⊥ = 1−y

y2 Q
2

2A useful relation is
εµνρσ gαβ = εανρσ gµβ + εµαρσ gνβ + εµνασ gρβ + εµνρα gσβ

or for a vector a⊥ orthogonal to t̂ and q̂,

εµνρσ ẑρa⊥σ = t̂ [µε
ν]ρ
⊥ a⊥ρ,

εµνρσ t̂ρa⊥σ = −ẑ [µε
ν]ρ
⊥ a⊥ρ.
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Figure 2.2: Kinematics of the annihilation process in the lepton center of mass frame

The lepton phase space becomes d3k′/E′ = E′dE′dΩ = πysdxBdy, and one obtains for Eq. 2.34

dσ(`H)

dxB dz d2qT dy
=
π α2

2Q4
yz L(`H)

µν 2MW µν(`H). (2.101)

For the inclusive process one finds

dσ(`H)

dxB dy
=
π α2

Q4
y L(`H)

µν 2MWµν(`H). (2.102)

2.4.2 The annihilation process

For e−e+ annihilation the starting point is the timelike direction defined by q. Then it is often convenient
to use one of the hadron momenta, say P2 to construct an orthogonal spacelike vector proportional to
P̃2 = P2 − (P2 · q/q2)q.

Tµ ≡ qµ
I
=

[
Q√

2
,
Q√

2
,0⊥

]
, (2.103)

Zµ ≡ q2

P2 · q
P̃µ2√
κ2

=
1
√
κ2

(
2

z2
Pµ2 − qµ

)
I
=

[
− Q√

2
,
Q√

2
,0⊥

]
, (2.104)

For these vectors we have T 2 = Q2 and Z2 = −Q2 while

κ2 = 1 +
M2

2 Q
2

(P · q)2
= 1 +

4M2
2

z2
2 Q

2
. (2.105)

The quantity κ2 takes into account mass corrections ∝ M2
2 /Q

2 which will vanish for large Q2 (κ2 → 1).
Note that P2 · Z = -

√
κ2 P2 · q. We will mostly consider normalized vectors t̂µ = Tµ/Q and ẑµ = Zµ/Q.

In the space orthogonal to ẑ and t̂ one has the tensors

gµν⊥ ≡ g
µν − q̂µq̂ν + ẑµẑν , (2.106)

εµν⊥ ≡ −ε
µνρσ q̂ρẑσ =

1

(P2 · q)
√
κ2

εµνρσP2 ρqσ, (2.107)

Vectors in the orthogonal space are for instance obtained using the other hadronic momentum P1 (see
figure 2.2). The following Cartesian vectors can be defined,

Xµ ≡ −(P1 · Z) P̃µ2 + (P2 · Z) P̃µ1
(P1 · t̂ )(P2 · ẑ)− (P1 · ẑ)(P2 · t̂ )

, (2.108)

Y µ ≡ εµνρσP2νP1ρqσ

(P1 · t̂ )(P2 · ẑ)− (P1 · ẑ)(P2 · t̂ )
, = − 1

√
κ2

εµν⊥ Xν . (2.109)
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We define in frame I X = [0, 0, qT ], with length X2 = −q2
T ≡ −Q2

T . The proportionality constant for X is
chosen such that Xµ = qµ + . . . Pµ1 + . . . Pµ2 ≈ qµ − Pµ1 /z1 − Pµ2 /z2. This choice implies that in frame II,
in which P1 and P2 do not have transverse momentum, one has the transverse component of q precisely
equal to qT . In frame II we, moreover, choose two simple light-like vectors (n+ · n− = 1), such that we
have

Pµ1 ≡
ζ1Q̃√

2
nµ− +

M2
1

ζ1Q̃
√

2
nµ+, (2.110)

Pµ2 ≡
ζ2Q̃√

2
nµ+ +

M2
2

ζ2Q̃
√

2
nµ−, (2.111)

qµ ≡ Q̃√
2
nµ− +

Q̃√
2
nµ+ + qµT , (2.112)

where Q̃2 = Q2 +Q2
T . Note that up to O(1/Q2) the variables ζ1 ≈ z1, ζ2 ≈ z2 and Q̃ ≈ Q. Explicitly the

hadronic momenta in the frames I and II up to O(1/Q2), including the vector qT are given below.

electron-positron:
momentum frame I frame II relations

q = k + k′
[
Q√
2
, Q√

2
,0⊥

] [
Q√
2
, Q√

2
, qT

]
qT = − 1

z1
P 1⊥

P2

[
M2

2

z2Q
√

2
, z2Q√

2
,0⊥

] [
M2

2

z2Q
√

2
, z2Q√

2
,0T

]
z2 =

P+
2

q+ ≈
2P2·q
Q2 ≈ P1·P2

P1·q

P1

[
z1Q√

2
,
M2

1⊥
z1Q
√

2
,P 1⊥

] [
z1Q√

2
,

M2
1

z1Q
√

2
,0T

]
z1 =

P−1
q− ≈

2P1·q
Q2 ≈ P2·P1

P2·q

qT

[
0 ,−2

Q2
T

Q
√

2
, qT

]
[0 , 0 , qT ] q2

T = Q2
T

The forms of the vectors T , Z, X, n± and qT are identical to the case of lepton-hadron scattering.
Neglecting the mass and transverse momentum corrections of order 1/Q2 (but keeping those of order 1/Q)
we obtain

gµνT ≡ gµν − nµ+nν− − n
µ
−n

ν
+

= gµν⊥ +
QT

Q
ẑ{µx̂ν} +

QT

Q
q̂{µx̂ν}, (2.113)

gµν⊥ = gµνT −
√

2n
{µ
+ q

ν}
T

Q
(2.114)

Using normalized vectors is important to see which are the terms containing transverse vectors that should
be kept at order 1/Q. Note that for any vector that in frame II is of the form [0, 0,aT ] with |aT | ∼ 1, i.e.
Q0, one has up to O(1/Q2) the relation

aµT ≈ gµν⊥ aTν +
aT · qT
Q2

Zµ +
aT · qT
Q2

qµ. (2.115)

We will sometimes simply use the notation aµ⊥ = gµν⊥ aTν , but one must be careful not to confuse it with
the vector gµν⊥ aν .

Also the leptonic momenta can be expanded in the Cartesian directions. Using the scaling variable
y = P2 · k/P2 · q, we obtain up to O(1/Q2) corrections

kµ =
1

2
qµ +

1− 2y

2
Zµ + kµ⊥ =

Q

2
q̂µ +

(1− 2y)Q

2
ẑµ +Q

√
y(1− y) ˆ̀µ, (2.116)
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where ˆ̀µ = kµ⊥/|k⊥|. This leads to the leptonic tensor

Lµν(e−e+) = Q2

[
−
(
1− 2y + 2y2

)
gµν⊥ + 4y(1− y)ẑµẑν

−4y(1− y)

(
ˆ̀µ ˆ̀ν +

1

2
gµν⊥

)
− 2(1− 2y)

√
y(1− y) ẑ{µ ˆ̀ν}

+iλ (1− 2y) εµν⊥ − 2iλ
√
y(1− y) ˆ̀

ρε
ρ [µ
⊥ ẑν]

]
. (2.117)

The lepton-momenta also can be written down in the frames I and II using

y =
k−

q−
≈ P2 · k
P2 · q

, (2.118)

which in the lepton rest frame equal y = (1 ± cos θ2)/2 with θ2 the angle of hadron (or jet) with respect
to the momentum of the incoming leptons.

Electron-positron:
momentum frame I frame II relations

k
[
yQ√

2
, (1−y)Q√

2
,k⊥

] [
yQ√

2
,
k2

T

yQ
√

2
,kT

]
kT = k⊥ + yqT

k′
[

(1−y)Q√
2

, yQ√
2
,−k⊥

] [
(1−y)Q√

2
,

(k2

T−2kT ·qT )

(1−y)Q
√

2
, qT − kT

]
k2
⊥ = y(1− y)Q2

In the e−e+ rest frame d3P1d
3P2/P

0
1P

0
2 = (dz1/z1)(z2Q

2 dz2/4)dP 1⊥dΩ2 = πQ2 z1z2 dz1 dz2 dy d
2qT , so

Eq. 2.50 becomes

dσ(e+e−)

dz1 dz2 d2qT dy
=
π α2

2Q4
z1z2 L

(e+e−)
µν W µν(e+e−). (2.119)

For the production of a single hadron

dσ(e+e−)

dz dy
=
π α2

Q4
z L(e+e−)

µν Wµν(e+e−). (2.120)

2.4.3 Drell-Yan scattering

For Drell-Yan scattering, for which qµ is timelike, one can define the following four orthogonal vectors that
can be used to expand any vector. Starting with qµ defining the timelike vector Tµ,

Tµ ≡ qµ
I
=

[
Q√

2
,
Q√

2
,0⊥

]
, (2.121)

Zµ ≡ PB · q
PB · PA

P̃µA −
PA · q
PA · PB

P̃µB =
PB · q
PB · PA

PµA −
PA · q
PA · PB

PµB
I
=

[
Q√

2
,
Q√

2
,0⊥

]
, (2.122)

Xµ ≡
(PB · Z) P̃µA − (PA · Z) P̃µB

(PA · t̂ )(PB · ẑ)− (PA · t̂ )(PB · ẑ)
, (2.123)

Y µ ≡ εµνρσPAνPBρqσ

(PA · t̂ )(PB · ẑ)− (PA · t̂ )(PB · ẑ)
. (2.124)

These vectors satisfy T 2 = Q2 and up to mass corrections Z2 ≈ −Q2. We will use normalized versions
t̂µ ≡ Tµ/Q and ẑµ ≡ Zµ/

√
−Z2. We note that in this case both hadrons are used to define the spacelike

direction, in contrast to e.g. e+e− annihilation (compare figs 2.2 and 2.3). In the space transverse to
T = q and Z we can use the perpendicular tensors

gµν⊥ ≡ gµν − t̂µt̂ν + ẑµẑν (2.125)

εµν⊥ ≡ −εµνρσ t̂ρẑσ = − 1

Q2
εµνρσqρZσ. (2.126)
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Figure 2.3: Kinematics of the Drell-Yan process in the lepton center of mass frame

We define in frame I X = [0, 0, qT ], with length X2 = −q2
T ≡ −Q2

T . The proportionality constant for X is
chosen such that Xµ = qµ + . . . PµA + . . . PµB ≈ qµ − xAPµA − xBP

µ
B . This choice implies that in frame II,

in which PA and PB do not have transverse momentum one has the transverse component of q precisely
equal to qT . In frame II we, moreover, choose two simple light-like vectors (n+ · n− = 1), such that

PµA ≡
Q̃

ξA
√

2
nµ+ +

ξAM
2
A

Q̃
√

2
, nµ−. (2.127)

PµB ≡
Q̃

ξB
√

2
nµ− +

ξBM
2
B

Q̃
√

2
nµ+, (2.128)

qµ ≡ Q̃√
2
nµ− +

Q̃√
2
nµ+ + qµT , (2.129)

where Q̃2 = Q2 + Q2
T . Note that up to O(1/Q2) the variables ξA ≈ xA, ξB ≈ xB and Q̃ ≈ Q. Next, we

explicitly give the hadronic momenta and qT in the frames I and II, up to O(1/Q2).

Drell-Yan:
momentum frame I frame II relations

q = k + k′
[
Q√
2
, Q√

2
,0⊥

] [
Q√
2
, Q√

2
, qT

]
PA

[
xAM

2
A⊥

Q
√

2
, Q

xA
√

2
,− qT2xA

] [
xAM

2
A

Q
√

2
, Q

xA
√

2
,0T

]
xA = q+

P+
A

≈ Q2

2PA·q ≈
PB ·q
PB ·PA

PB

[
Q

xB
√

2
,
xBM

2
B⊥

Q
√

2
,− qT2xB

] [
Q2

xBQ
√

2
,
xBM

2
B

Q
√

2
,0T

]
xB = q−

P−B
≈ Q2

2PB ·q ≈
PA·q
PA·PB

qT

[
− Q2

T

Q
√

2
,− Q2

T

Q
√

2
, qT

]
[0 , 0 , qT ] q2

T = Q2
T

The precise forms of the vectors in the Cartesian set and the vectors n± and qT are explicitly given
below (omitting ’boost’ factors 1/A and A multiplying − and + components respectively).
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DY
vector frame I frame II

T
[
Q√
2
, Q√

2
, 0⊥

] [
Q̃√
2
, Q̃√

2
, qT

]
Z

[
− Q√

2
, Q√

2
, 0⊥

] [
− Q√

2
, Q√

2
, −0T

]
X [ 0 , 0 , qT ]

[
Q2
T

Q
√

2
,

Q2
T

Q
√

2
, Q̃
Q qT

]
n−

[
Q̃+Q
2Q , Q̃−Q2Q ,− qT

Q
√

2

]
[1 , 0 , 0T ]

n+

[
Q̃−Q
2Q , Q̃+Q

2Q ,− qT
Q
√

2

]
[0 , 1 , 0T ]

qT

[
− Q2

T

Q
√

2
,− Q2

T

Q
√

2
, Q̃Q qT

]
[ 0 , 0 , qT ]

Later on we will need to transform from the theoretically useful vectors n± and qT to the quantities
appearing in the expansion of the hadronic tensor, t̂, ẑ and x̂,

nµ− =
1

Q
√

2

(
Q̃

Q
Tµ − Zµ −Xµ

)
≈ Tµ − Zµ −Xµ

Q
√

2
(2.130)

nµ+ =
1

Q
√

2

(
Q̃

Q
Tµ − Zµ −Xµ

)
≈ Tµ + Zµ −Xµ

Q
√

2
(2.131)

qµT =
Q̃

Q
Xµ − Q2

T

Q2
Tµ ≈ Xµ − Q2

T

Q2
Tµ (2.132)

The last relation is important to keep track of transverse momentum effects at order 1/Q. Neglecting the
mass and transverse momentum corrections of order 1/Q2 (but keeping those of order 1/Q) we obtain

gµνT ≡ gµν − nµ+nν− − n
µ
−n

ν
+

= gµν⊥ +
QT

Q
q̂{µx̂ν}, (2.133)

gµν⊥ = gµνT −
n
{µ
+ q

ν}
T

Q
√

2
−
n
{µ
− q

ν}
T

Q
√

2
. (2.134)

Using normalized vectors is important to see which are the terms containing transverse vectors that should
be kept at order 1/Q. Note that for any vector that in frame II is of the form [0, 0,aT ] with |aT | ∼ 1, i.e.
∼ Q0, one has up to O(1/Q2) the relation

aµT ≈ gµν⊥ aTν +
aT · qT
Q2

qµ. (2.135)

We will sometimes simply use the notation aµ⊥ = gµν⊥ aTν , but one must be careful not to confuse it with
the vector gµν⊥ aν .

Also the lepton momenta can be expressed in the cartesian vectors. For DY we have

kµ =
1

2
Tµ +

1− 2y

2
Zµ + kµ⊥ =

Q

2
q̂µ +

(1− 2y)Q

2
ẑµ +Q

√
y(1− y) ˆ̀µ, (2.136)

where ˆ̀µ = kµ⊥/|k⊥|. This leads to the leptonic tensor

Lµν(DY ) = Q2

[
−
(
1− 2y + 2y2

)
gµν⊥ + 4y(1− y)ẑµẑν

−4y(1− y)

(
ˆ̀µ ˆ̀ν +

1

2
gµν⊥

)
− 2(1− 2y)

√
y(1− y) ẑ{µ ˆ̀ν}

−iλ (1− 2y) εµν⊥ + 2iλ
√
y(1− y) ˆ̀

ρε
ρ [µ
⊥ ẑν]

]
. (2.137)
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The lepton momenta can also be written down in frames I and II using

y =
k−

q−
≈ k′+

q+
, (2.138)

which in the lepton rest frame equal y = (1± cos θ)/2 with θ the angle of the leptons with respect to an
axis that is approximately parallel to the momentum of hadrons A and B (the z-direction).

Drell-Yan:
momentum frame I frame II relations

k
[
yQ√

2
, (1−y)Q√

2
,k⊥

] [
yQ√

2
,
k2

T

yQ
√

2
,kT

]
kT = k⊥ + 1

2qT

k′
[

(1−y)Q√
2

, yQ√
2
,−k⊥

] [
(1−y)Q√

2
,

(k2

T−2kT ·qT )

(1−y)Q
√

2
, qT − kT

]
k2
⊥ = y(1− y)Q2

Eq. 2.70 becomes
dσ(DY )

dxA dxB d2qT dy
=
π α2

Q4
L(DY )
µν W µν(DY ). (2.139)

2.5 Spin vectors, . . .

In the next section it will turn out that the most convenient way to describe the spin vector of the target
is via an expansion of the form

Sµ = −ShL
MxB

Q
√

2
n− + ShL

Q

MxB
√

2
n+ + ST . (2.140)

One has up to O(1/Q2) corrections SL ≈ M (S · q)/(P · q) and ST ≈ S⊥. For a pure state one has
S2
L + S2

T = 1, in general this quantity being less or equal than one.
The final state spin vector Sh in the case of detection of a spin 1/2 hadron (e.g. a Λ-baryon) will be

expanded in the same way. This vector can e.g. be determined from the decay products (e.g. the Nπ
system in case of a Λ). It satisfies Ph · Sh = 0 and is written

Sµh = ShL
zhQ

Mh

√
2
n− − ShL

Mh

zhQ
√

2
n+ + ShT . (2.141)

Up to O(1/Q2) corrections one has ShL ≈ Mh (Sh · q)/(Ph · q), but note that one has ShT ≈ Sh⊥ −
ShL Ph⊥/Mh. In general one has S2

hL + S2
hT ≤ 1.



Chapter 3

Quark correlation functions

3.1 Distributions: from hadron to quarks

We consider now the most general form of the two-quark correlation function

Φij(k, P, S) =
1

(2π)4

∫
d4ξ ei k·ξ〈P, S|ψj(0)ψi(ξ)|P, S〉, (3.1)

where a summation over color indices is implicit, diagrammatically represented in Fig. 3.1. In order to
render the definition color gauge-invariant each quark field needs to be accompanied by a path ordered
exponential (link operator) of the form

U (a, ξ) = P exp

(
−ig

∫ ξ

a

dzµAµ(z)

)
. (3.2)

For the relevant correlation functions Φ in a hard scattering process, we will encounter only those cases in
which the link involves gluons of the type A · n, where n is a lightlike vector (see Fig. 3.2).

Constraints on the correlation function Φ come from hermiticity, parity and time reversal invariance.
We know how the states behave under such transformations and we know how the fields transform. This
gives consistency conditions. One finds

Φ†(k, P, S) = γ0 Φ(k, P, S) γ0 [Hermiticity] (3.3)

Φ(k, P, S) = γ0 Φ(k̄, P̄ ,−S̄) γ0 [Parity] (3.4)

Φ∗(k, P, S) = (−iγ5C) Φ(k̄, P̄ , S̄) (−iγ5C) [Time reversal] (3.5)

where C = iγ2γ0, −iγ5C= iγ1γ3 and k̄ = (k0,−k).

We will give the explicit proof of these properties. Starting with hermiticity,

(Φ†)ij = Φ∗ji =
1

(2π)4

∫
d4ξ e−i k·ξ〈P, S|ψ†k(0)(γ0)kiψj(ξ)|P, S〉∗

=
1

(2π)4

∫
d4ξ e−i k·ξ〈P, S|ψ†j (ξ)(γ0)ikψk(0)|P, S〉

=
1

(2π)4

∫
d4ξ ei k·ξ〈P, S|ψl(0)(γ0)lj(γ0)ikψk(ξ)|P, S〉

= (γ0)ik Φkl (γ0)lj ,

(k;P,S)Φ

P P

k k

Figure 3.1: The diagrammatic representation of the quark-quark correlation function Φ(k, P, S).
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T
ξ

ξ
-

T
ξ

-

ξ

Figure 3.2: The link as can be obtained from A+ gluon blobs (see sections 3 and 7) in the case of
ξ+ = ξT = 0 (left) and the case ξ+ = 0, ξT 6= 0 (right).

where from second to third line translation invariance has been used. Next considering parity

Φij(k, P, S) =
1

(2π)4

∫
d4ξ ei k·ξ〈P, S|P†Pψj(0)P†Pψi(ξ)P

†P|P, S〉

=
1

(2π)4

∫
d4ξ ei k·ξ〈P̄ ,−S̄|ψl(0)(γ0)lj(γ0)ikψk(ξ̄)|P̄ ,−S̄〉

=
1

(2π)4

∫
d4ξ ei k̄·ξ〈P̄ ,−S̄|ψl(0)(γ0)lj(γ0)ikψk(ξ)|P̄ ,−S̄〉

= (γ0)ik Φkl(p̄, P̄ ,−S̄) (γ0)lj ,

where P ψ(ξ)P† = γ0ψ(ξ̄) and from second to third line k · ξ = k̄ · ξ̄ and d4ξ = d4ξ̄ has been used.
Finally time reversal invariance (with T anti-unitary),

Φ∗ij(k, P, S) =
1

(2π)4

∫
d4ξ e−i k·ξ〈P, S|T †T ψj(0)T †T ψi(ξ)T

†T |P, S〉

=
1

(2π)4

∫
d4ξ e−i k·ξ〈P̄ , S̄|(−iγ5Cψ)j(0)(−iγ5Cψ)i(−ξ̄)|P̄ , S̄〉

=
1

(2π)4

∫
d4ξ ei k̄·ξ〈P̄ , S̄|(−iγ5Cψ)j(0)(−iγ5Cψ)i(ξ)|P̄ , S̄〉

= (−iγ5C)ik Φkl(k̄, P̄ , S̄) (−iγ5C)lj ,

where T ψ(ξ)T † = −iγ5Cψ(−ξ̄).

Including the link-operator these properties will be different. For the gauge link one has

U †(a, ξ) = U (ξ, a), (3.6)

P U (a, ξ) P† = U (ā, ξ̄), (3.7)

T U (a, ξ) T † = U (−ā,−ξ̄), (3.8)

for which we used A†µ = Aµ, P Aµ(ξ) P† = Āµ(ξ̄) and T Aµ(ξ) T † = Āµ(−ξ̄). This means that the
space-reversed (time-reversed) correlation function has a different link structure running from ā (−ā)
respectively. However, if the common point is defined with respect to the two fields in the matrix element,
no problem arises. For example the straight line link with path zµ(s) = (1 − s) 0µ + s ξµ gives a path
z̄µ after applying parity, but after the change of variables one ends up with the same path; similarly for
time-reversal.

The most general structure implementing the constraints from hermiticity and parity is

Φ(k, P, S) = M A1 +A2 /P +A3/k + i A4
[/P, /k]

2M
+ i A5 (k · S)γ5 +M A6 /Sγ5

+A7
(k · S)

M
/Pγ5 +A8

(k · S)

M
/kγ5 +A9

[/P, /S]

2
γ5 +A10

[/k, /S]

2
γ5

+A11
(k · S)

M

[/P, /k]

2M
γ5 +A12

εµνρσγ
µP νkρSσ

M
, (3.9)

where the first four terms do not involve the hadron polarization vector. Hermiticity requires all the
amplitudes Ai = Ai(k · P, k2) to be real. The amplitudes A4, A5 and A12 vanish when also time reversal
invariance applies.
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One might wonder if the lightlike direction n should not appear in the expansion of the matrix element
Φ. We note, however that the matrix element with link, Φ(n) in the gauge n ·A = 0 becomes equal to the
matrix element Φ(0) without link. In the expansion of the latter n obviously does not appear. For the fully
integrated matrix element, which involves a d4ξ integration, however, one can consider a different gauge
n′ ·A = 0 and perform a change of integration variables such that ξ ·n′ = ξ′ ·n. One then finds that Φ(n′)

= Φ(n), i.e. the link direction will never appear. Essential in this is the fact that n is not fixed by the
momenta k, P or S.

For the applications, it is useful to introduce besides the lightlike vector n ≡ n− a lightlike vector n+,
such that one has n2

+ = n2
− = 0 and n+ · n− = 1. The vector n+ is fixed by the hadronic momentum such

that

P =
M2

2P+
n− + P+ n+, (3.10)

S = −λ M

2P+
n− + λ

P+

M
n+ + ST , (3.11)

k = k− n− + xP+n+ + kT . (3.12)

The parametrization satisfies P 2 = M2 and P · S = 0. One immediately deduces k− = (k2 + k2
T )/2xP+,

while 2x k · P = k2 + k2
T + x2M2. Depending on the use of the soft parts one may need integrations over

one or more components of k. At that point the lightlike vector n− will become relevant.
The fully integrated result leads to a local matrix element, omitting the dependence on hadron mo-

mentum and spin vectors (P , S),

Φij =

∫
d4kΦij(k, P, S) = 〈P, S|ψj(0)ψi(0)|P, S〉, (3.13)

It is parametrized as

Φ =
1

2

{
M gS + gV /P +M gA γ5 /S + gT

[/S, /P ] γ5

2

}
. (3.14)

Because the matrix element is local the gauge link will vanish and there will be no dependence on the
lightlike vectors. Projecting using a basis of 4× 4 Dirac matrices (Γ)and defining

Φ[Γ] ≡ 1

2
Tr (ΦΓ) , (3.15)

one finds

2 Φ[γµ] = 〈P, S|ψ(0) γµ ψ(0)|P, S〉 = gV 2Pµ, (3.16)

2 Φ[γµγ5] = 〈P, S|ψ(0) γµγ5 ψ(0)|P, S〉 = gA 2M Sµ, (3.17)

2 Φ[iσµνγ5] = 〈P, S|ψ(0) iσµνγ5 ψ(0)|P, S〉 = gT 2S[µ, P ν] (3.18)

2 Φ[1] = 〈P, S|ψ(0)ψ(0)|P, S〉 = gS 2M, (3.19)

2 Φ[iγ5] = 〈P, S|ψ(0) iγ5 ψ(0)|P, S〉 = 0. (3.20)

Note that gV = n (number of quarks minus antiquarks), gA is the axial charge for quarks and antiquarks
of a particular flavor, gT is the tensor charge. Multiplying gS with the quark mass one finds precisely
the contribution of the quark mass term to the nucleon mass. The first two matrix elements are special
because the operators correspond to conserved currents (for the axial current up to mass terms). The
anomalous dimensions of these operators vanish.

In inclusive deep inelastic scattering one needs to consider the correlation functions

Φij(x) =

∫
d2kT dk

− Φij(k, P, S)

∣∣∣∣
k+=xP+

=

∫
dξ−

2π
eik·ξ 〈P, S|ψj(0) U (0, ξ)ψi(ξ)|P, S〉

∣∣∣∣
ξ+=ξT=0

, (3.21)

This correlation function is in general the result of a large number of diagrams, as it not only includes
matrix elements that contain only quark fields, ψψ, but also matrix elements of the type ψA+ . . . A+ψ.
All of these will contribute in leading order in 1/Q. It will turn out that in a full calculation gluonic
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matrix elements containing A+ fields precisely form the for color gauge invariance necessary link, which
runs along the minus direction (see Fig. 3.2). Working in the gauge A+ = 0 none of the gluonic matrix
elements will appear and the link in Eq. 3.21 becomes unity.

The quantity Φ(x) can be parametrized as

Φ(x) =
1

2

{
f1(x) /n+ + λ g1(x) γ5 /n+ + h1(x)

γ5 [/ST , /n+]

2

}

+
M

2P+

{
e(x) + gT (x) γ5 /ST + λhL(x)

γ5 [/n+, /n−]

2

}

+
M

2P+

{
−λ eL(x) iγ5 − fT (x) ερσT γρSTσ + h(x)

i [/n+, /n−]

2

}

+
M2

2(P+)2

{
f3(x) /n− + λ g3(x) γ5/n− + h3(x)

γ5 [/ST , /n−]

2

}
, (3.22)

The factors of (M/P+) are the ones required from Lorentz invariance. As we will see, each factor 1/P+ gives
rise to a suppression factor of 1/Q in cross sections. From the structure of the above matrix element, being
of the form Λt−2

H /(P+)t−2 one defines the quantity t, the (operational) twist of the profile or distribution
functions appearing in the parametrization.

To be slightly more specific, using the amplitude expansion for the quark-quark correlation function
one can easily analyze the effect of the integration over k− and kT for the different Dirac projections of
the quark correlation functions (twist analysis). For instance

Φ[1](x) =
1

2

∫
dk− d2kT Tr(1 Φ(k, P, S))

∣∣∣∣
k+=xP+

=
M

P+

∫
d(2k · P ) dk2 π A1(k2, k · P ) θ(2x k · P − x2M2 − k2)

≡ M

P+
e(x), (3.23)

where x = k+/P+ and the integration over kT is rewritten as an integration over k2 using k2
T = 2x k ·P −

x2M2 − k2. In rewriting the matrix element in this way one has separated it in a function e(x) which we
refer to as a distribution or profile function. This function, containing only hadron and quark momenta
and scalar products of them which are of hadronic size (ΛH), is of O(1). It is multiplied with some factor
that contains some powers of P+ and momenta of hadronic size of which the consequence has already
been mentioned. The functions eL, fT and h are expected to vanish because of time-reversal symmetry.
They involve the amplitudes A4, A5 and A12. We have kept them here, because they will have potential
relevance later and furthermore are useful for comparison with fragmentation functions. The functions are
referred to as T-odd.

Projecting with the various Dirac matrices one finds the ’leading’ (twist two) distribution functions

Φ[γ+](x) = f1(x), (3.24)

Φ[γ+γ5](x) = λ g1(x), (3.25)

Φ[iσi+γ5](x) = SiT h1(x), (3.26)
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the twist three distribution functions

Φ[1](x) =
M

P+
e(x), (3.27)

Φ[iγ5] =
M

P+
eL(x), (3.28)

Φ[γi](x) = −M εiρT STρ
P+

fT (x), (3.29)

Φ[γiγ5](x) =
M SiT
P+

gT (x), (3.30)

Φ[iσ+−γ5](x) =
M

P+
λhL(x), (3.31)

Φ[iσijγ5](x) =
M

P+
εijT λh(x), (3.32)

and the twist four functions

Φ[γ−](x) =

(
M

P+

)2

f3(x), (3.33)

Φ[γ−γ5](x) =

(
M

P+

)2

λ g3(x), (3.34)

Φ[iσi−γ5](x) =

(
M

P+

)2

SiT h3(x). (3.35)

By rewriting Φ in Eq. 3.14 as

Φ =
P+

2

{
gV /n+ + λ gA γ5 /n+ + gT

[/ST , /n+] γ5

2

}
+
M

2

{
gS + gA γ5 /ST + λ gT

[/n+, /n−] γ5

2

}
+

M2

2P+

{
1

2
gV /n− +

1

2
λ gA γ5 /n− +

1

2
gT

[/ST , /n−] γ5

2

}
. (3.36)

it follows from Φ =
∫
dk+ Φ(x) = P+

∫
dx Φ(x) (assuming convergence and integrating over all x-values,

which will be discussed later) that∫
dx f1(x) = 2

∫
dx f3(x) = gV , (3.37)∫

dx g1(x) =

∫
dx gT (x) = −2

∫
dx g3(x) = gA, (3.38)∫

dx h1(x) =

∫
dx hL(x) = 2

∫
dx h3(x) = gT , (3.39)∫

dx e(x) = gS, (3.40)∫
dx eL(x) =

∫
dx fT (x) =

∫
dx h(x) = 0. (3.41)

Making use of support properties of the distribution functions (−1 ≤ x ≤ 1) and symmetry relations be-
tween quark and antiquark distributions (the latter to be discussed in the next section), f1(x) = −f̄1(−x),
and finally the fact that the vector charge gV is in fact the definition of the flavor quantum number, i.e.
gV ≡ nq, the first line turns into the number sum rule∫ 1

0

dx
(
f1(x)− f̄1(x)

)
= n. (3.42)

In semi-inclusive deep inelastic scattering or Drell-Yan processes, the matrix elements that are needed
for the hadron → quark pieces in the hard scattering processes are the ones in which the integration over
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kT is not yet performed, namely

Φij(x,kT ) =

∫
dk− Φij(k, P, S)

∣∣∣∣
k+=xP+, kT

=

∫
dξ−d2ξT

(2π)3
eik·ξ 〈P, S|ψj(0) U (0,∞) U (∞, ξ)ψi(ξ)|P, S〉

∣∣∣∣
ξ+=0

. (3.43)

In this case one is sensitive to transverse separation ξT . We consider, however, only gauge links attached
to each quark along the minus direction, i.e. built from matrix elements with additional A+ fields, which
contribute at the same order in an 1/Q expansion (see Fig. 3.2). That this is the result in an actual dia-
grammatic expansion needs to be proven. It will turn out that the bilocal quark-quark matrix element will
be supplemented with links running from 0 to [0,∞,0T ] and one running from [0,∞, ξT ] to [0, ξ−, ξT ] re-
spectively, With the physical condition that any matrix element involving ψ(0)AT (η− = ±∞, η+, ηT )ψ(ξ)
vanishes, the links can be connected and one has a color gauge invariant quantity, for which after gauge
fixing the link becomes unity. At this point it is useful to mention that quark-quark-gluon matrix elements
with gluon fields other than A+ need to be considered separately (see chapter 4).

We write down the expression for Φ(x,kT ) in terms of n+, n− and transverse vectors up to O(M/P+),
including T-odd parts, but restricting ourselves to twist-two (∝ 1) and twist-three (∝M/P+) parts. Simple
kinematic arguments already show that factorization of kT -dependent functions cannot hold beyond twist-
three.

Φ(x,kT ) =
1

2

{
f1(x,kT ) /n+ + f⊥1T (x,kT )

εµνρσγ
µnν+k

ρ
TS

σ
T

M
+ g1s(x,kT ) γ5 /n+

+h1T (x,kT )
γ5 [/ST , /n+]

2
+ h⊥1s(x,kT )

γ5 [/kT , /n+]

2M
+ h⊥1 (x,kT )

i [/kT , /n+]

2M

}

+
M

2P+

{
e(x,kT ) + f⊥(x,kT )

/kT
M
− fT (x,kT ) ερσT γρSTσ

−λ f⊥L (x,kT )
ερσT γρkTσ

M
− es(x,kT ) iγ5

+g′T (x,kT ) γ5 /ST + g⊥s (x,kT )
γ5 /kT
M

+ h⊥T (x,kT )
γ5 [/ST , /kT ]

2M

+hs(x,kT )
γ5 [/n+, /n−]

2
+ h(x,kT )

i [/n+, /n−]

2

}
. (3.44)

We have here use the shorthand notation

g1s(x,kT ) ≡ λ g1L(x,kT ) + g1T (x,kT )
(kT · ST )

M
, (3.45)

and similarly for other functions, e.g. h⊥1s, g
⊥
s and hs. Included are also T-odd functions f⊥1T , h⊥1 , fT , f⊥L ,

es and h.
Again we can analyze the Dirac content of the correlation function (twist analysis). For instance for

the unit matrix the effect of the integration over k− is

Φ[1](x,kT ) =
1

2

∫
dk− Tr(1 Φ(k, P, S))

∣∣∣∣
k+=xP+, kT

=
M

P+

∫
d(2k · P ) dk2 A1(k2, k · P ) δ(k2

T + k2 − 2x k · P + x2M2)

≡ M

P+
e(x,kT ), (3.46)

where x = k+/P+ and kT is the transverse component of the quark momentum k in the frame where P
has no transverse components, i.e. frame II discussed in the previous section. The profile function e only
depends on x and k2

T . It is expressed as an integral in which all momenta and products thereof are of
hadronic size (ΛH), and is multiplied with a factor of the form Λt−4

H /(P+)t−2, defining the operational
twist. It is this factor that will lead in the cross section to a suppression factor 1/Qt−2.
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The various (T-even) Dirac projections Φ[Γ] = (1/2)Tr(ΦΓ) appearing in here are explicitly

Φ[γ+](x,kT ) = f1(x,kT )− εijT kT iSTj
M

f⊥1T (x,kT ), (3.47)

Φ[γ+γ5](x,kT ) = λ g1L(x,kT ) + g1T (x,kT )
(kT · ST )

M
, (3.48)

Φ[iσi+γ5](x,kT ) = SiT h1T (x,kT ) +
kiT
M

h⊥1s(x,kT )− εijT kTj
M

h⊥1 (x,kT ),

= SiT h1(x,kT ) +
λkiT
M

h⊥1L(x,kT )

−
(
kiTk

j
T + 1

2
k2
T g

ij
T

)
STj

M2
h⊥1T (x,kT )− εijT kTj

M
h⊥1 (x,kT ), (3.49)

and the profile functions that appear multiplied by a factor M/P+ (twist three) are

Φ[1](x,kT ) =
M

P+
e(x,kT ) (3.50)

Φ[γi](x,kT ) =
kiT
P+

f⊥(x,kT ), (3.51)

Φ[γiγ5](x,kT ) =
M SiT
P+

g′T (x,kT ) +
kiT
P+

g⊥s (x,kT )

=
M SiT
P+

gT (x,kT ) +
λkiT
P+

g⊥L (x,kT )−
(
kiTk

j
T + 1

2
k2
T g

ij
T

)
STj

M2
g⊥T (x,kT ), (3.52)

Φ[iσijγ5](x,kT ) =
SiT k

j
T − kiTSjT
P+

h⊥T (x,kT ) (3.53)

Φ[iσ+−γ5](x,kT ) =
M

P+
hs(x,kT ). (3.54)

Note that sometimes it may be useful to work with the functions projected using σµν instead of iσµνγ5.
These are

Φ[σi+](x,kT ) = εijT STj h1T (x,kT ) +
εijT kTj
M

h⊥1s(x,kT ), (3.55)

Φ[σij ](x,kT ) =
M εijT
P+

hs(x,kT ), (3.56)

Φ[σ+−](x,kT ) =
εijT kT iSTj

P+
h⊥T (x,kT ). (3.57)

The integrated results f1(x) etc. discussed before are obtained from f1(x,k2
T ) etc., where one must be

aware that g1 = g1L, h1 = h1T + (k2
T/2M

2)h⊥1T ≡ h1T + h
⊥(1)
1T and gT = g′T + (k2

T/2M
2)g⊥T ≡ g′T + g

⊥(1)
T .

Besides the kT -integrated functions shown before, it is useful to consider kαT -weighted functions,

1

M
Φα∂ (x) ≡

∫
d2kT

kαT
M

Φ(x,kT ), (3.58)

1

M2
Φαβ∂∂ (x) ≡

∫
d2kT

(
kαT k

β
T + 1

2k
2
T g

αβ
T

)
M2

Φ(x,kT ). (3.59)

Note that the operator structure involved is

Φα∂ (x,kT ) = kαT Φ(x,kT )

=

∫
dξ−d2ξT

(2π)3
eik·ξ 〈P, S|i∂αT

(
ψ(0) U (0,∞) U (∞, ξ)ψ(ξ)

)
|P, S〉

∣∣∣∣
ξ+=0

=

∫
dξ−d2ξT

(2π)3
eik·ξ 〈P, S|ψ(0) U (0,∞) i∂αT U (∞, ξ)ψ(ξ)|P, S〉

∣∣∣∣
ξ+=0

. (3.60)

Note that in this case choosing the gauge A+ = 0, one cannot just neglect the link operator, because it
contains ξT dependence. We will return to this in the chapter 4. Note, however, that in the way defined
here, the correlation function Φ∂ is color gauge invariant.
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We can use the properties in Appendix A for integrating k2
T dependent functions over kT . to obtain

the nonvanishing projections for twist two

1

M
Φ
α[γ+γ5]
∂ (x) = SαT

∫
d2kT

k2
T

2M2
g1T (x,kT ) ≡ SαT g

(1)
1T (x), (3.61)

1

M
Φ
α[iσi+γ5]
∂ (x) = −gαiT λ

∫
d2kT

k2
T

2M2
h⊥1L(x,kT ) ≡ −gαiT λh

⊥(1)
1L (x), (3.62)

1

M2
Φ
αβ[iσi+γ5]
∂∂ (x) = −1

2

(
gαiT S

β
T + gβiT S

α
T − gαβT SiT

)∫
d2kT

(
k2
T

2M2

)2

h⊥1T (x,kT )

≡ − 1

2

(
gαiT S

β
T + gβiT S

α
T − gαβT SiT

)
h
⊥(2)
1T (x), (3.63)

and for twist three,

1

M
Φ
α[γi]
∂ (x) = −gαiT

M

P+
f⊥(1)(x), (3.64)

1

M
Φ
α[γiγ5]
∂ (x) = −gαiT

M

P+
λ g
⊥(1)
L (x) (3.65)

1

M2
Φ
αβ[γiγ5]
∂∂ (x) = − M

2P+

(
gαiT S

β
T + gβiT S

α
T − gαβT SiT

)
g
⊥(2)
T (x) (3.66)

1

M
Φ
α[iσijγ5]
∂ (x) =

M

P+

(
gαiT S

j
T − gαjT SiT

)
h
⊥(1)
T (x), (3.67)

1

M
Φ
α[iσ+−γ5]
∂ (x) =

M

P+
SαT h

(1)
T (x). (3.68)

We obtain now besides the integrated results, the kT -weighted results

Φα∂ (x) =
1

2

{
−g(1)

1T (x)SαT /n+γ5 − λh⊥(1)
1L (x)

[γα, /n+]γ5

2

}

+
M

2P+

{
−f⊥(1)(x) γα + λ g

⊥(1)
L (x) γαγ5

+h
⊥(1)
T (x)

[γα, /ST ]γ5

2
+ h

(1)
T (x)SαT

[/n+, /n−]γ5

2

}
(3.69)

Φαβ∂∂ (x) = −1

2
h
⊥(2)
1T (x)

(
S
{α
T [γβ}, /n+]γ5 − gαβT [/ST , /n+]γ5

4

)

+
M

2P+
g
⊥(2)
T (x)

(
S
{α
T γβ}γ5 − gαβT /STγ5

2

)
(3.70)

For the matrix elements Φ+
∂ (x) no new functions come in. Working in A+ = 0 gauge (or using

∂+U (0, ξ) = U (0, ξ)D+, see chapter 4) one sees that

Φ+
∂ (x) = xP+ Φ(x) =

∫
dξ−

2π
eik·ξ 〈P, S|ψj(0) U (0, ξ) iD+ψi(ξ)|P, S〉

∣∣∣∣
ξ+=ξT=0

, (3.71)

and hence using the parametrization of Φ[γ+],

2 Φ
+[γ+]
∂ = P+

∫
dx Tr

(
Φ+
∂ (x) γ+

)
= (P+)2

∫
dx xTr

(
Φ γ+

)
= 2(P+)2

∫
dx xf1(x)︸ ︷︷ ︸

εq

= 〈P, S|ψ(0) γ+ iD+ψ(0)︸ ︷︷ ︸
θ++
q

|P, S〉. (3.72)

Realizing that θ++
q is only part of the energy-momentum tensor, it leads to the momentum sumrule∫

dx xf1(x) = εq ≤ 1. Using the support properties of the distribution functions (−1 ≤ x ≤ 1) and the
symmetry relation f1(x) = −f̄1(−x), the sum rule reads∫ 1

0

dx x
(
f1(x) + f̄1(x)

)
= εq ≤ 1. (3.73)
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3.2 Antiquark distribution functions

The profile functions for antiquarks in a hadron are obtained from the matrix elements

Φij(k, P, S) =
1

(2π)4

∫
d4ξ e−i k·ξ〈P, S|U (0, ξ)ψi(ξ)ψj(0)|P, S〉

= − 1

(2π)4

∫
d4ξ e−i k·ξ〈P, S|ψj(0)U (0, ξ)ψi(ξ)|P, S〉. (3.74)

For a definition of the profile functions that is consistent with the definition of free particle and antiparticle
states, one needs the correlation function Φc that is defined analogous to Φ but using the conjugate spinors

ψc = C ψ
T

, where C γTµ C
† = −γµ,

Φcij(k, P, S) =
1

(2π)4

∫
d4ξ ei k·ξ〈P, S|ψcj(0)U (0, ξ)ψci (ξ)|P, S〉. (3.75)

The relation between these quantities is Φc = −C Φ
T
C†. Using Φc[Γ] to define the antiquark profile

functions, f(x,kT ), etc., one must be aware of the relative sign (±) between Φ
[Γ]

and Φc[Γ] depending on
Γ = ∓CΓTC†. Explicitly,

Φ
[Γ]

= +Φc[Γ] for Γ = γµ, σµν or iσµνγ5,

Φ
[Γ]

= −Φc[Γ] for Γ = 1, γµγ5 and iγ5,

We note also that (at the twist two and twist three level) the anticommutation relations for fermions
can be used to obtain the symmetry relation

Φij(k, P, S) = −Φij(−k, P, S). (3.76)

For the profile functions this gives the symmetry relations

f1(x,k2
T ) = −f1(−x,k2

T ) (3.77)

and identically for g1T , h1T , h⊥1T , g⊥L and hL (C-even functions), while

g1L(x,k2
T ) = g1L(−x,k2

T ) (3.78)

and identically for h⊥1L, e, f⊥, g′T , g⊥T , h⊥T and hT (C-odd functions).
Explicitly we get (fixing k− and integrating over k+)

1

2

∫
dk+ Φ(k, P, S)

∣∣∣∣
k−=xP−, kT

=

1

4

{
f1(x,kT ) //n− + g1s(x,kT ) /n−γ5 − h1T (x,kT ) iσµνγ5S

µ
Tn

ν
− − h

⊥
1s(x,kT )

iσµνγ5k
µ
Tn

ν
−

M

}

+
M

4P−

{
−e(x,kT ) + f

⊥
(x,kT )

/kT
M

+ g′T (x,kT ) /STγ5 + g⊥s (x,kT )
/kTγ5

M

−h⊥T (x,kT )
iσµνγ5S

µ
T k

ν
T

M
− hs(x,kT ) iσµνγ5n

µ
−n

ν
+

}
. (3.79)

and the projections for twist two are

Φ
[γ−]

(x,kT ) = f(x,kT ), (3.80)

Φ
[γ−γ5]

(x,kT ) = −g1s(x,kT ), (3.81)

Φ
[iσi−γ5]

(x,kT ) = SiT h1T (x,kT ) +
kiT
M

h
⊥
1s(x,kT ), (3.82)
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while those of twist three are

Φ
[1]

(x,kT ) = − M

P−
e(x,kT ), (3.83)

Φ
[γi]

(x,kT ) =
kiT
P−

f
⊥

(x,kT ), (3.84)

Φ
[γiγ5]

(x,kT ) = −M SiT
P−

g′T (x,kT )− kiT
P−

g⊥s (x,kT ), (3.85)

Φ
[iσijγ5]

(x,kT ) =
SiTk

j
T − kiTS

j
T

P−
h
⊥
T (x,kT ), (3.86)

Φ
[iσ−+γ5]

(x,kT ) =
M

P−
hs(x,kT ). (3.87)

Using σµν instead of iσµνγ5 one has

Φ
[σi−]

(x,kT ) = −εijT STj h1T (x,kT )− εijT kTj
M

h
⊥
1s(x,kT ), (3.88)

Φ
[σij ]

(x,kT ) = −M εijT
P−

hs(x,kT ), (3.89)

Φ
[σ−+]

(x,kT ) = −ε
ij
T kT iSTj
P−

h
⊥
T (x,kT ). (3.90)

The integrated results for antiquarks are

1

2

∫
dk+ d2kT Φ(k, P, S)

∣∣∣∣
k−=xP−

=
1

4

{
f1(x) /n− + λ g1(x) /n−γ5 + h1(x)

[/ST , /n−]γ5

2

}

+
M

4P−

{
−e(x) + gT (x) /STγ5 + λhL(x)

[/n−, /n+]γ5

2

}
, (3.91)

1

2

∫
dk+ d2kT

kαT
M

Φ(k, P, S)

∣∣∣∣
k−=xP−

=
1

4

{
g

(1)
1T (x)SαT /n−γ5 − λh

⊥(1)

1L (x)
[γα, /n−]γ5

2

}

+
M

4P−

{
−f⊥(1)

(x) γα − λ g⊥(1)
L (x) γαγ5

+h
⊥(1)

T (x)
[γα, /ST ]γ5

2
+ h

(1)

T (x)SαT
[/n−, /n+]γ5

2

}
(3.92)

1

2

∫
dk+ d2kT

(
kαT k

β
T + 1

2k
2
T g

αβ
T

)
M2

Φ(k, P, S)

∣∣∣∣∣∣
k−=xP−

=

−1

4
h
⊥(2)

1T (x)

(
S
{α
T [γβ}, /n−]γ5 − gαβT [/ST , /n−]γ5

4

)

− M

4P−
g
⊥(2)
T (x)

(
S
{α
T γβ}γ5 − gαβT /STγ5

2

)
(3.93)

3.3 Result for an ensemble of free quarks (parton model)

It is instructive to calculate the correlation function for a free quark. This is given by

φij(p, s; k) = ui(k, s)uj(k, s)δ
4(k − p) = 1

2

(
(/k +m)(1 + γ5/s)

)
ij
δ4(k − p), (3.94)
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where the momentum and spin of the quark are parametrized as

k =

[
k2
T +m2

2k+
, k+, kT

]
, (3.95)

s =

[
−mλq

2k+
+
kT · sqT
k+

+
λq k

2
T

2mk+
,
λq k

+

m
, sqT +

λq
m
kT

]
(3.96)

in terms of a quark lightcone helicity λq and a quark lightcone transverse polarization sqT , such that k · s
= 0 and λ2

q + s2
qT = −s2 = 1. Note that this helicity only is a true helicity for a quark with infinite

momentum. It is then straightforward to calculate the projections for a free quark target. For twist two

φ[γ+](k) = δ (ξ − 1) δ2(kT − pT ) = fq↑/qλ + fq↓/qλ, (3.97)

φ[γ+γ5](k) = λq δ (ξ − 1) δ2(kT − pT ) = fq↑/qλ − fq↓/qλ, (3.98)

φ[iσi+γ5](k) = siqT δ (ξ − 1) δ2(kT − pT ) = fq→/qsT − fq←/qsT , (3.99)

where ξ = k+/p+, and we have indicated the intuitive interpretation in terms of probabilities of finding
quarks in a quark with spin given by λ and sT (see below). For twist three we get

φ[1](k) =
m

k+
δ (ξ − 1) δ2(kT − pT ), (3.100)

φ[γi](k) =
kiT
k+

δ (ξ − 1) δ2(kT − pT ), (3.101)

φ[γiγ5](k) =
(m siqT + λq k

i
T )

k+
δ (ξ − 1) δ2(kT − pT ), (3.102)

φ[iσijγ5](k) =
siqTk

j
T − k

i
Ts

j
qT

k+
δ (ξ − 1) δ2(kT − pT ), (3.103)

φ[iσ+−γ5](k) =
mλq − kT · sqT

k+
δ (ξ − 1) δ2(kT − pT ). (3.104)

In a parton model description of the target, one uses the expansion for the free quark field to get

Φij(k) = 2 δ(k2 −m2)
[
θ(x)u

(β)
i (k)Pβα(k)ū

(α)
j (k)− θ(−x)v

(β)
i (−k)Pβα(−k)v̄

(α)
j (−k)

]
, (3.105)

where x = k+/P+. The use of lightcone coordinates is convenient because of the integration over k− that
is needed in deep inelastic processes. The functions P and P are given by

Pβα(k) = Pβα(x,k2
T ) ≡ 1

2(2π)3

∫
dx′ d2k′T
(2π)3 2x′

〈PS|b†α(k′)bβ(k)|PS〉, (3.106)

Pβα(k) = Pβα(x,k2
T ) ≡ 1

2(2π)3

∫
dx′ d2k′T
(2π)3 2x′

〈PS|d†β(k′)dα(k)|PS〉. (3.107)

Note that Pβα(k) is a production matrix in the quark spin-space of which the trace is the quark density
operator evaluated in the target. The Dirac structure can be parametrized as

u(β)(k, s)Pβα(k)ū(α)(k, s) = P(k)(/k +m)

(
1 + γ5/s(k)

2

)
(3.108)

v(β)(k, s)Pβα(k)v̄(α)(k, s) = P(k)(/k −m)

(
1 + γ5/s(k)

2

)
(3.109)

in terms of a positive definite quark and antiquark densities P(k) and P(k) and spin densities s(k) and
s(k) which satisfy 0 ≤ −s2(k) ≤ 1 or 0 ≤ λ2

q(k)+s2
qT (k) ≤ 1. Inserting the free field expansion in the current

expectation value 〈PS|ψ(0)γµψ(0)|PS〉 = 2Pµ(N −N), where N and N are total number of quarks and

antiquarks respectively one obtains from the +-component the normalizations
∫ 1

0
dx
∫
d2kTP(x,k2

T ) = N

and
∫ 1

0
dx
∫
d2kTP(x,k2

T ) = N .
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Integrating over k− one obtains the result

1

2

∫
dk−Φ(k) = θ(x)

P(x,k2
T )

2k+
(/k +m)

(
1 + γ5/s(x,kT )

2

)
− θ(−x)

P(−x,k2
T )

2k+
(/k +m)

(
1 + γ5/s(−x,−kT )

2

)
. (3.110)

This gives (for x > 0)

Φ[γ+](k) = P(x,k2
T ) = PRR + PLL = Pαα + Pββ , (3.111)

Φ[γ+γ5](k) = λq(x,kT ) P(x,k2
T ) = PRR −PLL, (3.112)

Φ[iσi+γ5](k) = siqT (x,kT ) P(x,k2
T ) = Pαα −Pββ , (3.113)

where the indices R/L and α/β are particular (chiral and transverse spin) projections for the fermion
fields or spinors, obtained using the projection operators PR/L = (1±γ5)/2 and Qiα/β = (1±γiγ5)/2. The
interpretation of the first equation is that of the probability for finding quarks in a target. The second
equation is interpreted as the probability for righthanded quarks minus that for lefthanded quarks. The
third equation is interpreted as the probability for quarks with spin parallel to the transverse direction i
minus that for quarks with spin opposite. The chiral structure of these functions is RL + LR and they
are referred to as chirally odd distribution functions. Equating these unpolarized and polarized densities
to the distribution functions defined in the previous section,

P(x,k2
T ) = f1(x,kT ), (3.114)

λq(x,kT ) P(x,k2
T ) = λ g1L(x,kT ) +

kT · ST
M

g1T (x,kT ) = g1s(x,kT ), (3.115)

siqT (x,kT ) P(x,k2
T ) = SiT h1T (x,kT ) +

kiT
M

[
h⊥1L(x,kT )λ+ h⊥1T (x,kT )

kT · ST
M

]
= SiT h1T (x,kT ) +

kiT
M

h⊥1s(x,kT ), (3.116)

shows how the functions g1L, g1T , h1, h⊥1L and h⊥1T are to be interpreted as longitudinal and transverse spin
distributions given the spin of the hadron (λ and ST ). For the antiquarks the same relations hold between
the antiquark helicity λq and transverse polarization sT on the one hand and the antiquark distributions
on the other hand. Extending to all x, results are obtained in accordance with the symmetry relations in
the previous section, e.g. f1(x,kT ) = θ(x)P(x,k2

T )− θ(−x)P(x,k2
T ).

We note that at the twist two level this parton interpretation can be made rigorous as the distribution
functions can be expressed as densities involving the socalled good components of ψ, ψ+ ≡ P+ψ obtained
with the projection operator P+ = 1

2γ
−γ+. In lightfront quantization a Fourier expansion for the good

components (at x+ = 0) can be written down in which the Fourier coefficients can be interpreted as particle
and antiparticle creation and annihilation operators The different spin-distributions involve projection
operators (PR/L and Q1

α/β) that commute with P+. At twist three the analysis of the quark - quark
correlation functions lead to a number of new distribution functions. For an ensemble of free quarks they
can also be expressed in the quark densities and in this way related to the (six) twist two distribution
functions. Explicitly one has for the ensemble of free quarks,

e(x,kT ) =
m

Mx
f1(x,kT ), (3.117)

f⊥(x,kT ) =
1

x
f1(x,kT ), (3.118)

g′T (x,kT ) =
m

Mx
h1T (x,kT ), (3.119)

g⊥s (x,kT ) =
1

x
g1s(x,kT ) +

m

Mx
h⊥1s(x,kT ), (3.120)

h⊥T (x,kT ) =
1

x
h1T (x,kT ), (3.121)

hs(x,kT ) =
m

Mx
g1s(x,kT ) +

kT · ST
Mx

h1T (x,kT ) +
k2
T

M2x
h⊥1s. (3.122)
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As we will show in one of the next sections, the above results are not generally true; the presence of
nonvanishing quark - quark - gluon correlation functions causes deviations from these naive parton model
results.

Summarizing we get for Φ[Γ](x,kT ) and Φ[Γ](x), ordered according to twist, chirality and time-reversal
behavior for unpolarized (U), longitudinally polarized (L) and transversely polarized (T) (spin 1/2)
hadrons:

DISTRIBUTIONS
χ-even χ-odd

Φ[Γ](x,kT ) T-even T-odd T-even T-odd
U f1 h⊥1

twist 2 L g1L h⊥1L
T g1T f⊥1T h1T h⊥1T
U f⊥ g⊥ e h

twist 3 L g⊥L f⊥L hL eL
T g′T g⊥T f ′T f⊥T hT h⊥T eT e⊥T

DISTRIBUTIONS
χ-even χ-odd

Φ[Γ](x) T-even T-even
U f1

twist 2 L g1

T h1

U e
twist 3 L hL

T gT

3.4 Fragmentation: from quarks to hadron

For the fragmentation of quarks into hadrons we need the correlation function

∆ij(k, Ph, Sh) =
∑
X

1

(2π)4

∫
d4ξ eik·ξ 〈0|U (0, ξ)ψi(ξ)|Ph, X〉〈Ph, X|ψj(0)|0〉

=
1

(2π)4

∫
d4ξ eik·ξ 〈0|U (0, ξ)ψi(ξ)a

†
hahψj(0)|0〉, (3.123)

where an averaging over color indices is implicit. We note, however that fragmentation is into a hadron in
a specified spin state.

The use of intermediate states X and in addition one specified state with momentum Ph needs some
explanation. First note that the unit operator can be written as

I ≡
∑
X

|X〉〈X| =
∞∑
p=0

Ip (3.124)

with

Ip =
1

p!

∫
dk̃1 . . . dk̃p a

†(k1) . . . a†(kp)|0〉〈0|a(k1) . . . a(kp) (3.125)

containing the p-particle states (with dk̃ being the invariant one-particle phase-space). Thus∑
X

|Ph, X〉〈Ph, X| = |Ph〉〈Ph|+
∫
dk̃1 |Ph, k1〉〈Ph, k1|

+
1

2!

∫
dk̃1dk̃2 |Ph, k1, k2〉〈Ph, k1, k2|+ . . .

= a†hI ah = a†hah. (3.126)

After integrating over Ph one obtains∫
dP̃h

∑
X

|Ph, X〉〈Ph, X| =
∞∑
p=0

pIp, (3.127)

which is the number operator Nh. This will become relevant when one integrates over the phase-space
of particles in the final state to go from 1-particle inclusive to inclusive scattering processes.

For the Dirac structure the same expansion as before can be written down,

∆(k, Ph, Sh) = MhB1 +B2 /Ph +B3/k + (B4/Mh)σµνPhµkν

+i B5(k · Sh)γ5 +MhB6/Shγ5 + (B7/Mh)(k · Sh)/Phγ5 + (B8/Mh)(k · Sh)/kγ5

+i B9 σ
µνγ5 ShµPhν + i B10 σ

µνγ5 Shµkν + i (B11/M
2
h) (k · Sh)σµνγ5 kµPhν

+(B12/Mh) εµνρσγ
µP νh k

ρSσh , (3.128)
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where the amplitudes Bi depend on Ph · k and k2. As the states |Ph, X〉 in the above expression for ∆ij

are not plane waves, one cannot apply time-reversal invariance. So the amplitudes B4, B5 and B12 do not
vanish.

The fact that the time-reversal-odd amplitudes do not vanish is a consequence of the final state
interactions of the produced hadron h. To see this, it is instructive (even necessary) to treat |Ph, X〉
as physical states. In that case they should be labeled as outstates. Consider the multi-channel matrix

∆
(ff ′)
ij =

∑
X

∫
d4ξ eik·ξ 〈0|ψi(ξ)|f ; out〉〈f ′; out|ψj(0)|0〉 (3.129)

(Note that ∆(f ′f) = ∆(ff ′)†). The behavior of ∆(ff ′) under time reversal involves

〈f ′; out|ψj(ξ)|0〉 = 〈f̃ ′; in|(−iγ5Cψ)j(−ξ̄)|0〉∗

= 〈f̃ ′; out|S† (−iγ5Cψ)j(−ξ̄)|0〉∗ (3.130)

from which one finds that the combination

∆̃ff = (
√
S)ff1∆f1f2(

√
S†)f2f (3.131)

behaves as
∆̃∗(k, Ph, Sh) = (−iγ5C) ∆̃(k̄, P̄h, S̄h) (−iγ5C). (3.132)

If the final state would be one unique channel obtains zero because S = e2iδ. For two channels the
S-matrix can e.g. be parametrized as

S =

(
cos ε − sin ε
sin ε cos ε

)(
e2iδ1 0

0 e2iδ2

)(
cos ε sin ε
− sin ε cos ε

)
. (3.133)

Working in channel space with the diagonal S-matrix one has

∆̃ff =

(
∆(11) ei(δ1−δ2) ∆(12)

e−i(δ1−δ2) ∆(21) ∆(22)

)
. (3.134)

From the hermiticity condition one knows that for ∆ the amplitude analysis requires real amplitudes

B
(ff ′)
i for i = 1, 12. The time-reversal invariance condition applied to ∆̃ requires B̃∗i = B̃i for i =

1, 2, 3, 6, . . . , 11 and B̃∗i = −B̃i for i = 4, 5, 12. Thus one finds

B
(11)
i = B

(22)
i = 0 (i = 1, 2, 3, 6,. . . , 11) (3.135)

sin(δ1 − δ2)B
(12)
i = 0 (i = 1, 2, 3, 6,. . . , 11) (3.136)

cos(δ1 − δ2)B
(12)
i = 0 (i = 4, 5, 12), (3.137)

In general one can make a partial wave expansion of the final state in states |J,M〉 and one finds∑
J,J′

sin (δJ − δJ′) B(JJ′)
i = 0 (i = 1, 2, 3, 6,. . . , 11) (3.138)

∑
J,J′

cos (δJ − δJ′) B(JJ′)
i = 0 (i = 4, 5, 12), (3.139)

The first equation is a constraint between partial waves which is trivially satisfied in the absence of
final state interactions. The second equation implies in the absence of final state interactions that the
amplitudes B4, B5 and B12 vanish.

For the fragmentation a twist analysis of ∆ considering the projections

∆[Γ](z,kT ) =
1

4z

∫
dk+ Tr(∆ Γ)

∣∣∣∣
k−=P−h /z, kT

=

∫
dξ+d2ξT
4z (2π)3

eik·ξ Tr〈0|U (0, ξ)ψ(ξ)a†hahψ(0)Γ|0〉
∣∣∣∣
ξ−=0

, (3.140)

leads to the following set of twist two profile functions, which depend on z = P−h /k
− and k2

T = −k2
⊥,
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∆[γ−](z,kT ) = D1(z,−zkT ) +
εijT kT iShTj

Mh
D⊥1T (z,−zkT ), (3.141)

∆[γ−γ5](z,kT ) = G1s(z,−zkT ) (3.142)

∆[iσi−γ5](z,kT ) = SihT H1T (z,−zkT ) +
kiT
Mh

H⊥1s(z,−zkT ) +
εijT kTj
Mh

H⊥1 (z,−zkT ), (3.143)

and those of twist three are

∆[1](z,kT ) =
Mh

P−h
E(z,−zkT ), (3.144)

∆[γi](z,kT ) =
kiT
P−h

D⊥(z,−zkT ) +
λh ε

ij
T kTj

P−h
D⊥L (z,−zkT ) +

Mh ε
ij
T ShT j

P−h
DT (z,−zkT ),(3.145)

∆[iγ5](z,kT ) =
Mh

P−h
Es(z,−zkT ), (3.146)

∆[γiγ5](z,kT ) =
Mh S

i
hT

P−h
G′T (z,−zkT ) +

kiT
P−h

G⊥s (z,−zkT ), (3.147)

∆[iσijγ5](z,kT ) =
SihTk

j
T − kiTS

j
hT

P−h
H⊥T (z,−zkT ) +

Mh ε
ij
T

P−h
H(z,−zkT ), (3.148)

∆[iσ−+γ5](z,kT ) =
Mh

P−h
Hs(z,−zkT ). (3.149)

Again it may sometimes be useful to work with the functions projected using σµν instead of iσµνγ5. These
are

∆[σi−](z,kT ) = −εijT ShTj H1T (z,−zkT )− εijT kTj
Mh

H⊥1s(z,−zkT ) +
kiT
Mh

H⊥1 (z,−zkT ), (3.150)

∆[σij ](z,kT ) = −Mh ε
ij
T

P−h
Hs(z,−zkT ), (3.151)

∆[σ−+](z,kT ) = −ε
ij
T kT iShTj

P−h
H⊥T (z,−zkT ) +

Mh

P−h
H(z,−zkT ). (3.152)

The shorthand notations G1s etc. stands for

G1s(z,−zkT ) = λhG1L(z,−zkT ) +G1T (z,−zkT )
(kT · ShT )

Mh
. (3.153)

The integrated profile functions are defined as

∆[Γ](z) = z2

∫
d2kT∆[Γ](z,kT ) =

z

4

∫
dk+ d2kT Tr(∆ Γ)

∣∣∣∣
k−=P−h /z

=
z

8π

∫
dξ+ eik·ξ Tr〈0|U (0, ξ)ψ(ξ)a†hahψ(0)Γ|0〉

∣∣∣∣
ξ−=ξT=0

, (3.154)

Besides these we have nonvanishing kT -weighted functions in analogy to the distribution functions.
The Dirac structure of the fragmentation correlation function integrated over k+ then becomes up to
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twist three

1

4z

∫
dk+ ∆(k, Ph, Sh)

∣∣∣∣
k−=P−h /z, kT

=

1

4

{
D1(z,−zkT ) /n− +D⊥1T (z,−zkT )

εµνρσγ
µnν−k

ρ
TS

σ
hT

Mh
−G1s(z,−zkT ) /n−γ5

−H1T (z,−zkT ) iσµνγ5 S
µ
hTn

ν
− −H⊥1s(z,−zkT )

iσµνγ5 k
µ
Tn

ν
−

Mh
+H⊥1 (z,−zkT )

σµνk
µ
Tn

ν
−

Mh

}

+
Mh

4P−h

{
E(z,−zkT ) +D⊥(z,−zkT )

/kT
Mh

+DT (z,−zkT ) εµνρσn
µ
+n

ν
−γ

ρSσhT

+λhD
⊥
L (z,−zkT )

εµνρσn
µ
+n

ν
−γ

ρkσT
Mh

− Es(z,−zkT ) iγ5

−G′T (z,−zkT ) /ShTγ5 −G⊥s (z,−zkT )
/kTγ5

Mh
−H⊥T (z,−zkT )

iσµνγ5 S
µ
hTk

ν
T

Mh

−Hs(z,−zkT ) iσµνγ5 n
µ
−n

ν
+ +H(z,−zkT )σµνn

µ
−n

ν
+

}
. (3.155)

The integrated results are

z

4

∫
dk+ d2kT ∆(k, Ph, Sh)

∣∣∣∣
k−=P−h /z

=
1

4

{
D1(z) /n− − λhG1(z) /n−γ5 +H1(z)

[/ShT , /n−]γ5

2

}

+
Mh

4P−h

{
DT (z) ερσT γρShTσ + E(z)− λhEL(z) iγ5

−GT (z) /ShTγ5 + λhHL(z)
[/n−, /n+]γ5

2
+ iH(z)

[/n−, /n+]

2

}
, (3.156)

z

4

∫
dk+ d2kT

kαT
Mh

∆(k, Ph, Sh)

∣∣∣∣
k−=P−h /z

=
1

4

{
−G(1)

1T (z)SαhT /n−γ5 − λhH⊥(1)
1L (z)

[γα, /n−]γ5

2

}

+
1

4

{
D

(1)
1T (z) εµνραγµn−νShTρ + λhH

⊥(1)
1 (z)

i[/n−, γ
α]

2

}

+
Mh

4P−h

{
−D⊥(1)(z) γα + λhG

⊥(1)
L (z) γαγ5 +H

⊥(1)
T (z)

[γα, /ShT ]γ5

2

+H
(1)
T (z)SαhT

[/n−, /n+]γ5

2

}
, (3.157)

z

4

∫
dk+ d2kT

(
kαT k

β
T + 1

2k
2
T g

αβ
T

)
M2
h

∆(k, Ph, Sh)

∣∣∣∣∣∣
k−=P−h /z

=

−1

4
H
⊥(2)
1T (z)

(
S
{α
hT [γβ}, /n−]γ5 − gαβT [/ShT , /n−]γ5

4

)

+
Mh

4P−h
G
⊥(2)
T (z)

(
S
{α
hTγ

β}γ5 − gαβT /ShTγ5

2

)
. (3.158)

The appropriate normalization of the fragmentation functions can be obtained via a momentum sum



March 2007 217

rule. For this consider the following integral for the fragmentation function D1,∫
dz z D1(z) =

∫
dz d2Ph⊥ z D1(z,P h⊥)

=

∫
dz d2Ph⊥

∫
dξ+d2ξT
4 (2π)3

eik·ξ Tr〈0|ψ(ξ)a†hahψ(0)γ−|0〉
∣∣∣∣
ξ−=0

(3.159)

(we have omitted the links along the n+-direction, but including them all subsequent arguments remain
valid). Considering the integrand for fixed quark momentum k and choosing this to have no perpendicular

component, the Ph⊥ dependence is only contained in a†hah and summing over all produced hadrons (for a
given quark) one obtains

∑
h

∫
dz z D1(z) =

∫
dξ+d2ξT

2k−
eik·ξ Tr〈0|ψ(ξ)

∑
h

∫
dP−h d2Ph⊥

(2π)3 2P−h
a†hP

−
h ahψ(0)γ−|0〉

∣∣∣∣∣
ξ−=0

=

∫
dξ+d2ξT

2k−
eik·ξ Tr〈0|ψ(ξ)P−ψ(0)γ−|0〉

∣∣∣∣
ξ−=0

(3.160)

Inserting a complete set of quark states one obtains

∑
h

∫
dz z D1(z) =

∫
dξ+d2ξT

2k−
eik·ξ Tr〈0|ψ(ξ)

∫
dk′− d2k′T
(2π)3 2k′−

∑
s′

|k′, s′〉k′−〈k′, s′|ψ(0)γ−|0〉

∣∣∣∣∣
ξ−=0

=

∫
dk′− d2k′T

(2π)3

∫
dξ+d2ξT

4k−
ei(k−k

′)·ξ
∑
s′

ū(k′, s′)γ−u(k′, s′)

∣∣∣∣∣
ξ−=0

=
1

2
, (3.161)

and hence ∑
h

∑
Sh

∫
dz z D1(z) = 1. (3.162)

3.5 Antiquark fragmentation functions

For the fragmentation of antiquarks the profile functions are obtained from

∆ij(k, Ph, Sh) =
∑
X

1

(2π)4

∫
d4ξ e−ik·ξ 〈0|ψj(0)|Ph, X〉〈Ph, X|U (0, ξ)ψi(ξ)|0〉, (3.163)

considering the projections

∆
[Γ]

(z,kT ) =
1

4z

∫
dk− Tr(∆ Γ)

∣∣∣∣
k+=P+

h /z, kT

= ±
∫
dξ−d2ξT
4z (2π)3

e−ik·ξ 〈0|ψ(0)Γ a†hah U (0, ξ)ψ(ξ)|0〉
∣∣∣∣
ξ+=0

, (3.164)
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and they are denoted D(z,−zkT ), etc. The functions E and G acquire a sign compared with the quark
profile functions. For the antiquark fragmentation functions we have

1

4z

∫
dk− ∆(k, Ph, Sh)

∣∣∣∣
k+=P+

h /z, kT

=

1

4

{
D1(z,−zkT ) /n+ +D

⊥
1T (z,−zkT )

εµνρσγ
µnν−kTρShTσ

Mh
+G1s(z,−zkT ) /n+γ5

−H1T (z,−zkT ) iσµνγ5 S
µ
hTn

ν
+ −H

⊥
1s(z,−zkT )

iσµνγ5 k
µ
Tn

ν
+

Mh
+H

⊥
1 (z,−zkT )

σµνk
µ
Tn

ν
+

Mh

}

+
Mh

4P+
h

{
−E(z,−zkT ) +D

⊥
(z,−zkT )

/kT
Mh

+DT (z,−zkT ) εµνρσn
µ
−n

ν
+γ

ρSσhT

+λhD
⊥
L (z,−zkT )

ερσT γρkTσ
Mh

+ Es(z,−zkT ) iγ5

+G
′
T (z,−zkT ) /ShTγ5 +G

⊥
s (z,−zkT )

/kTγ5

Mh
−H⊥T (z,−zkT )

iσµνγ5 S
µ
hTk

ν
T

Mh

−Hs(z,−zkT ) iσµνγ5 n
µ
+n

ν
− +H(z,−zkT )σµνn

µ
+n

ν
−

}
. (3.165)

The symmetry relations in z are D1(z,k′2T ) = D1(−z,k′2T ) and identically for DT , G1T , H1T , H⊥1T , ET ,
G⊥L , H and HL, while G1L(z,k′2T ) = −G1L(−z,k′2T ) and identically for D⊥1T , H⊥1L, H⊥1 , E, D⊥, D⊥L , EL,
G′T , G⊥T , H⊥T and HT . The integrated results are

z

4

∫
dk− d2kT ∆(k, Ph, Sh)

∣∣∣∣
k+=P+

h /z

=
1

4

{
D1(z) /n+ + λhG1(z) /n+γ5 +H1(z)

[/ShT , /n+]γ5

2

}

+
Mh

4P+
h

{
−DT (z) ερσT γρShTσ − E(z) + λhEL(z) iγ5

+GT (z) /ShTγ5 + λhHL(z)
[/n+, /n−]γ5

2
+ iH(z)

[/n+, /n−]

2

}
, (3.166)

z

4

∫
dk− d2kT

kαT
Mh

∆(k, Ph, Sh)

∣∣∣∣
k+=P+

h /z

=
1

4

{
G

(1)

1T (z)SαhT /n+γ5 − λhH
⊥(1)

1L (z)
[γα, /n+]γ5

2

}

+
Mh

4P+
h

{
−D⊥(1)

(z) γα − λhG
⊥(1)

L (z) γαγ5 +H
⊥(1)

T (z)
[γα, /ShT ]γ5

2

+H
(1)

T (z)SαhT
[/n+, /n−]γ5

2

}
, (3.167)

z

4

∫
dk− d2kT

(
kαT k

β
T + 1

2k
2
T g

αβ
T

)
M2
h

∆(k, Ph, Sh)

∣∣∣∣∣∣
k+=P+

h /z

=

−1

4
H
⊥(2)

1T (z)

(
S
{α
hT [γβ}, /n+]γ5 − gαβT [/ShT , /n+]γ5

4

)

− Mh

4P+
h

G
⊥(2)

T (z)

(
S
{α
hTγ

β}γ5 − gαβT /ShTγ5

2

)
. (3.168)
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3.6 The parton picture for fragmentation functions

Similar as in the case of distribution functions, it is instructive to consider the correlation function for the
case of a free quark, given by

δij(p, s; k) = ui(k, s)uj(k, s)δ
4(k − p) = 1

2

(
(/k +m)(1 + γ5/s)

)
ij
δ4(k − p), (3.169)

where the momentum and spin of the quark are parametrized as

k =

[
k−,

k2
T +m2

2k−
, kT

]
, (3.170)

s =

[
λq k

−

m
, −mλq

2k−
+
kT · sqT
k−

+
λq k

2
T

2mk−
, sqT +

λq
m
kT

]
(3.171)

in terms of a quark lightcone helicity λq and a quark lightcone transverse polarization sqT . The projections
become for twist two

δ[γ−](k) = 1
2δ (ζ − 1) δ2(kT − pT ) = 1

2Dqλ/q↑ + 1
2Dqλ/q↓, (3.172)

δ[γ−γ5](k) = 1
2λq δ (ζ − 1) δ2(kT − pT ) = 1

2Dqλ/q↑ − 1
2Dqλ/q↓, (3.173)

δ[iσi−γ5](k) = 1
2s
i
qT δ (ζ − 1) δ2(kT − pT ) = 1

2DqsT /q→ − 1
2DqsT /q←, (3.174)

where ζ = p−/k− and we have given the intuitive interpretation in terms of probabilities for quarks to
fragment into quarks with spin characterized by λ and sT . For twist three we get

δ[1](k) =
m

2k−
δ (ζ − 1) δ2(kT − pT ), (3.175)

δ[γi](k) =
kiT
2k−

δ (ζ − 1) δ2(kT − pT ), (3.176)

δ[γiγ5](k) =
(m siqT + λq k

i
T )

2k−
δ (ζ − 1) δ2(kT − pT ), (3.177)

δ[iσijγ5](k) =
siqTk

j
T − k

i
Ts

j
qT

2k−
δ (ζ − 1) δ2(kT − pT ), (3.178)

δ[iσ−+γ5](k) =
mλq − kT · sqT

2k−
δ (ζ − 1) δ2(kT − pT ). (3.179)

Inserting the expansion for the free quark field gives

∆ij(k) = 4z δ(k2 −m2)
[
θ(z)u

(β)
i (k)Dβα(k)ū

(α)
j (k)− θ(−z)v(β)

i (−k)Dβα(−k)v̄
(α)
j (−k)

]
, (3.180)

where z = P−h /k
−. The use of lightcone coordinates is convenient because of the integration over k+ that

is needed in deep inelastic processes. The functions D and D are given by

Dβα(k) = Dβα(z, z2k2
T ) ≡ 1

4z(2π)3

∫
dz′ d2k′T
(2π)3 2z′

〈0|bβ(k′)aha
†
hb
†
α(k)|0〉, (3.181)

Dβα(k) = Dβα(z, z2k2
T ) ≡ 1

4z(2π)3

∫
dz′ d2k′T
(2π)3 2z′

〈0|dα(k′)aha
†
hd
†
β(k)|0〉. (3.182)

Note that Dβα(k) is a decay matrix in the quark spin-space. Most easily to deal with is the ’momentum
sum rule’∑

h

∫
zdz d2P hT Dβα(z,P 2

hT ) =
1

2

∫
dz′ d2k′T
(2π)3 2z′

1

k−
〈0|bβ(k′)

∑
h

∫
dP−h d

2P hT

(2π)3 2P−h
ahP

−
h a
†
hb
†
α(k)|0〉

=
1

2

∫
dz′ d2k′T
(2π)3 2z′

1

k−
〈0|bβ(k′) P−

opb
†
α(k)|0〉 =

1

2
δβα. (3.183)

Integrating over k− one obtains the twist two results (for z > 0)

∆[γ−](k) = 1
2DRR + 1

2DLL = 1
2Dαα + 1

2Dββ , (3.184)

∆[γ−γ5](k) = 1
2DRR − 1

2DLL, (3.185)

∆[iσi−γ5](k) = 1
2Dαα − 1

2Dββ , (3.186)



March 2007 220

using the same projection operators as for the distribution functions. In this way an interpretation in terms
of quark decay functions is obtained, again rigorous for the twist two functions. In this ’parton picture’
the twist three results can also for the fragmentation functions be expressed in the twist two functions.

Summarizing we get for ∆[Γ](z,−zkT ) and ∆[Γ](z), ordered according to twist, chirality and time-
reversal behavior for production of unpolarized (U), longitudinally polarized (L) and transversely polarized
(T) (spin 1/2) hadrons:

FRAGMENTATION
χ-even χ-odd

∆[Γ](z,−zkT ) T-even T-odd T-even T-odd
U D1 H⊥1

twist 2 L G1L H⊥1L
T G1T D⊥1T H1T H⊥1T
U D⊥ G⊥ E H

twist 3 L G⊥L D⊥L HL EL
T G′T G⊥T D′T D⊥T HT H⊥T ET E⊥T

FRAGMENTATION
χ-even χ-odd

∆[Γ](z) T-even T-odd T-even T-odd
U D1

twist 2 L G1

T H1

U E H
twist 3 L HL EL

T GT DT
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3.7 Structure of H → q profile functions

In order to study the structure of the profile functions, we will first give the expressions in terms of the
amplitudes Ai(σ, τ), where σ = 2 k · P and τ = k2,

f1(x,k2
T ) =

∫
. . . [A2 + xA3] , (3.187)

g1L(x,k2
T ) =

∫
. . .

[
−A6 −

(
σ − 2xM2

2M2

)
(A7 + xA8)

]
, (3.188)

g1T (x,k2
T ) =

∫
. . . [A7 + xA8] , (3.189)

h1T (x,k2
T ) =

∫
. . . [−(A9 + xA10)] , (3.190)

h⊥1L(x,k2
T ) =

∫
. . .

[
A10 −

(
σ − 2xM2

2M2

)
A11

]
, (3.191)

h⊥1T (x,k2
T ) =

∫
. . . [A11] , (3.192)

e(x,k2
T ) =

∫
. . . [A1] , (3.193)

f⊥(x,k2
T ) =

∫
. . . [A3] , (3.194)

g′T (x,k2
T ) =

∫
. . . [−A6] , (3.195)

g⊥L (x,k2
T ) =

∫
. . .

[
−
(
σ − 2xM2

2M2

)
A8

]
, (3.196)

g⊥T (x,k2
T ) =

∫
. . . [A8] , (3.197)

h⊥T (x,k2
T ) =

∫
. . . [−A10] , (3.198)

hL(x,k2
T ) =

∫
. . .

[
−(A9 + xA10)−

(
σ − 2xM2

2M2

)
A10 +

(
σ − 2xM2

2M2

)2

A11

]
, (3.199)

hT (x,k2
T ) =

∫
. . .

[
−
(
σ − 2xM2

2M2

)
A11

]
, (3.200)

where ∫
. . . =

∫
dσdτ δ(k2

T + x2M2 + τ − xσ)

=

∫
dσdτ δ(xηM2 + τ − xσ), (3.201)

with

η = x+
k2
T

xM2
. (3.202)

The integrated functions also can be expressed as an integral over amplitudes, e.g.

f1(x) = π

∫
dσdτ θ(x2M2 + τ − xσ) [A2 + xA3] , (3.203)

now involving a θ-function to ensure contributions from the physical region p2
T ≥ 0, indicated in the figure.

Implicitly, there are several relations which can be traced back to the fact that there are less amplitudes



March 2007 222

M 2

M 2

2
M

R

2
= (k-P)   

M R = 0

z = 1/2
(x = 2)

σ = 2 k.P

2
τ = k

x = 1/2

x=1

z =1

k
T

2fixed

0

Figure 3.3: The region k2
T ≥ 0 which contributes in the integration over σ and τ in the expressions for the

distribution functions and fragmentation functions

than profile functions. Useful are the following relations for k2
T -weighted functions: If we have

f (n)(x,k2
T ) =

∫
dσdτ δ(k2

T + x2M2 + τ − xσ)

(
k2
T

2M2

)n
F (x, σ, τ),

f ′(n)(x,k2
T ) =

∫
dσdτ δ(k2

T + x2M2 + τ − xσ)

(
k2
T

2M2

)n
∂F

∂x
(x, σ, τ),

g(n)(x,k2
T ) = −

∫
dσdτ δ(k2

T + x2M2 + τ − xσ)

(
k2
T

2M2

)n
σ − 2xM2

2M2
F (x, σ, τ), (3.204)

one easily proves the relations

d

dx
f (1)(x,k2

T ) = −g(x,k2
T ) + f ′(1)(x,k2

T ) + 2M2 d

dk2
T

g(1)(x,k2
T ),

d

dx
f (1)(x) = −g(x) + f ′(1)(x) + 2M2 g(1)(x, 0), (3.205)

d

dx
f (2)(x,k2

T ) = −2g(1)(x,k2
T ) + f ′(2)(x,k2

T ) + 2M2 d

dk2
T

g(2)(x,k2
T ),

d

dx
f (2)(x) = −2g(1)(x) + f ′(2)(x) + 2M2 g(2)(x, 0). (3.206)

For the five g-functions this leads to the two relations (assuming g(n≥1)(x, 0) to vanish)

gT (x) = g1(x) +
d

dx
g

(1)
1T , (3.207)

g⊥L (x) = − d

dx
g
⊥(1)
T and 2 g

⊥(1)
L (x) = − d

dx
g
⊥(2)
T , (3.208)

while for the six h-functions three relations are found, where the one for h⊥T is trivial,

hL(x) = h1(x)− d

dx
h
⊥(1)
1L , (3.209)

hT (x) = − d

dx
h
⊥(1)
1T and 2h

(1)
T (x) = − d

dx
h
⊥(2)
1T , (3.210)

h
⊥(n)
T (x) = h

(n)
T (x)− h⊥(n)

1L (x). (3.211)
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Similarly we have for the fragmentation functions expressions of the profile functions in terms of the
amplitudes B1 to B12. This gives relations analogous to the distribution functions,

2z D1(z, z2k2
T ) =

∫
dσdτ δ

(
k2
T +

M2
h

z2
+ τ − σ

z

) [
B2 +

1

z
B3

]
, (3.212)

etc. with now in addition some time reversal odd functions,

2z D⊥1T (z,−zkT ) =

∫
. . . [B12] , (3.213)

2z H⊥1 (z,−zkT ) =

∫
. . . [−B4] , (3.214)

2z D⊥L (z,−zkT ) =

∫
. . . [−B12] , (3.215)

2z DT (z,−zkT ) =

∫
. . .

[
−
(
σ − 2M2

h/z

2M2
h

)
B12

]
. (3.216)

2z EL(z,−zkT ) =

∫
. . .

[
−
(
σ − 2M2

h/z

2M2
h

)
B5

]
. (3.217)

2z ET (z,−zkT ) =

∫
. . . [B5] , (3.218)

2z H(z,−zkT ) =

∫
. . .

[(
σ − 2M2

h/z

2M2
h

)
B4

]
. (3.219)

The integrated functions are given by

2

z
D1(z) = π

∫
dσdτ θ

(
σ

z
− τ − M2

h

z2

) [
B2 +

1

z
B3

]
, (3.220)

with an integration region also indicated in the figure. The following relations can be derived in the case
of fragmentation functions: If we have

2z D(n)(z, z2k2
T ) =

∫
dσdτ δ

(
k2
T +

M2
h

z2
+ τ − σ

z

) (
k2
T

2M2
h

)n
F (z, σ, τ),

2z D′(n)(z, z2k2
T ) =

∫
dσdτ δ

(
k2
T +

M2
h

z2
+ τ − σ

z

) (
k2
T

2M2
h

)n
∂F

∂z
(z, σ, τ),

2z G(n)(z, z2k2
T ) = −

∫
dσdτ δ

(
k2
T +

M2
h

z2
+ τ − σ

z

) (
k2
T

2M2
h

)n
σ − 2M2

h/z

2M2
h

F (z, σ, τ), (3.221)

one easily proves the relations

z2 d

dz

[
z D(1)(z, z2k2

T )
]

= z G(z, z2k2
T ) + z3D′(1)(z, z2k2

T ) + 2M2
h

d

dk2
T

[
z G(1)(z, z2k2

T )
]
,

z2 d

dz

[
D(1)(z)

z

]
=
G(z)

z
+ z D′(1)(z) + 2M2

h

G(1)(z, 0)

z
, (3.222)

z2 d

dz

[
z D(2)(z, z2k2

T )
]

= 2z G(1)(z, z2k2
T ) + z3D′(2)(z, z2k2

T ) + 2M2
h

d

dk2
T

[
z G(2)(z, z2k2

T )
]
,

z2 d

dz

[
D(2)(z)

z

]
= 2

G(1)(z)

z
+ z D′(1)(z) + 2M2

h

G(1)(z, 0)

z
. (3.223)

For the five G-functions this leads to two relations (assuming G(n≥1)(z, 0) to vanish,

GT (z)

z
=
G1(z)

z
− z2 d

dz

[
G

(1)
1T (z)

z

]
, (3.224)

G⊥L (z)

z
= z2 d

dz

[
G
⊥(1)
T (z)

z

]
and 2

G
⊥(1)
L (z)

z
= z2 d

dz

[
G
⊥(2)
T (z)

z

]
. (3.225)
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For the eight H-functions this leads to 4 relations,

HL(z)

z
=
H1(z)

z
+ z2 d

dz

[
H
⊥(1)
1L (z)

z

]
, (3.226)

HT (z)

z
= z2 d

dz

[
H
⊥(1)
1T (z)

z

]
and 2

H
(1)
T (z)

z
= z2 d

dz

[
H
⊥(2)
1T (z)

z

]
, (3.227)

H
⊥(n)
T (z) = H

(n)
T (z)−H⊥(n)

1L (z), (3.228)

H(z)

z
= z2 d

dz

[
H
⊥(1)
1 (z)

z

]
. (3.229)

The last equation relates time reversal odd functions. Other relations between time reversal odd functions
are,

EL(z)

z
= z2 d

dz

[
E

(1)
T (z)

z

]
, (3.230)

and

DT (z)

z
= z2 d

dz

[
D
⊥(1)
1T (z)

z

]
, (3.231)

D
⊥(n)
L (z) = −D⊥(n)

1T (z). (3.232)

Using the splitting of the twist three profile functions in a piece that is expressed in terms of partonic
(twist two) functions and a remainder (’true’ twist three piece) that as we will see in the next chapter can
be expressed in terms of ’good’ quark and gluon fields. This is achieved by using the ’free’ quark results or
equivalently the results for quark-quark-gluon correlation functions using the QCD equations of motion,

e(x,kT ) =
m

Mx
f1(x,kT ) + ẽ(x,kT ), (3.233)

f⊥(x,kT ) =
1

x
f1(x,kT ) + f̃⊥(x,kT ), (3.234)

g′T (x,kT ) =
m

Mx
h1T (x,kT ) + g̃′T (x,kT ), (3.235)

g⊥L (x,kT ) =
1

x
g1L(x,kT ) +

m

Mx
h⊥1L(x,kT ) + g̃⊥L (x,kT ), (3.236)

g⊥T (x,kT ) =
1

x
g1T (x,kT ) +

m

Mx
h⊥1T (x,kT ) + g̃⊥T (x,kT ), (3.237)

gT (x,kT ) =
1

x
g

(1)
1T (x,kT ) +

m

Mx
h1(x,kT ) + g̃T (x,kT ), (3.238)

h⊥T (x,kT ) =
1

x
h1T (x,kT ) + h̃⊥T (x,kT ), (3.239)

hL(x,kT ) =
m

Mx
g1L(x,kT )− k2

T

M2x
h⊥1L + h̃L(x,kT ), (3.240)

hT (x,kT ) =
m

Mx
g1T (x,kT )− h1T (x,kT )

x
− k2

T

M2x
h⊥1T + h̃T (x,kT ). (3.241)

The functions ẽ, etc. can be immediately seen as the functions appearing in the twist three projections of
the quark-quark-gluon correlation functions.

Comparing the above expression with the second relations found for the g-functions one has

gT =
g

(1)
1T

x
+
m

M

h1

x
+ g̃T = g1 +

d

dx
g

(1)
1T , (3.242)

from which one obtains the relation

x2 d

dx

(
g

(1)
1T

x

)
= −x g1 +

m

M
h1 + x g̃T , (3.243)



March 2007 225

that can be used to eliminate g
(1)
1T ,

d

dx
(gT − g1) =

d

dx
g2 = − 1

x

d

dx
(xg1) +

m

M

1

x

d

dx
h1 +

1

x

d

dx
(xg̃T ), (3.244)

or (provided sufficient convergent behavior at the endpoints)

g2(x) = −
[
g1(x)−

∫ 1

x

dy
g1(y)

y

]
+
m

M

[
h1(x)

x
−
∫ 1

x

dy
h1(y)

y2

]
+

[
g̃T (x)−

∫ 1

x

dy
g̃T (y)

y

]
. (3.245)

Similarly we obtain from the expression for hL above and the second of the h-relations

hL =
m

M

g1

x
− 2

h
⊥(1)
1L

x
+ h̃L = h1 −

d

dx
h
⊥(1)
1L , (3.246)

from which one obtains the relation

x3 d

dx

(
h
⊥(1)
1L

x2

)
= xh1 −

m

M
g1 − x h̃L, (3.247)

which can be used to eliminate h
⊥(1)
1L ,

d

dx

(
hL − h1

x

)
=

d

dx

(
h2

2x

)
= − 1

x2

d

dx
(xh1) +

m

M

1

x2

d

dx
g1 +

1

x2

d

dx
(xh̃L), (3.248)

or (provided sufficient convergent behavior at the endpoints)

1

2
h2(x) = −

[
h1(x)− 2x

∫ 1

x

dy
h1(y)

y2

]
+
m

M

[
g1(x)

x
− 2x

∫ 1

x

dy
g1(y)

y3

]
+

[
h̃L(x)− 2x

∫ 1

x

dy
h̃L(y)

y2

]
. (3.249)

Continuing with the twist-three functions we have

hT = −h1

x
−
h
⊥(1)
1T

x
+
m

M

g1T

x
+ h̃T = − d

dx
h
⊥(1)
1T , (3.250)

from which one obtains the relation

x2 d

dx

(
h
⊥(1)
1T

x

)
= h1 −

m

M
g1T + x h̃T , (3.251)

which can be used to eliminate h
⊥(1)
1T ,

d

dx
hT = − 1

x

d

dx
h1 +

m

M

1

x

d

dx
g1T +

1

x

d

dx
(xh̃T ), (3.252)

or (provided sufficient convergent behavior at the endpoints)

hT (x) = −
[
h1(x)

x
−
∫ 1

x

dy
h1(y)

y2

]
+
m

M

[
g1T (x)

x
−
∫ 1

x

dy
g1T (y)

y2

]
+

[
h̃T (x)−

∫ 1

x

dy
h̃T (y)

y

]
. (3.253)

For the second k2
T -moment one obtains

h
(1)
T = −h

(1)
1

x
−
h
⊥(2)
1T

x
+
m

M

g
(1)
1T

x
+ h̃

(1)
T = −1

2

d

dx
h
⊥(2)
1T , (3.254)

from which one obtains the relation

x2 d

dx

(
h
⊥(2)
1T

x2

)
= 2

h
(1)
1

x
− 2

m

M

g
(1)
1T

x
− 2 h̃

(1)
T , (3.255)
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which can be used to eliminate h
⊥(2)
1T ,

d

dx

(
h

(1)
T

x

)
= − 1

x2

d

dx
h

(1)
1T +

m

M

1

x2

d

dx
g

(1)
1T +

1

x2

d

dx
(xh̃

(1)
T ), (3.256)

or (provided sufficient convergent behavior at the endpoints)

h
(1)
T (x) = −

[
h

(1)
1 (x)

x
− 2x

∫ 1

x

dy
h

(1)
1 (y)

y3

]
+
m

M

[
g

(1)
1T (x)

x
− 2x

∫ 1

x

dy
g

(1)
1T (y)

y3

]

+

[
h̃

(1)
T (x)− 2x

∫ 1

x

dy
h̃

(1)
T (y)

y2

]
. (3.257)

It is sometimes useful to realize that the moments of combinations appearing above are∫ 1

0

dx xn−1

[
f(x)− k xk−1

∫ 1

x

dy
f(y)

yk

]
=

n− 1

n+ k − 1

∫ 1

0

dx xn−1 f(x) (for n ≥ 1, k ≥ 1). (3.258)

Therefore all first moments (n = 1) of the expressions between brackets above vanish, at least if the first
moments of the function f is finite.



Chapter 4

Deep inelastic processes

4.1 The point cross sections

In section 1 we have discussed the formalism for three types of hard processes, the Drell-Yan process, e+e−

annihilation and lepton-hadron scattering,

A+B → `+ `+X, (DY )

e− + e+ → h1 + h2 +X, (e−e+)

`+H → `′ + h+X. (`H)

The underlying processes are:

DY : q + q → `+ `, (4.1)

e−e+ : e− + e+ → q + q, (4.2)

`H : `+ q → `′ + q. (4.3)

The cross sections for these processes would be quite similar to the (observable) lepton cross sections. The
annihilation cross section e−e+ → µ−µ+, neglecting lepton masses is given by

dσ

dt
(e−e+ → µ−µ+) =

2π α2 (t2 + u2)

s4
, (4.4)

or the equivalent expressions in terms of y = −t/s = (1 + cos θcm)/2,

dσ

dΩcm
(e−e+ → µ−µ+) =

α2

4s

(
1 + cos2 θcm

)
, (4.5)

dσ

dy
(e−e+ → µ−µ+) =

4π α2

s

(
1

2
− y + y2

)
. (4.6)

The total cross section becomes

σ(e−e+ → µ−µ+) =
4π α2

3 s
. (4.7)

The cross section for e−µ+ → e−µ+, neglecting lepton masses is given by

dσ

dt
(e−µ+ → e−µ+) =

2π α2 (s2 + u2)

s2 t2
, (4.8)

or using y = −t/s,
dσ

dy
(e−µ+ → e−µ+) =

4π α2 s

Q4

(
y2

2
+ 1− y

)
. (4.9)

Also useful is the cross section for a virtual (transverse) photon, given by

σ(γ∗Tµ
+ → µ+) =

4π2α

Q2
δ

(
s

Q2
− 1

)
. (4.10)

301
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4.2 The Drell-Yan process

The hadronic tensor in this case is rewritten as

Wµν(q;PASA;PBSB) =
1

(2π)4

∫
d3PX

(2π)32P 0
X

(2π)4δ4(PA + PB − PX − q)

×〈PASA;PBSB |Jµ(0)|PX〉〈PX |Jν(0)|PASA;PBSB〉,

=
1

(2π)4

∫
d4x e−iq·x 〈PASA;PBSB |Jµ(x) Jν(0)|PASA;PBSB〉,

which in tree approximation (Born terms) becomes

Wµν =
1

(2π)4

∫
d4x e−iq·x 〈PASA;PBSB | : ψj(x)(γµ)jkψk(x) :

× : ψl(0)(γν)liψi(0) : |PASA;PBSB〉

=
1

(2π)4

1

3

∫
d4x e−iq·x 〈PASA|ψj(x)ψi(0)|PASA〉(γµ)jk

〈PBSB |ψk(x)ψl(0)|PBSB〉(γν)li

+
1

(2π)4

1

3

∫
d4x e−iq·x 〈PASA|ψk(x)ψl(0)|PASA〉(γν)li

〈PBSB |ψj(x)ψi(0)|PBSB〉(γµ)jk,

=
1

3

∫
d4p d4k δ4(p+ k − q) Tr

(
Φ(p)γµΦ(k)γν

)
+

{
q ↔ −q
µ↔ ν

}
, (4.11)

where we have used

Φij(p) =
1

(2π)4

∫
d4x e−ip·x 〈PASA|ψj(x)ψi(0)|PBSB〉,

Φkl(k) =
1

(2π)4

∫
d4x e−ik·x 〈PBSB |ψk(x)ψl(0)|PBSB〉,

and its symmetry properties (see section 2). Note that since in both Φ (quark production) and Φ (antiquark
production) summations over colors are assumed, a factor 1/3 appears in the result in Eq. 4.11

Using the lightcone representation of the momenta in frame II (see section 1) it is easy to see that if
the quark momenta in the matrix elements Φ are limited, i.e. p2, p ·PA are of hadronic scale and similarly
in the matrix elements Φ for k2 and k · PB , one can write the delta function up to O(1/Q2) as

δ4(p+ k − q) ≈ δ(p+ − q+) δ(k− − q−) δ2(pT + kT − qT ), (4.12)

The result in leading order is then

Wµν =
1

3

∫
d2pT d

2kT δ
2(pT + kT − qT )Tr

(
[∫ dp−Φ(p)]γµ[∫ dk+Φ(k)]γν

)∣∣
p+ = xAP

+
A

k− = xBP
−
B

=

(
−gµν +

qµqν
q2

+
ZµZν
Z2

)
1

3
I[f1 f1], (4.13)

p p

k

Φ

P P

q

PP

Φ

k

A A

BB

p p

k

Φ

P P

q

PP

Φ

k

A A

BB

Figure 4.1: Born diagrams for Drell-Yan scattering
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where

I[f1 f1] =

∫
d2pT d

2kT δ
2(pT + kT − qT ) f1(xA,pT )f1(xB ,kT ). (4.14)

Using the contraction with the leptonic tensor,

Lµν
(
−gµν +

qµqν
q2

+
ZµZν
Z2

)
= 4Q2

(
1

2
− y + y2

)
= Q2

(
1 + cos2 θµµ

)
, (4.15)

the cross section becomes

dσ(AB → µ+µ−X)

dxA dxB d2qT dΩµµ
=

α2

12Q2

(
1 + cos2 θµµ

)
I[f1 f1]. (4.16)

Integrated over the transverse momenta of the produced mu pair,

dσ(AB → µ+µ−X)

dxA dxB dΩµµ
=

α2

12Q2

(
1 + cos2 θµµ

)
f1(xA) f1(xB), (4.17)

and integrated over the muon angular distribution,

dσ

dxA dxB
=

4π α2

9Q2
f1(xA) f1(xB), (4.18)

or including the summation over quarks and antiquarks,

dσ(AB → µ+µ−X)

dxA dxB
=

4π α2

9Q2

∑
a

e2
a f1 a/A(xA) f1 a/B(xB)

=
1

3

∑
a

f1 a/A(xA) f1 a/B(xB) σ̂(aa→ µ−µ+), (4.19)

where the quark-antiquark annihilation cross section is given by

σ̂(aa→ µ−µ+) =
4πα2

3Q2
e2
a. (4.20)

and the factor 1/3 multiplying the summation is the color factor that can be naturally understood because
only quarks of the same color can annihilate and we have seen that the definitions of the quark distribution
functions included a summation over colors.

Introducing the virtuality of the photon (i.e. the invariant mass ŝ of the produced mu pair) as a variable
one can consider the Drell-Yan cross section as a function of s. Writing

dσ̂

dQ2
(aa→ µ−µ+) =

4π α2

3Q2
e2
a δ(ŝ−Q2), (4.21)

one has

dσ(AB → µ−µ+X)

dQ2 dxA dxB
=

1

3

∑
a

f1 a/A(xA) f1 a/B(xB)
dσ̂

dQ2
(aa→ µ−µ+)

=
4πα2

9Q4

∑
a

e2
a f1 a/A(xA) f1 a/B(xB) δ

(
s

Q2
xAxB − 1

)
, (4.22)

which exhibits explicitly the scaling in τ = s/Q2 for the cross section Q4 dσ/dQ2.

4.3 Electron-positron annihilation

The hadronic tensor in this case is rewritten as

Wµν(q;P1S1;P2S2) =
1

(2π)4

∫
d3PX

(2π)32P 0
X

(2π)4δ4(q − PX − P1 − P2)

×〈0|Jµ(0)|PX ;P1S1;P2S2〉〈PX ;P1S1;P2S2|Jν(0)|0〉,

=
1

(2π)4

∫
d4x eiq·x 〈0|Jµ(x)

∑
X

|X;P1S1;P2S2〉〈X;P1S1;P2S2|Jν(0)|0〉,
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which in tree approximation (Born terms) becomes

Wµν =
1

(2π)4

∫
d4x eiq·x 〈0| : ψj(x)(γµ)jkψk(x) :

∑
X

|X;P1S1;P2S2〉

×〈X;P1S1;P2S2| : ψl(0)(γν)liψi(0) : |0〉

=
1

(2π)4
3

∫
d4x eiq·x 〈0|ψj(x)

∑
X2

|X2;P2S2〉〈X2;P2S2|ψi(0)|PS〉(γµ)jk

〈0|ψk(x)
∑
X1

|X1;P1S1〉〈X1;P1S1|ψl(0)|0〉(γν)li

+
1

(2π)4
3

∫
d4x eiq·x 〈0|ψk(x)

∑
X2

|X2;P2S2〉〈X2;P2S2|ψl(0)|0〉(γν)li

〈0|ψj(x)
∑
X1

|X1;P1S1〉〈X1;P1S1|ψi(0)|0〉(γµ)jk,

= 3

∫
d4p d4k δ4(q − k − p) Tr

(
∆(p)γµ∆(k)γν

)
+

{
q ↔ −q
µ↔ ν

}
, (4.23)

where we have used

∆kl(k) =
1

(2π)4

∫
d4x eik·x 〈0|ψk(x)

∑
X1

|X1;P1S1〉〈X1;P1S1|ψl(0)|0〉,

∆ij(p) =
1

(2π)4

∫
d4x eip·x 〈PS|ψj(x)

∑
X2

|X2;P2S2〉〈X2;P2S2|ψi(0)|PS〉,

and its symmetry properties (see section 2). Note that since both in ∆ (quark decay) and ∆ (antiquark
decay) an averaging over colors is assumed, we get a color factor of 3 in Eq. 4.23. We have only con-
sidered two hadrons in different jets, i.e. no fragmentation parts involving matrix elements of the form
〈0|ψj(x)

∑
X |X;P1S1;P2S2〉 〈X;P1S1;P2S2|ψi(0)|0〉 are considered.

Using the lightcone representation of the momenta in frame II (see section 1) it is easy to see that if
the quark momenta in the matrix elements ∆ are limited, i.e. p2, p ·P2 are of hadronic scale and similarly
in the matrix elements ∆ for k2 and k · P1, one can write the delta function up to O(1/Q2) as

δ4(q − k − p) ≈ δ(q− − k−) δ(q+ − p+) δ2(qT − kT − pT ), (4.24)

The result in leading order is then

Wµν = 3

∫
d2kT d

2pT δ
2(qT − kT − pT )Tr

(
[∫ dp−∆(p)]γµ[∫ dk+∆(k)]γν

)∣∣
k− = P−1 /z1

p+ = P+
2 /z2

=

(
qµqν
q2
− gµν +

ZµZν
Z2

)
12 z1z2 I[D1D1], (4.25)

where

I[D1D1] =

∫
d2kT d

2pT δ
2(qT − kT − pT )D1(z1,−z1kT )D1(z2,−z2pT ). (4.26)

Using the contraction with the leptonic tensor,

Lµν
(
−gµν +

qµqν
q2

+
ZµZν
Z2

)
= 4Q2

(
1

2
− y + y2

)
= Q2

(
1 + cos2 θ

)
, (4.27)

where θ is the angle of the produced hadrons h2 in the e−e+ rest frame. The cross section becomes

dσ(e−e+ → h1h2X)

dΩ dz1 dz2 d2qT
=

3α2

4Q2

(
1 + cos2 θ

)
z2

1z
2
2 I[D1D1]. (4.28)
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Integrated over transverse momenta of hadron h1 one finds,

dσ(e−e+ → h1h2X)

dΩ dz1 dz2
=

3α2

4Q2

(
1 + cos2 θ

)
D1(z1)D1(z2), (4.29)

Including the summation over quarks and antiquarks one obtains

dσ(e−e+ → h1h2X)

dΩ dz1 dz2
=

3α2

4Q2

(
1 + cos2 θ

)∑
a

e2
aD1h1/a(z1)D1h2/a(z2)

= 3
∑
a

dσ̂

dΩ
(e−e+ → aa)D1h1/a(z1)D1h2/a(z2), (4.30)

where the annihilation cross section into a quark-antiquark pair is given by

dσ̂

dΩ
(e−e+ → aa) =

α2

4Q2

(
1 + cos2 θ

)
. (4.31)

The factor 3 multiplying the cross section can be naturally understood as the definitions of each fragmen-
tation function includes an averaging over color and the annihilation can be into a quark-antiquark pair of
any of the three colors. The result for the production of a single hadron is obtained by considering hadron
2 as the jet with D1 = δ(1− z2), thus

dσ(e−e+ → hX)

dΩ dz
=

3α2

4Q2

(
1 + cos2 θ

)∑
a

e2
aD1h/a(z)

= 3
∑
a

dσ̂

dΩ
(e−e+ → aa)D1h/a(z). (4.32)

Integrating over the jet direction gives

dσ(e−e+ → hX)

dz
=

4π α2

Q2

∑
a

e2
aD1h/a(z)

= 3
∑
a

σ̂(e−e+ → aa)D1h/a(z). (4.33)

Finally the jet cross section is found by taking D1(z) = δ(1− z),

dσ(e−e+ → jets)

dΩ
=

3α2

4Q2

(
1 + cos2 θ

)∑
a

e2
a

= 3
∑
a

σ̂(e−e+ → aa), (4.34)

and the total cross section

σ(e−e+ → hadrons) =
4π α2

Q2

∑
a

e2
a

= 3
∑
a

σ̂(e−e+ → aa)

= σ(e−e+ → µ−µ+) 3
∑
a

e2
a. (4.35)

Note that integrating over z the multiplicities of produced particles enter,∫
dz

dσ(e−e+ → hX)

dz
= 〈ne

−e+

h 〉σ(e−e+ → hadrons) (4.36)

given by

〈ne
−e+

h 〉 =

∑
a e

2
a nh/a∑
a e

2
a

, (4.37)

where nh/a =
∫
dz D1h/a(z).
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4.4 lepton-hadron scattering

The hadronic tensor in this case is rewritten as

2MWµν(q;PS;PhSh) =
1

(2π)4

∫
d3PX

(2π)32P 0
X

(2π)4δ4(q + P − PX − Ph)

×〈PS|Jµ(0)|PX ;PhSh〉〈PX ;PhSh|Jν(0)|PS〉,

=
1

(2π)4

∫
d4x eiq·x 〈PS|Jµ(x)

∑
X

|X;Ph, Sh〉〈X;PhSh|Jν(0)|PS〉,

which in tree approximation (Born terms) becomes

2MWµν(q;PS;PhSh) =
1

(2π)4

∫
d4x eiq·x 〈PS| : ψj(x)(γµ)jkψk(x) :

∑
X

|X;PhSh〉

×〈X;PhSh| : ψl(0)(γν)liψi(0) : |PS〉

=
1

(2π)4

∫
d4x eiq·x 〈PS|ψj(x)ψi(0)|PS〉(γµ)jk

〈0|ψk(x)
∑
X

|X;PhSh〉〈X;PhSh|ψl(0)|0〉(γν)li

+
1

(2π)4

∫
d4x eiq·x 〈PS|ψk(x)ψl(0)|PS〉(γν)li

〈0|ψj(x)
∑
X

|X;PhSh〉〈X;PhSh|ψi(0)|0〉(γµ)jk,

=

∫
d4p d4k δ4(p+ q − k) Tr (Φ(p)γµ∆(k)γν) +

{
q ↔ −q
µ↔ ν

}
, (4.38)

where we have used

Φij(p) =
1

(2π)4

∫
d4x eip·x 〈PS|ψj(0)ψi(x)|PS〉,

∆kl(k) =
1

(2π)4

∫
d4x eik·x 〈0|ψk(x)

∑
X

|X;PhSh〉〈X;PhSh|ψl(0)|0〉,

and its symmetry properties (see section 2). Note that in Φ (quark production) a summation over col-
ors is assumed, while in ∆ (quark decay) an averaging over colors is assumed. We have not consid-
ered possible target fragmentation parts involving matrix elements of the form 〈PS|ψj(x)

∑
X |X;PhSh〉

〈X;PhSh|ψi(0)|PS〉.
Using the lightcone representation of the momenta in frame II (see section 1) it is easy to see that if

the quark momenta in the matrix elements Φ are limited, i.e. p2, p · P are of hadronic scale and similarly
in the matrix elements ∆ for k2 and k · Ph, one can write the delta function up to O(1/Q2) as

δ4(p+ q − k) ≈ δ(p+ + q+) δ(q− − k−) δ2(pT + qT − kT ), (4.39)

The result in leading order is then

2M Wµν =

∫
d2pT d

2kT δ
2(pT + qT − kT )Tr

(
[∫ dp−Φ(p)]γµ[∫ dk+∆(k)]γν

)∣∣
p+ = xBP

+

k− = P−h /z

=

(
qµqν
q2
− gµν +

P̃µP̃ν

P̃ 2

)
2z I[f1D1], (4.40)

where

I[f1D1] =

∫
d2pT d

2kT δ
2(pT + qT − kT ) f1(xB,pT )D1(z,−zkT ). (4.41)

Using the contraction with the leptonic tensor,

Lµν

(
qµqν
q2
− gµν +

P̃µP̃ν

P̃ 2

)
=

4Q2

y2

(
y2

2
+ 1− y

)
, (4.42)
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the cross section becomes

dσ(`H → `′hX)

dxB dy dz d2P h⊥
=

4πα2 s

Q4

y2

2
+ 1− y

xBI[f1D1], (4.43)

or integrated over P h⊥,

dσ(`H → `′hX)

dxB dy dz
=

4πα2 s

Q4

y2

2
+ 1− y

xBf1(xB)D1(z). (4.44)

The case of inclusive electroproduction is easily obtained using the result D1(z) = δ(1 − z) for quark
production off a quark, giving

dσ(`H → `′X)

dxB dy
=

4πα2 s

Q4

y2

2
+ 1− y

xBf1(xB). (4.45)

This leads to the well-known result for electroproduction of hadrons h (now also including the summation
over quarks and antiquarks, where the latter come from the second contribution in Eq. 4.38)

dσ(`H→`′hX)
dx dy dz

dσ(`H→`′X)
dx dy

=
N `H
h (x, z)∑

a e
2
a f1 a/H(x)

=

∑
a e

2
a f1 a/H(x)D1h/a(z)∑
a e

2
a f1 a/H(x)

. (4.46)

Upon integration over z one obtains∫
dz

dσ(`H → `′hX)

dx dy dz
= 〈n`Hh (x)〉dσ(`H → `′X)

dx dy
(4.47)

where 〈nh(x)〉 represents the average number of produced particles as a function of x,

〈n`Hh (x)〉 =

∑
a e

2
a nh/a f1 a/H(x)∑
a e

2
a f1 a/H(x)

, (4.48)

where nh/a =
∫
dz D1h/a(z).

Finally we note that we can write the inclusive cross section for different values of s = Q2/xB y in
terms of the virtual photon-quark cross section σ

(
γ∗(Q2) a→ a

)
as

dσ(`H → `′X)

dxB dy dQ2
=

1

Q2

α

π

1

y

y2

2
+ 1− y

∑
a

f1a/H(xB)σ
(
γ∗(Q2)a→ a

)
=

4π α2

Q4

1

y

y2

2
+ 1− y

 f1a/H(xB) δ

(
s

Q2
xBy − 1

)
, (4.49)

which is quite analogous to the situation in the Drell-Yan process.

4.5 Inclusion of longitudinal gluon contributions

We will consider in this section the inclusion of diagrams with gluons connecting the soft and hard part
(see fig. 4.2).

ΦαA ij(k, k1;P, S) =

∫
d4ξ

(2π)4

d4η

(2π)4
ei k1·ξ+i(k−k1)·η〈P, S|ψj(0) gAα(η)ψi(ξ)|P, S〉 (4.50)

(satisfying γ0Φα†A (k, k1)γ0 = ΦαA(k1, k)), and

∆α
A ij(k, k1;Ph, Sh) =

1

(2π)4

∫
d4ξ d4η ei k1·(ξ−η)+i k·η〈0|ψi(ξ)AαT (η) a†hahψj(0)|0〉, (4.51)

(satisfying γ0∆α†
A (k, k1)γ0 = ∆α

A(k1, k)). Performing the integrations dk− d2kT and dk−1 d2k1T one finds,
using k+ = xP+ and k+

1 = y P+, the lightcone correlation functions corresponding to multiparton matrix
elements, e.g.

ΦαA ij(x, y) ≡ P+

∫
dk− d2kT dk

−
1 d2k1T ΦαA ij(k, k1;P, S)

= P+

∫
dξ−

2π

dη−

2π
ei k1·(ξ−η)+ik·η〈P, S|ψj(0) gAα(η)ψi(ξ)|P, S〉

∣∣∣∣
LC

, (4.52)
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Figure 4.2: The quark-quark-gluon correlation functions
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Figure 4.3: Quark-quark-gluon correlation functions in lepton-hadron scattering

where the subscript LC refers to ’lightcone’, ξ+ = η+ = ξT = ηT = 0. Whatever way one parametrizes
the above matrix elements, it is clear that in a process the index α being + requires a + component of
one of the vectors of the soft part (P , S), which are of order Q after expanding in n± as discussed in the
previous chapters. These thus give the dominant contribution. We will analyse them first for lepton-hadron
scattering. We obtain four contributions as given in figure 4.3. Two of them have gluons connected to the
lower soft part (the hadron → quark part), the others gluons connected to the upper soft part (the quark
→ hadron part). Including the contribution of the handbag one has

2M Wµν =

∫
d4p d4k δ4(p+ q − k) Tr [Φ(p)γµ∆(k)γν ]

−
∫
d4p d4k d4p1 δ

4(p+ q − k)

{
Tr

[
γα

(/k − /p1 +m)

(k − p1)2 −m2 + iε
γνΦαA(p, p− p1)γµ∆(k)

]

+ Tr

[
γµ

(/k − /p1 +m)

(k − p1)2 −m2 − iε
γα∆(k)γνΦαA(p− p1, p)

]}

−
∫
d4p d4k d4k1 δ

4(p+ q − k)

{
Tr

[
γν

(/p− /k1 +m)

(p− k1)2 −m2 + iε
γαΦ(p)γµ∆α

A(k − k1, k)

]

+ Tr

[
γα

(/p− /k1 +m)

(p− k1)2 −m2 − iε
γµ∆α

A(k, k − k1)γνΦ(p)

]}
.

(4.53)
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[Note that we have for a quark-quark-gluon blob used momentum p1 (or k1) for the gluon and p− p1 (or
k − k1) for the quark. This is easier to extend when we consider multiple gluon correlation functions.]
In the remainder of this section we will often omit the standard integration

∫
d4p d4k δ4(p + q − k). The

momenta p1 and k1 connected to the soft hadronic parts are parametrized according to

p =

[
p−,

Q√
2
,pT

]
, p1 =

[
p−1 ,

x1Q√
2
,p1T

]
, p− k1 =

[
−z1

Q√
2
,
Q√

2
, . . .

]
, (4.54)

k =

[
Q√

2
, k+,kT

]
, k1 =

[
z1Q√

2
, k+

1 ,k1T

]
, k − p1 =

[
Q√

2
,−x1

Q√
2
, . . .

]
, (4.55)

The momentum appearing in the extra fermion propagator is p−p1 + q = k−p1 with (k−p1)2 = −x1Q
2,

or k − k1 − q = p− k1 with (p− k1)2 = −z1Q
2. Thus one has in leading order in 1/Q,

/k − /p1 +m

(k − p1)2 −m2 + iε
=

γ−

Q
√

2
+

γ+

(−x1 + iε)Q
√

2
− γT · (kT − p1T )−m

(−x1 + iε)Q2
, (4.56)

/p− k1 +m

(p− k1)2 −m2 + iε
=

γ+

Q
√

2
+

γ−

(−z1 + iε)Q
√

2
− γT · (pT − k1T )−m

(−z1 + iε)Q2
. (4.57)

This can be used to consider separately the contributions of transverse (AαT ) and longitudinal (A+) gluons.
For the transverse gluons, the trace of the first gluonic contribution becomes

−
∫
d4p1 Tr

[
γα

/k − /p1 +m

(k − p1)2 −m2 + iε
γνΦαA(p, p− p1)γµ∆(k)

]
=

∫
d4p1

(2π)4

∫
d4ξ

∫
d4η ei (p−p1)·ξ+i p1·η 〈P, S|ψ(0)γµ∆(k)

γα γ
−

Q
√

2
γν gA

α
T (η)ψ(ξ)|P, S〉,

which starts off at order 1/Q and at this order requires leading parts from ΦαA (proportional to P+ΦαAP−)
and leading parts from ∆ (proportional to P−∆P+). As {γ−, γαT } = 0 and γ−P+ = P−γ

− = 0 only the
γ− = P+γ

−P− part in Eq. 4.56 contributes. This term is independent of any of the components of p1, and
we thus can immediately consider the distributions

∫
d4p1 ΦαA(p, p− p1), or explicitly∫

d4ξ ei p·ξ 〈P, S|ψ(0)γµ∆(k)
γα γ

−

Q
√

2
γν gA

α
T (ξ)ψ(ξ)|P, S〉. (4.58)

This contribution will be studied in the next section. Note that it can be written in terms of the covariant
derivative as ∫

d4ξ ei p·ξ 〈P, S|ψ(0)γµ∆(k)
γα γ

−

Q
√

2
γν iD

α
T (ξ)ψ(ξ)|P, S〉

− pαT
∫
d4ξ ei p·ξ 〈P, S|ψ(0)γµ∆(k)

γα γ
−

Q
√

2
γν ψ(ξ)|P, S〉. (4.59)

In this section we consider next the contributions of longitudinal gluons (A+). They lead to traces of
the form

−
∫
d4p1 Tr

[
γ−

/k − /p1 +m

(k − p1)2 −m2 + iε
γνΦ+

A(p, p− p1)γµ∆(k)

]
The first term in Eq. 4.56 does not contribute. The second term contributes at O(1) as the dominant
contribution in Φ+

A is the part projected out by
∫
dp−1 P+Φ+

AP− which is of O(Q). Explicitly, we get for
the first correction in Eq. 4.53

−
∫

d4p1

(2π)4

∫
d4ξ

∫
d4η ei (p−p1)·ξ+i p1·η 〈P, S|ψ(0)γµ∆(k)γ−

γ+

(x1 − iε)Q
√

2
γν gA

+(η)ψ(ξ)|P, S〉

=

∫
dx1

2π

∫
d4ξ

∫
dη−

ei x1 p
+(η−−ξ−)

x1 − iε
ei p·ξ 〈P, S|ψ(0)γµ∆(k)

γ−γ+

2
γν gA

+(η)ψ(ξ)|P, S〉
∣∣∣∣ η+ = ξ+

ηT = ξT

=

∫
d4ξ

∫
dη− θ(η− − ξ−) ei p·ξ 〈P, S|ψ(0)γµ∆(k)P+ γν igA

+(η−)ψ(ξ)|P, S〉

= −
∫
d4ξ ei p·ξ 〈P, S|ψ(0)γµ∆(k)P+ γν ig

∫ ξ−

∞
dη−A+(η−)ψ(ξ)|P, S〉. (4.60)
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The second term in Eq. 4.53 gives

−
∫
d4p1 Tr

[
γµ

(/k − /p1 +m)

(k − p1)2 −m2 − iε
γ−∆(k)γνΦ+

A(p− p1, p)

]
=

∫
d4ξ ei p·ξ 〈P, S|ψ(0) ig

∫ 0

∞
dη−A+(η−) γµ P−∆(k) γν ψ(ξ)|P, S〉 (4.61)

The last two terms in Eq. 4.53 give

−
∫
d4k1

{
Tr

[
γν

(/p− /k1 +m)

(p− k1)2 −m2 + iε
γ+Φ(p)γµ∆−A(k1, k)

]

+ Tr

[
γ+ (/p− /k1 +m)

(p− k1)2 −m2 − iε
γµ∆−A(k, k − k1)γνΦ(p)

]}

=

∫
d4ξ ei k·ξ

{
Tr 〈0|ψ(ξ) a†hah ig

∫ 0

−∞
dη+A−(η+)ψ(0) γν P+ Φ(p) γµ|0〉

−Tr 〈0|ψ(ξ) ig

∫ ξ+

−∞
dη+A−(η+) a†hah ψ(0) γν Φ(p)P− γµ|0〉

}
.

The result of multiple A+- or A−-gluons together with the tree-level result gives in leading order in 1/Q
(when the projectors P+ and P− don’t matter) the exponentiated path-ordered result

2M Wµν =

∫
d4p d4k δ4(p+ q − k) Tr [Φ(p)γµ∆(k)γν ] (4.62)

with

Φij(p, P, S) =
1

(2π)4

∫
d4ξ ei p·ξ〈P, S|ψj(0)U (0,∞; 0T ) U (∞, ξ−; ξT )ψi(ξ)|P, S〉, (4.63)

∆ij(k, Ph, Sh) =
1

(2π)4

∫
d4ξ eik·ξ 〈0|U (−∞, ξ+; ξT )ψi(ξ) a

†
hah ψj(0)U (0,−∞; 0T )|0〉. (4.64)

Provided we assume that matrix elements containing bilocal operators ψ(0)AT (η± = ∓∞, ηT )ψ(ξ) vanish
for physical states, the above links can be connected resulting in a color gauge-invariant matrix element
that must be used in the definition of the correlation functions.

Before considering the transverse gluons let us check the case of two A+ gluons. For instance considering
a gauge choice A− = 0, one needs only to consider the absorption of the A+ gluons in the ’distribution’
part. Dressing the diagram leading to the first of the four terms above with another ’parallel’ gluon one
obtains a contribution∫

d4p d4k δ4(p+ q − k)

∫
d4p1

(2π)4

d4p2

(2π)4

∫
d4ξ

∫
d4η1 d

4η2 e
i (p−p1−p2)·ξ+i p1·η1+i p2·η2

×〈P, S|ψ(0)γµ∆(k)γ−
γ+

(x2 − iε)Q
√

2
γ−

γ+

(x1 + x2 − iε)Q
√

2
γν gA

+(η2) gA+(η1)ψ(ξ)|P, S〉

=

∫
d4p d4k δ4(p+ q − k)

∫
dx1

2π

dx2

2π

∫
d4ξ

∫
dη−1 dη−2

ei (x1+x2)p+(η−−ξ−) ei x2p
+(η−2 −η

−
1 )

(x1 + x2 − iε) (x2 − iε)
ei p·ξ

×〈P, S|ψ(0)γµ∆(k)P 2
+ γν gA

+(η2) gA+(η1)ψ(ξ)|P, S〉. (4.65)

The integration over x1 and x2 gives

iθ(η−1 − ξ−) iθ(η−2 − η
−
1 ), (4.66)

leading to the path ordering.



Chapter 5

Gluon fields and correlation functions

5.1 Quark-gluon correlation functions

For the analysis beyond the twist two level, it is necessary to include quark-gluon correlation functions.
We define

ΦαA ij(k, k1;P, S) =

∫
d4ξ

(2π)4

d4η

(2π)4
ei k1·(ξ−η)+ik·η〈P, S|ψj(0) gAαT (η)ψi(ξ)|P, S〉 (5.1)

(satisfying γ0Φα†A (k, k1)γ0 = ΦαA(k1, k)). Performing the integrations dk− d2kT and dk−1 d2k1T one finds,
using k+ = xP+ and k+

1 = y P+, the lightcone correlation functions corresponding to multiparton matrix
elements,

ΦαA ij(x, y) ≡ P+

∫
dk− d2kT dk

−
1 d2k1T ΦαA ij(k, k1;P, S)

= P+

∫
dξ−

2π

dη−

2π
ei k1·(ξ−η)+ik·η〈P, S|ψj(0) gAαT (η)ψi(ξ)|P, S〉

∣∣∣∣
LC

, (5.2)

where the subscript LC refers to ’lightcone’, ξ+ = η+ = ξT = ηT = 0. Up to the twist three level it is
often not necessary to consider this general three-field matrix element, but it is sufficient to consider the
bilocal matrix elements obtained after integration over d4k1,

ΦαA ij(k;P, S) =

∫
d4ξ

(2π)4
ei k·ξ〈P, S|ψj(0) gAαT (ξ)ψi(ξ)|P, S〉

=

∫
d4k1 ΦαA ij(k, k1;P, S), (5.3)

(γ0Φα†A γ0)ij(k;P, S) =

∫
d4ξ

(2π)4
ei k·ξ〈P, S|ψj(0) gAαT (0)ψi(ξ)|P, S〉

=

∫
d4k1 ΦαA ij(k1, k;P, S). (5.4)

PP

k
k k-k1 1

Figure 5.1: The quark-quark-gluon correlation function
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We already mention here a third possible bilocal matrix element,

Φ′αA ij(k;P, S) =

∫
d4ξ

(2π)4
ei k·ξ〈P, S|ψj(0)ψi(0) gAαT (ξ)|P, S〉

=

∫
d4k1 ΦαA ij(k + k1, k1;P, S). (5.5)

One-argument lightcone correlation functions are obtained after integration over dk−d2kT ,

ΦαA ij(x) ≡
∫
dk− d2kT ΦαA ij(k;P, S). (5.6)

A factor P+ has been included in the definition of ΦαA(x, y), such that one has for the one-argument
lightcone correlation functions ΦαA(x) =

∫
dyΦαA(x, y), etc. First, as before the same constraints as before

from parity and time reversal invariance can be used. Including only terms that potentially contribute at
the twist three level one obtains using only parity the general form

Fα(k, P, S) = C1 /Pkα⊥ +M C2 [γα, /P ] + (C3/M) [/P, /k⊥] kα⊥ + iC4 ε
α
νρσγ

νγ5P
ρkσ⊥

+M C5 /Pγ5S
α
⊥ + (C6/M) /Pγ5k

α
⊥ (k · S) + C7 [/P, γα]γ5 (k · S)

+C8 [/k⊥, /P ]γ5 S
α + C9 [/S⊥, /P ]γ5 k

α
⊥ + (C10/M

2) [/k⊥, /P ]γ5 k
α
⊥ (k · S)

+iM C11 ε
α
νρσγ

νP ρSσ⊥ + i(C12/M) εµνρσγ
µP νkρ⊥S

σ
⊥ k

α
⊥

+i(C13/M) εανρσγ
νP ρkσ⊥ (k · S) (5.7)

Fα†(k, P, S) = γ0

(
C∗1 /Pkα⊥ −M C∗2 [γα, /P ] + . . .

)
γ0. (5.8)

All amplitudes only depend on P ·k and k2. By choosing our conventions such that the the Dirac structures
multiplying C2, C3, C4, and C11, C12, C13 are antihermitean (Γ† = −γ0Γγ0) and hermitean (Γ† = γ0Γγ0)
otherwise, all amplitudes are real when time reversal invariance applies.

Before starting with the twist-analysis we will discuss the issue of color gauge invariance. First of all, we
of course need to employ correlation functions containing the covariant derivative iDµ(ξ) = i∂µ + g Aµ(ξ)
and field strength tensor Gρσ(ξ) = (i/g)[Dρ(ξ), Dσ(ξ)] instead of the Aµ fields. These are

ΦαD ij(k, k1;P, S) =

∫
d4ξ

(2π)4

d4η

(2π)4
ei k1·(ξ−η)+ik·η〈P, S|ψj(0) iDα(η)ψi(ξ)|P, S〉, (5.9)

and

ΦαG ij(k, k1;P, S) =

∫
d4ξ

(2π)4

d4η

(2π)4
ei k1·(ξ−η)+ik·η〈P, S|ψj(0) gG+α(η)ψi(ξ)|P, S〉, (5.10)

and as before the lightcone correlation functions

ΦαD ij(x, y) =

∫
dξ−

2π

dη−

2π
ei k1·(ξ−η)+ik·η〈P, S|ψj(0) iDα(η)ψi(ξ)|P, S〉

∣∣∣∣
LC

, (5.11)

ΦαG ij(x, y) =

∫
dξ−

2π

dη−

2π
ei k1·(ξ−η)+ik·η〈P, S|ψj(0) gG+α(η)ψi(ξ)|P, S〉

∣∣∣∣
LC

. (5.12)

Bilocal correlation functions are again obtained after integration over one momentum,

ΦαD ij(k;P, S) =

∫
d4ξ

(2π)4
ei k·ξ〈P, S|ψj(0) iDα

T (ξ)ψi(ξ)|P, S〉

=

∫
d4k1 ΦαD ij(k, k1;P, S). (5.13)

and the function

Φ′αG ij(k;P, S) =

∫
d4ξ

(2π)4
ei k·ξ〈P, S|ψj(0)ψi(0)G+α(ξ)|P, S〉.

=

∫
d4k1 ΦαG ij(k + k1, k1;P, S) = −ik+

∫
d4k1 ΦαA ij(k + k1, k1;P, S). (5.14)
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The above expressions (without link) are only useful in the gauge A+ = 0, in which case the relation
between AαT and G+α is simple, G+α = ∂+AαT = ∂−A

α
T . Possible inversions are (only considering the

dependence on the minus component),

AαT (η−) = AαT (∞)−
∫ ∞
−∞

dζ− θ(ζ− − η−)G+α(ζ−)

= AαT (−∞) +

∫ ∞
−∞

dζ− θ(η− − ζ−)G+α(ζ−)

=
AαT (∞) +AαT (−∞)

2
− 1

2

∫ ∞
−∞

dζ− ε(ζ− − η−)G+α(ζ−) (5.15)

or using the representation for the θ-function,

±i θ(±ξ) =

∫
dk

2π

eikξ

k ∓ iε
, i ε(ξ) =

∫
dk

2π
PP

eikξ

k
, (5.16)

one obtains (omitting the hadron momenta and spin vectors)

ΦαA(k, k1) = δ(k+ − k+
1 ) ΦαA(∞)(k, k1) +

i

k+ − k+
1 − iε

ΦαG(k, k1)

= δ(k+ − k+
1 ) ΦαA(−∞)(k, k1) +

i

k+ − k+
1 + iε

ΦαG(k, k1)

= δ(k+ − k+
1 )

ΦαA(∞)(k, k1) + ΦαA(−∞)(k, k1)

2
+ PP

i

k+ − k+
1

ΦαG(k, k1), (5.17)

where

δ(k+ − k+
1 ) ΦαA(±∞) ij(k, k1)

≡
∫

d4ξ

(2π)4

d4η

(2π)4
ei k·ξ ei (k−k1)·η〈P, S|ψj(0) gAαT (±∞, η+, ηT )ψi(ξ)|P, S〉, (5.18)

and
δ(k+ − k+

1 )
[
ΦαA(∞)(k, k1)− ΦαA(−∞)(k, k1)

]
= 2π δ(k+ − k+

1 ) ΦαG(k, k1) (5.19)

The constraints following from hermiticity, parity and time-reversal are the following,

Φα †D (k, k1;P, S) = γ0 ΦαD(k1, k;P, S)γ0, (5.20)

ΦαD(k, k1;P, S) = γ0 ΦDα(k̄, k̄1; P̄ ,−S̄)γ0, (5.21)

Φα ∗D (k, k1;P, S) = (−iγ5C) ΦDα(k̄, k̄1; P̄ , S̄)(−iγ5C). (5.22)

Similar properties hold for ΦA and with a minus sign for the last relation (time reversal) also for ΦG. We
note the following for the boundary condition terms defined in Eq. 5.18 under time-reversal:

(2π) δ(k+ − k+
1 ) Φα∗A(∞)(P, S; k, k1) = (2π) δ(k̄+ − k̄+

1 ) (−iγ5C) ΦαA(−∞)(P̄ , S̄; k̄, k̄1) (−iγ5C). (5.23)

This is the consequence of the fact that the point η− = ∞ is defined by η · n+ = ∞, which after time
reversal transforms into the point η · n̄+ = −∞. Since the component η̄− is not integrated over the minus
sign is not removed by a change of variables as is the case in ΦA(k, k1) (analoguously to the case spelled
out for Φ in the first paragraph of chapter 2). Thus we see that the left and right sides of Eqs 5.17 are
consistent.

Integrating over dk− d2kT and dk−1 d2k1T one finds

ΦαA(x, y) = δ(x− y) ΦαA(∞)(x) +
i

x− y − iε
ΦαG(x, y)

= δ(x− y) ΦαA(−∞)(x) +
i

x− y + iε
ΦαG(x, y)

=
1

2
δ(x− y) ΦαA(∞)(x) + ΦαA(−∞)(x)︸ ︷︷ ︸

≡2πΦαBC(x)

+PP
i

x− y
ΦαG(x, y), (5.24)
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where

δ(x− y) ΦαA(±∞) ij(x)

= P+

∫
dξ−

2π

dη−

2π
ei k·ξ ei (k−k1)·η〈P, S|ψj(0) gAαT (±∞, 0,0T )ψi(ξ)|P, S〉

∣∣∣∣
LC

(5.25)

δ(x− y)
[
ΦαA(∞)(x)− ΦαA(−∞)(x)

]
︸ ︷︷ ︸

2πΦαG(x,x)

= 2π δ(x− y) ΦαG(x, y). (5.26)

We note that the constraints from hermiticity, parity and time reversal relate functions at different mo-
menta. However, for the lightcone fractions x and y the same fraction appears right and left since they are
expansions of quark momenta in hadron momenta, k = xP + . . . and k̄ = x P̄ + . . ., all of which become
barred. Further, we note that if ΦG(x, x) 6= 0 a pole appears in ΦA, hence the name ’gluonic pole’.

In order to define color gauge invariant functions it is necessary to include the link operator,

U(η, ξ) = P exp

(
−ig

∫ ξ−

η−
dζµAµ(ζ))

)
, (5.27)

where we will implicitly understand that the path runs along the minus direction with ξ+ = η+ = 0 and
ξT = ηT . Of course this means that relations hereafter need to be integrated over the minus components
of the momenta. The path-ordered integral is defined as

U(η, ξ) = P exp

(
−ig

∫ 1

0

ds
dζµ(s)

ds
Aµ(ζ(s))

)
≡ 1− ig

∫ 1

0

ds
dζµ(s)

ds
Aµ(ζ(s))

+(ig)2

∫ 1

0

ds1
dζµ(s)

ds1
Aµ(ζ(s1))

∫ 1

s1

ds2
dζµ(s2)

ds2
Aµ(ζ(s2)) +O(g3), (5.28)

where ζ(s) is a path running from η = ζ(0) to ξ = ζ(1). The path ordered exponential is just the (infinite)
product of infinitesimal link operators of the form

U(ξ, ξ + dξ) = 1− ig dξµAµ(ξ). (5.29)

From this infinitesimal form one checks that a counter-clockwise plaquette of four links, is given by

U(ξ, ξ + dξ)U(ξ + dξ, ξ + dξ + dη)U(ξ + dξ + dη, ξ + dη)U(ξ + dη, ξ) = 1− ig dξρdησ Gρσ(ξ). (5.30)

From the infinitesimal forms of links and plaquettes the following properties follow

i∂+
ξ U(η, ξ) = U(η, ξ) iD+(ξ) (5.31)

iDα
T (η)U(η, ξ) = U(η, ξ) iDα

T (ξ) +

∫ ξ−

η−
dζ−U(η, ζ) [iD+(ζ), iDα

T (ζ)]U(ζ, ξ)

= U(η, ξ) iDα
T (ξ) + ig

∫ ξ−

η−
dζ−U(η, ζ)G+α(ζ)U(ζ, ξ), (5.32)

where α = 1,2 (transverse), and hence along the link (where ζT = ξT ) iDα
T (ζ) = i∂αξ + g AαT (ζ).

Including links we start with the gauge invariant definition of Φij(x,kT ),

Φij(x,kT ) =

∫
dξ−d2ξT

(2π)3
eik·ξ 〈P, S|ψj(0)U(0,∞)U(∞, ξ)ψi(ξ)|P, S〉

∣∣∣∣
ξ+=0

. (5.33)

A note can be made at this point about the behavior of the correlation functions with a link (to be
discussed in more detail below). Under time reversal the correlation function Φij(x,kT ) will not transform
into itself, but the link will run via ξ− = −∞ instead of ξ− = ∞. Only when the matrix element in
Eq. 5.18 vanishes or after integration over transverse momenta time reversal can be used to constrain the
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parametrization of Φ and similarly other correlation functions. Multiplying the correlation function with
the quark momentum we obtain,

kµ Φij(x,kT ) =

∫
dξ− d2ξT

(2π)3
eik·ξ 〈P, S|ψj(0)U(0,∞) i∂µ U(∞, ξ)ψi(ξ)|P, S〉

∣∣∣∣
ξ+ = 0

, (5.34)

where i∂µ can be read as i
←
∂µ0 or i

→
∂µξ . Depending on the Lorentz index of the derivative, one can use

the link relations given before to rewrite the derivative in terms of correlation functions containing the
covariant derivative,

(ΦαD)ij (x,kT ) =

∫
dξ−d2ξT

(2π)3
ei k·ξ〈P, S|ψj(0)U(0,∞)U(∞, ξ) iDα

T (ξ)ψi(ξ)|P, S〉
∣∣∣∣
ξ+ = 0

. (5.35)

First of all, one of the correlation functions (with covariant derivative) is trivial. Because of the choice of
link, which lies along the minus direction in the point ξ (except for the points ξ− = ∞), one has for the
+-component the relation

k+ Φij(x,kT ) =

∫
dξ− d2ξT

(2π)3
eik·ξ 〈P, S|ψj(0)U(0,∞)U(∞, ξ) iD+ψi(ξ)|P, S〉

∣∣∣∣
ξ+ = 0

. (5.36)

For the transverse component one finds

kαT Φij(x,kT ) = (Φα∂ )ij(x,kT )

=

∫
dξ− d2ξT

(2π)3
eik·ξ

{
〈P, S|ψj(0)U(0,∞) iDα

Tψi(ξ)|P, S〉
∣∣∣∣
ξ+=0

− (ΦαA(∞))ij(x,kT )

− 〈P, S|ψj(0)U(0,∞)

∫ ξ−

∞
dη− U(∞, η) g G+α(η)U(η, ξ)ψi(ξ)|P, S〉

∣∣∣∣
ξ+=0

}
. (5.37)

Performing the kT integration this leads to

Φα∂ (x) = ΦαD(x)− ΦαA(∞)(x)−
∫
dy

i

x− y − iε
ΦαG(x, y) = ΦαD(x)− ΦαA(x). (5.38)

The sensitivity to background gluonic fields appears through the boundary terms, i.e. the
matrix elements Φ

α[Γ]

A(±∞)(x). We have already encountered the antisymmetric combination.
We define also the symmetric combination. Thus

2πΦαBC(x) =
[
ΦαA(∞)(x) + ΦαA(−∞)(x)

]
2πΦαG(x, x) =

[
ΦαA(∞)(x)− ΦαA(−∞)(x)

]
where the important observation is that these two combinations have opposite behavior
under time-reversal (even and odd, respectively). In later calculations we will typically see
the following combination showing up,∫

dy
x− y

x− y − iε ΦA(x, y) =

∫
dy

i

x− y − iε ΦG(x, y),

= ΦαD(x)− Φα∂ (x)− πΦαBC(x)− πΦαG(x, x)

Considering the above as one object, Φ
α(eff)
A (x) one needs in the parametrization T-odd

functions if ΦαG(x, x) 6= 0. It is consistent with the observation that the presence of links
prohibits the use of T-reversal constraints for Φ(x,kT ).

The projections obtained for the quark-gluon corrrelation functions with transverse gluon fields are
not independent from the ones defined for the quark-quark correlation functions, either. They can be
connected to quark-quark correlation functions with one good and one bad quark field using the QCD
equation of motion, (i/D −m)ψ(x) = 0. From this equation it is straightforward to derive the relations

iDµψ + σµνDνψ −mγµψ = 0, (5.39)

iγµDνψ − iγνDµψ + imσµνψ + iεµνρσγσγ5 iDρψ = 0. (5.40)
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or explicitly

iD+ψ − iσ+− iD+ψ + iσα+ iDαψ −mγ+ψ = 0, (5.41)

γ+ iDαψ − iεαβT γ+γ5 iDβψ = imσα+ψ + γα iD+ψ − iεαβT γβγ5 iD
+ψ, (5.42)

where εαβT = ε−+αβ . This immediately leads to the (T-even) relations

Φ
[σα+]
Dα (x,kT ) = εTαβ Φ

α[iσβ+γ5]
D (x,kT ) = i (Mxe−mf1) + εT ij k

i
TS

j
T xh

⊥
T (5.43)

Φ
[iσα+γ5]
Dα (x,kT ) = Mxhs −mg1s, (5.44)

Φ
α[γ+]
D (x,kT )− iεαβT Φ

[γ+γ5]
Dβ (x,kT ) = kαT xf

⊥ − iεαβT kTβ

(
xg⊥s −

m

M
h⊥1s

)
−iεαβT STβ (Mxg′T −mh1T ) . (5.45)

or including the T-odd possibilities

Φ
[σα+]
Dα (x,kT ) = εTαβ Φ

α[iσβ+γ5]
D (x,kT ) = i (Mxe−mf1 − iMxh)

+ εT ij k
i
TS

j
T

(
xh⊥T + i

m

M
f⊥1T

)
(5.46)

Φ
[iσα+γ5]
Dα (x,kT ) = Mxhs −mg1s + iMx es, (5.47)

Φ
α[γ+]
D (x,kT )− iεαβT Φ

[γ+γ5]
Dβ (x,kT ) = kαT

(
xf⊥ + i

m

M
h⊥1

)
− iεαβT kTβ

(
xg⊥s −

m

M
h⊥1s − iλ x f⊥L

)
− iεαβT STβ (Mxg′T −mh1T − iMx fT ) . (5.48)

These relations for ΦD can actually be considered as defining relations for the twist three correla-
tion functions, again including kT -dependence. Integrating the kT -dependence the most general form for
ΦαD(x, y) actually is

ΦαD(x, y) =
M

2P+

{
GD(x, y) iεαβT STβ/n+ + G̃D(x, y)SαT γ5/n+

+HD(x, y)λ γ5γ
α
T /n+ + ED(x, y) γαT /n+

}
. (5.49)

with hermiticity leading to

G∗D(x, y) = −GD(y, x), (5.50)

G̃∗D(x, y) = G̃D(y, x), (5.51)

H∗D(x, y) = HD(y, x), (5.52)

E∗D(x, y) = −ED(y, x). (5.53)

The equations of motion are then giving the relations∫
dy GD(x, y) = GD(x) = C(x) + ix fT (x), (5.54)∫
dy G̃D(x, y) = G̃D(x) = C(x) + x gT (x)− m

M
h1(x), (5.55)

2

∫
dy HD(x, y) = 2HD(x) = xhL(x)− m

M
g1(x) + ix eL(x), (5.56)

2

∫
dy ED(x, y) = 2ED(x) = −x e(x) +

m

M
f1(x) + ix h(x), (5.57)

where the function C(x) cannot be given in terms of quark-quark correlation functions.
From ΦD, we can get ΦA, in essence as ΦA = ΦD - Φ∂ . For the T-even case this leads to
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gΦ
[σα+]
Aα (x,kT ) = εTαβ gΦ

α[iσβ+γ5]
A (x,kT )

≡ iMx ẽ+ εT ij k
i
TS

j
T xh̃

⊥
T

= i (Mxe−mf1)− εT ij kiTSjT (h1T − xh⊥T ) (5.58)

or

gΦ
α[iσβ+γ5]
A (x,kT )− gΦ

β[iσα+γ5]
A (x,kT )

≡ iεαβT Mx ẽ−
(
SαT k

β
T − kαT SβT

)
xh̃⊥T ,

= iεαβT (Mxe−mf1) +
(
SαT k

β
T − kαT SβT

)
(h1T − xh⊥T ), (5.59)

gΦ
[iσα+γ5]
Aα (x,kT ) ≡Mx h̃s = Mxhs −mg1s − (kT · ST )h1T −

k2
T

M
h⊥1s, (5.60)

gΦ
α[γ+]
A (x,kT )− iεαβT gΦ

[γ+γ5]
Aβ (x,kT )

≡ kαT xf̃⊥ − iεαβT kTβ xg̃
⊥
s − iεαβT STβMx g̃′T

= kαT (xf⊥ − f1)− iεαβT kTβ

(
xg⊥s − g1s −

m

M
h⊥1s

)
− iεαβT STβ (Mxg′T −mh1T ) ,

(5.61)

which are useful objects as they appear as soft quark-quark-gluon parts in a diagrammatic expansion of

hard scattering processes. As the operators Γ used in Φ
α[Γ]
A are hermitean in the sense that Γ† = γ0Γγ0

one has

(γ0Φα†A γ0)[Γ] =
(

Φ
α[Γ]
A

)∗
. (5.62)

Integrated over kT the above relations become

gΦ
[σα+]
Aα (x) = εTαβ gΦ

α[iσβ+γ5]
A (x) ≡ iMx ẽ = i (Mxe−mf1) , (5.63)

or

gΦ
α[iσβ+γ5]
A (x)− gΦ

β[iσα+γ5]
A (x) ≡ iεαβT Mx ẽ = iεαβT (Mxe−mf1) , (5.64)

gΦ
[iσα+γ5]
Aα (x) = λMx h̃L = λ

(
MxhL −mg1 + 2M h

⊥ (1)
1L

)
, (5.65)

gΦ
α[γ+]
A (x)− iεαβT gΦ

[γ+γ5]
Aβ (x) ≡ −iεαβT STβMx g̃T = −iεαβT STβ

(
MxgT −mh1 −M g

(1)
1T

)
,(5.66)

where the upper index (1) denotes

f (1)(x) =

∫
d2kT

k2
T

2M2
f(x,kT ). (5.67)

The tilde functions are precisely the parts vanishing for the free quark case. This was the way they have
been introduced in chapter 2.

With the same parametrization for ΦαA(x, y) as the one for ΦαD(x, y) given above one obtains (including
now the T-odd functions)∫

dy GA(x, y) = GA(x) = C(x) + ix fT (x) + i f
⊥(1)
1T (x), (5.68)∫

dy G̃A(x, y) = G̃A(x) = C(x) + x gT (x)− m

M
h1(x)− g(1)

1T (x), (5.69)

2

∫
dy HA(x, y) = 2HA(x) = xhL(x)− m

M
g1(x) + 2h

⊥(1)
1L (x) + ix eL(x), (5.70)

2

∫
dy EA(x, y) = 2EA(x) = −x e(x) +

m

M
f1(x) + ix h(x) + 2i h

⊥(1)
1 (x). (5.71)

For the antiquarks one needs to consider matrix elements

Φ
α

A ij(k, P, S) =
1

(2π)4

∫
d4ξ e−i k·ξ〈P, S|ψi(ξ)AαT (ξ)ψj(0)|P, S〉 = −ΦαA ij(−k, P, S), (5.72)

(γ0Φ
α†
A γ0)ij(k, P, S) =

1

(2π)4

∫
d4ξ e−i k·ξ〈P, S|ψi(ξ)AαT (0)ψj(0)|P, S〉. (5.73)
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For them one obtains, using for the nonlocal quark-quark matrix element

1

(2π)4

∫
d4ξ e−ik·ξ 〈P, S|ψi(ξ)U i∂µ U ψj(0)|P, S〉 = −kµ Φij(k, P, S) (5.74)

(where i∂µ can be read as i
←
∂µξ or i

→
∂µ0 ) and the equations of motion, the relations

gΦ
[σα−]

Aα (x,kT ) = −εTαβ gΦ
α[iσβ−γ5]

A (x,kT )

= i
(
Mxe−mf1

)
− εT ij kiTSjT (h1T − xh

⊥
T ) (5.75)

or

gΦ
α[iσβ−γ5]

A (x,kT )− gΦ
β[iσα−γ5]

A (x,kT )

= −iεαβT
(
Mxe−mf1

)
−
(
SαT k

β
T − kαT SβT

)
(h1T − xh

⊥
T ), (5.76)

gΦ
[iσα−γ5]

Aα (x,kT ) = −Mxhs +mg1s + (kT · ST )h1T +
k2
T

M
h
⊥
1s, (5.77)

gΦ
α[γ−]

A (x,kT ) + iεαβT gΦ
[γ−γ5]

Aβ (x,kT )

= −kαT (xf
⊥ − f1) + iεαβT kTβ

(
xg⊥s − g1s −

m

M
h
⊥
1s

)
+ iεαβT STβ

(
Mxg′T −mh1T

)
.

(5.78)

The kT -integrated result is

gΦ
[σα−]

Aα (x) = −εTαβ gΦ
α[iσβ−γ5]

A (x) = i
(
Mxe−mf1

)
, (5.79)

or

gΦ
α[iσβ−γ5]

A (x)− gΦ
β[iσα−γ5]

A (x) = −iεαβT
(
Mxe−mf1

)
, (5.80)

gΦ
[iσα−γ5]

Aα (x) = −λ
(
MxhL −mg1 − 2M h

⊥ (1)

1L

)
, (5.81)

gΦ
α[γ−]

A (x) + iεαβT gΦ
[γ−γ5]

Aβ (x) = iεαβT STβ

(
MxgT −mh1 −M g

(1)
1T

)
. (5.82)

For the fragmentation part one needs to consider the matrix elements

∆α
A ij(k, k1;Ph, Sh) =

1

(2π)4

∫
d4ξ d4η ei k1·(ξ−η)+i k·η〈0|ψi(ξ)AαT (η) a†hahψj(0)|0〉, (5.83)

or after integration over k1 the bilocal matrix elements

∆α
A ij(k, Ph, Sh) =

1

(2π)4

∫
d4ξ ei k·ξ〈0|ψi(ξ)AαT (ξ) a†hahψj(0)|0〉, (5.84)

(γ0∆α†
A γ0)ij(k, Ph, Sh) =

1

(2π)4

∫
d4ξ ei k·ξ〈0|ψi(ξ) a†hahA

α
T (0)ψj(0)|0〉. (5.85)

The twist analysis for the projections

∆
α[Γ]
A (z,kT ) =

1

4z

∫
dk+ Tr (∆α

AΓ)

∣∣∣∣
k− =P−h /z, kT

=

∫
dξ+d2ξ⊥
4z (2π)3

ei k·ξ Tr 〈0|ψ(ξ)AαT (ξ) a†hah ψ(0)Γ|0〉
∣∣∣∣
ξ− = 0

, (5.86)

is completely analogous to the distribution part. The equation of motion together with

1

(2π)4

∫
d4ξ eik·ξ 〈0|ψi(ξ) i∂µ a†hah ψj(0)|0〉 = kµ ∆ij(k, Ph, S) (5.87)

(where i∂µ can be read as i
←
∂µξ or i

→
∂µ0 ), now give the relations
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g∆
[σα−]
Aα = −εαβ g∆

α[iσβ−γ5]
A = i

(
Mh

z
Ẽ − i Mh

z
H̃

)
−εij kiTS

j
hT

(
1

z
H̃⊥T + i

m

Mh
D̃⊥1T

)
= i

(
Mh

z
E −mD1 − i

Mh

z
H + i

k2
T

Mh
H⊥1

)
+εij k

i
TS

j
hT

(
H1T −

1

z
H⊥T − i

m

Mh
D⊥1T

)
, (5.88)

or

g∆
α[iσβ−γ5]
A − g∆

β[iσα−γ5]
A = −iεαβT

(
Mh

z
Ẽ − i Mh

z
H̃

)
−
(
SαhTk

β
T − kαT S

β
hT

) (1

z
H̃⊥T + i

m

Mh
D̃⊥1T

)
= −iεαβT

(
Mh

z
E −mD1 − i

Mh

z
H + i

k2
T

Mh
H⊥1

)
+
(
SαhTk

β
T − kαT S

β
hT

) (
H1T −

1

z
H⊥T − i

m

Mh
D⊥1T

)
, (5.89)

g∆
[iσα−γ5]
Aα =

Mh

z
H̃s + i

Mh

z
Ẽs

=
Mh

z
Hs −mG1s + i

Mh

z
Es − (kT · ShT )H1T −

k2
T

Mh
H⊥1s, (5.90)

g∆
α[γ−]
A + iεαβT g∆

[γ−γ5]
Aβ = kαT

(
D̃⊥

z
+ i

m

Mh
H̃⊥1

)
−
(
kαT k

i
T + 1

2 k
2
T g

αi
T

)
εT ijS

j
hT

Mh
D̃⊥1T

+iεαβT kTβ

(
G̃⊥s
z
− i λh

D̃⊥L
z

)
+ iεαβT Shβ

(
Mh

z
G̃′T − iMh

D̃T

z

)

= kαT

(
1

z
D⊥ −D1 + i

m

Mh
H⊥1

)
− kαT
Mh

εijk
i
TS

j
hT D

⊥
1T

+ iεαβT kTβ

(
1

z
G⊥s −G1s −

m

Mh
H⊥1s − i λh

D⊥L
z

)
+ iεαβT ShTβ

(
Mh

z
G′T −mH1T − iMh

DT

z

)
, (5.91)

and ∆
α†[Γ]
A = (∆

α[Γ]
A )∗. Note that the twist two profile functions D⊥1T , H⊥1 and the twist three profile

functions EL, ET and H, that are odd under time reversal, enter as the imaginary parts in ∆
α[Γ]
A . Again

the tilde functions are the ’interaction-dependent’ distribution functions. Note that the time reveral odd
functions are interaction-dependent, e.g. D⊥1T = D̃⊥1T , etc. We have, however, made the choices DT =

D̃T − zD⊥(1)
1T and H = H̃ − zH⊥(1)

1 which guarantee the absence of D⊥1T and H⊥1 in the integrated results.
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The kT -integrated results are

g∆
[σα−]
Aα (z) = −εαβ g∆

α[iσβ−γ5]
A (z) = i

(
Mh

z
Ẽ − i Mh

z
H̃

)
= i

(
Mh

z
E −mD1 − iMh

H
z

+ 2H
⊥ (1)
1

)
= i

(
Mh

z
E −mD1 − iMh

d

dz

[
z H
⊥(1)
1

])
(5.92)

or

g∆
α[iσβ−γ5]
A (z)− g∆

β[iσα−γ5]
A (z) = −iεαβT

(
Mh

z
Ẽ − i Mh

z
H̃

)
,

= −iεαβT
(
Mh

z
E −mD1 − iMh

H
z

+ 2H
⊥(1)
1

) , (5.93)

g∆
[iσα−γ5]
Aα (z) = λh

(
Mh

z
H̃L + i

Mh

z
ẼL

)
= λh

(
Mh

z
HL −mG1 + i

Mh

z
EL − 2MhH

⊥ (1)
1L

)
,(5.94)

g∆
α[γ−]
A (z) + iεαβT g∆

[γ−γ5]
Aβ (z) = iεαβT ShTβ

(
Mh

z
G̃T + i

Mh

z
D̃T

)
= iεαβT ShTβ

(
Mh

z
GT −mH1 −MhG

(1)
1T + iMh

DT

z
+D

⊥ (1)
1T

)
= iεαβT ShTβ

(
Mh

z
GT −mH1 −MhG

(1)
1T − iMhz

d

dz

[
D
⊥(1)
1T

])
, (5.95)

where

D(1)(z) = z2

∫
d2kT

k2
T

2M2
h

D1(z,−zkT ). (5.96)

For the antiquark fragmentation part one needs to consider the matrix elements

∆
α

A ij(k, Ph, Sh) =
1

(2π)4

∫
d4ξ e−i k·ξ〈0|ψj(0)AαT (ξ) a†hahψi(ξ)|0〉 = −∆α

A ij(−k, Ph, Sh), (5.97)

(γ0∆
α†
A γ0)ij(k, Ph, Sh) =

1

(2π)4

∫
d4ξ e−i k·ξ〈0|ψj(0) a†hahA

α
T (0)ψi(ξ)|0〉. (5.98)

Using the equation of motion together with

1

(2π)4

∫
d4ξ e−ik·ξ 〈0|ψj(0) i∂µ a†hah ψi(ξ)|0〉 = −kµ ∆ij(k, Ph, S) (5.99)

(where i∂µ can be read as i
←
∂µ0 or i

→
∂µξ ), now give the relations
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g∆
[σα+]

Aα = εαβ g∆
α[iσβ+γ5]

A = i

(
Mh

z
E −mD1 + i

Mh

z
H − i k

2
T

Mh
H
⊥
1

)
+εij k

i
TS

j
hT (H1T −

1

z
H
⊥
T + i

m

Mh
D
⊥
1T ), (5.100)

or

g∆
α[iσβ+γ5]

A − g∆
β[iσα+γ5]

A = iεαβT

(
Mh

z
E −mD1 + i

Mh

z
H − i k

2
T

Mh
H
⊥
1

)
−
(
SαhTk

β
T − kαT S

β
hT

)
(H1T −

1

z
H
⊥
T + i

m

Mh
D
⊥
1T ), (5.101)

g∆
[iσα+γ5]

Aα = −Mh

z
Hs +mG1s + i

Mh

z
Es + (kT · ShT )H1T +

k2
T

Mh
H
⊥
1s, (5.102)

g∆
α[γ+]

A − iεαβT g∆
[γ+γ5]

Aβ = −kαT
(

1

z
D
⊥ −D1 − i

m

Mh
H
⊥
1

)
− kαT
Mh

εijk
i
TS

j
hT D

⊥
1T

−iεαβT kTβ

(
1

z
G
⊥
s −G1s −

m

Mh
H
⊥
1s + i λh

D
⊥
L

z

)

−iεαβT ShTβ

(
Mh

z
G
′
T −mH1T + i

Mh

z
DT

)
. (5.103)

The kT -integrated results are

g∆
[σα+]

Aα (z) = εαβ g∆
α[iσβ−γ5]

A (z) = i

(
Mh

z
E −mD1 + i

Mh

z
H − 2iMhH

⊥ (1)

1

)
(5.104)

or

g∆
α[iσβ+γ5]

A (z)− g∆
β[iσα+γ5]

A (z) = iεαβT

(
Mh

z
E −mD1 + i

Mh

z
H − 2iMhH

⊥(1)

1

)
, (5.105)

g∆
[iσα+γ5]

Aα (z) = −λh
(
Mh

z
HL −mG1 − i

Mh

z
EL − 2MhH

⊥ (1)

1L

)
, (5.106)

g∆
α[γ+]

A (z)− iεαβT g∆
[γ+γ5]

Aβ (z) = −iεαβT ShTβ

(
Mh

z
GT −mH1 −MhG

(1)

1T − iMhD
⊥(1)

1T + i
Mh

z
DT

)
.

(5.107)

5.2 Gluon distribution functions (new)

The simplest gauge invariant correlator involving two gluon fields are the lightfront correlator

Γµν(x, pT ;n,C,C ′) =

∫
d(ξ · P ) d2ξT

(2π)3
ei p·ξ 〈P |Gnν(0)U

[n,C]
[0,ξ] Gnµ(ξ)U

[n,C′]
[ξ,0] |P 〉

∣∣∣∣
LF

, (5.108)

where a color trace over the operator is understood, and the lightcone correlator

Γµν(x;n) =

∫
d2pT Γµν(x, pT ;n,C,C ′)

=

∫
d(ξ · P )

(2π)
ei xP ·ξ 〈P |Gnν(0)U

[n]
[0,ξ]G

nµ(ξ)U [n](ξ, 0)|P 〉
∣∣∣∣
LC

(5.109)

For a proper treatment of the transverse moments we need the weighted correlator

Γµν;α
∂ (x;n,C,C ′) =

∫
d2pT p

α
T Γµν(x, pT ;n,C,C ′) (5.110)
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and the three-gluon correlators

Γµν;α
D (x;n) =

∫
d(ξ · P )

(2π)
ei xP ·ξ 〈P |Gnν(0)U

[n]
[0,ξ] [Dα(ξ), Gnµ(ξ)]U

[n]
[ξ,0]|P 〉

∣∣∣∣
LC

, (5.111)

Γµν;α
[G] (x, x− x′;n) =

∫
d(ξ · P )

(2π)

d(η · P )

(2π)
ei (x−x′)P ·ξ ei x

′P ·η

× 〈P |Gnν(0)U
[n]
[0,η] [Gnα(η), U

[n]
[η,ξ]G

nµ(ξ)U
[n]
[ξ,η]]U

[n]
[η,0]|P 〉

∣∣∣∣
LC

, (5.112)

Γµν;α
{G} (x, x− x′;n) =

∫
d(ξ · P )

(2π)

d(η · P )

(2π)
ei (x−x′)P ·ξ ei x

′P ·η

× 〈P |Gnν(0)U
[n]
[0,η] {G

nα(η), U
[n]
[η,ξ]G

nµ(ξ)U
[n]
[ξ,η]}U

[n]
[η,0]|P 〉

∣∣∣∣
LC

. (5.113)

Of the latter two matrix elements given as multi-parton correlator, we actually need the case x′ = 0,
the gluonic pole matrix elements. Making the (suppressed) color trace in the latter two matrix elements
explicit one sees that one deals with fully antisymmetric or fully symmetric matrix elements, in lightcone
gauge

i fabc 〈P |Gnνa (0)Gnαb (η)Gnµc (ξ)|P 〉
∣∣∣∣
LC

,

and

dabc 〈P |Gnνa (0)Gnαb (η)Gnµc (ξ)|P 〉
∣∣∣∣
LC

.

5.3 Gluon distribution functions

When one considers QCD corrections to the tree-level results one will also encounter gluon-gluon correlation
functions, leading to gluon distributions. In a diagram one needs

1

(2π)4

∫
d4ξ ei k·ξ〈P, S|Aν(0)Aµ(ξ)|P, S〉, (5.114)

but the gauge invariant object to consider is

Γµν;ρσ(k;P, S) =
1

(2π)4

∫
d4ξ ei k·ξ〈P, S|Fµν(0)U(0, ξ)F ρσ(ξ)|P, S〉. (5.115)

The constraints following from hermiticity, parity and time reversal are

Γρσ;µν ∗(k, P, S) = Γµν;ρσ(k, P, S) [Hermiticity] (5.116)

Γµν;ρσ(k, P, S) = Γµν;ρσ(k̄, P̄ ,−S̄) [Parity] (5.117)

Γµν;ρσ ∗(k, P, S) = Γµν;ρσ(k̄, P̄ , S̄) [Time reversal] (5.118)

where k̄ = (k0,−k).

In order to find antisymmetric structures we use the following tensor structures and relations
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between tensors,

εµνρσ,

g[µ
ρg
ν]
σ = gµ[ρg

ν
σ] = gµρg

ν
σ − gνρgµσ,

A[µgν][ρBσ] = gνρAµBσ + gµσAνBρ − gµρAνBσ − gνσAµBρ.
εµναβ ερσαβ = −2 g[µ

ρg
ν]
σ,

εµναA ερσ B

α = 1
2 ε

µναβ ερσαβ g
AB −B[µgν][ρAσ]

εµνAB ερσCD = 1
2 ε

µναβ ερσαβ (gACgBD − gADgBC)

−C [µgν][ρAσ] gBD + C [µgν][ρBσ] gAD +D[µgν][ρAσ] gBC −D[µgν][ρBσ] gAC

−C [µDν]A[ρBσ],

εµνA[σBρ] + ερσA[νBµ] = εµνρσ gAB,

εµνA[σBρ] − εµνB[σAρ] = εABνσ gµρ + εABµρ gνσ − εABµσ gνρ − εABνρ gµσ.
= εABµ[ρgσ]ν − εABν[ρgσ]µ = gρ[µεν]σAB − gσ[µεν]ρAB.

For changing from matrix elements with Fµν to matrix elements containing F̃µν ≡ −(1/2)εµνρσF
ρσ,

we note that

− 1
2 ε

µν
κλ ε

κλρσ = (gµρgνσ − gµσgνρ) ,
− 1

2 ε
µν
κλ ε

κλαβ ερσαβ = 2 εµνρσ

− 1
2 ε

µν
κλ ε

κλαA ερσ B

α = ερσB[νAµ],

− 1
2 ε

µν
κλ ε

κλABερσCD = A[µBν] ερσCD,

− 1
2 ε

µν
κλ ε

κλA[σBρ] = −A[µgν][ρBσ].
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A possible parametrization of Γµν;ρσ is

Γµν;ρσ(k;P, S) = M2X1 ε
µναβ ερσαβ

+X2 P
[µgν][ρPσ]

+X3 k
[µgν][ρkσ]

+ (X4 + iX5)P [µgν][ρkσ]

+ (X4 − iX5) k[µgν][ρPσ]

+ (X6/M
2)P [µkν] P [ρkσ]

− 2M X7 ε
µνρσ (k · S)

+ iM X8 ε
µνP [σSρ]

+ iM X9 ε
µνS[σP ρ]

+ iM X10 ε
µνk[σSρ]

+ iM X11 ε
µνS[σkρ]

+ i (X12/M) εµνP [σP ρ] (k · S)

+ i (X13/M) εµνk[σkρ] (k · S)

+ i (X14/M) εµνP [σkρ] (k · S)

+ i (X15/M) εµνk[σP ρ] (k · S)

+ ((X16 + iX17)/M) εµνPSk[ρPσ]

+ ((X16 − iX17)/M) ερσPSk[µP ν]

+ ((X18 + iX19)/M) εµνkSk[ρPσ]

+ ((X18 − iX19)/M) ερσkSk[µP ν]

+ ((X20 + iX21)/M) εµνkPP [ρSσ]

+ ((X20 − iX21)/M) ερσkPP [µSν]

+ ((X22 + iX23)/M) εµνkPk[ρSσ]

+ ((X22 − iX23)/M) ερσkPk[µSν]

+ ((X24 + iX25)/M3) εµνkPk[ρPσ] (k · S)

+ ((X24 − iX25)/M3) ερσkPk[µP ν] (k · S), (5.119)

with X5, X7, X16, X18, X20, X22 and X24 being T-odd. The constraints from hermiticity imply that one
finds real amplitudes Xi if the tensors symmetric under µν ↔ ρσ are multiplied with 1, while the tensors
antisymmetric under µν ↔ ρσ are multiplied with i; the constraint from parity requires that even numbers
of ε-tensors are combined only with vectors k and P , while odd numbers of ε-tensors are combined with
the axial vector S and furthermore vectors k, P ; finally the constraint from time-reversal requires that any
ε-tensor appears multiplied with i and for the rest real stuff.

For the amplitudes with an odd number of ε-tensors, it is useful to realize that the quantity

Γ̃µν;ρσ(k;P, S) =
1

(2π)4

∫
d4ξ ei k·ξ〈P, S|F̃µν(0)U(0, ξ)F ρσ(ξ)|P, S〉. (5.120)
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has the structure

Γ̃µν;ρσ(k;P, S) = . . .+M X7 ε
µναβ ερσαβ (k · S)

− iM X8 P
[µgν][ρSσ]

− iM X9 S
[µgν][ρPσ]

− iM X10 k
[µgν][ρSσ]

− iM X11 S
[µgν][ρkσ]

− i (X12/M)P [µgν][ρPσ] (k · S)

− i (X13/M) k[µgν][ρkσ] (k · S)

− i (X14/M)P [µgν][ρkσ] (k · S)

− i (X15/M) k[µgν][ρPσ] (k · S)

+ ((X16 + iX17)/M)P [µSν]k[ρPσ]

− ((X16 − iX17)/M) εµνkP ερσPS

+ ((X18 + iX19)/M) k[µSν]k[ρPσ]

− ((X18 − iX19)/M) εµνkP ερσkS

+ ((X20 + iX21)/M) k[µP ν]P [ρSσ]

− ((X20 − iX21)/M) εµνPS ερσkP

+ ((X22 + iX23)/M) k[µP ν]k[ρSσ]

− ((X22 − iX23)/M) εµνkS ερσkP

+ ((X24 + iX25)/M3) k[µP ν]k[ρPσ] (k · S)

− ((X24 − iX25)/M3) εµνkP ερσkP (k · S). (5.121)

In the next step we try to isolate the dominant parts by expanding the vectors in lightlike and transverse
vectors, and the invariants σ ≡ 2k · P and τ = k2,

P = Anµ+ +
M2

2A
nµ−, (5.122)

k = xAnµ+ + kµT +
σ − xM2

2A
nµ−, or k − xP = kµT +

σ − 2xM2

2P · n−
nµ−, (5.123)

S = λ
A

M
nµ+ + ST − λ

M

2A
nµ−, or S − λ P

M
= SµT − λ

M

P · n−
nµ−, (5.124)

and we have

k · S = λ
σ − 2xM2

2M
+ kT · ST . (5.125)

The tensors can be expressed as

gµν = n
{µ
+ n

ν}
− + gµνT , (5.126)

εµνρσ = −n[µ
+n

ν]
− ε

ρσ
T + n

[µ
+n

ρ]
− ε

νσ
T − n

[µ
+n

σ]
− ε

νρ
T

− n[ν
+n

ρ]
− ε

µσ
T + n

[ν
+n

σ]
− ε

µρ
T − n

[ρ
+n

σ]
− ε

µν
T . (5.127)

The dominant parts are the ones containing the hightest powers of A = P+, e.g. for the unpolarized
part we have in order of importance,

Γ+α;+β(k, P, S) = A2

{
−gαβT

[
X2 + 2xX4 + x2X3

]
+
kαT k

β
T

M2
X6

}
, (5.128)

Γ+α;+−(k, P, S) = AkαT

[
(X4 + xX3)− iX5 +

(
σ − 2xM2

2M2

)
X6

]
(5.129)

Γ+α;βγ(k, P, S) = Ag
α[β
T k

γ]
T

[
(X4 + xX3) + iX5

]
, (5.130)
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etc. Integrating over k− we then find that the leading functions (α and β being transverse) are

Γαβ2 (x,kT ) =

∫
dk− Γ+α;+β(k;P, S)

=
xP+

2

(
−gαβT G(x,kT )− gαβT

εijT kT iST j
M

GT (x,kT )

+

(
kαT k

β
T +

1

2
gαβT k2

T

)
H⊥(x,kT )

M2

−i εαβT
[
λ∆GL(x,kT ) +

kT · ST
M

∆GT (x,kT )

]
−k
{α
T ε

β}i
T kT i

2M2

[
λ∆H⊥L (x,kT ) +

kT · ST
M

∆H⊥T (x,kT )

]
−k
{α
T ε

β}i
T ST i + S

{α
T ε

β}i
T kT i

4M

[
∆HT (x,kT )−∆H

⊥(1)
T (x,kT )

])
. (5.131)

These give the leading (twist two) distribution functions, GT , ∆H⊥s and ∆HT being T-odd. Note that
the tensor multiplying GT is actually the antisymmetric version of the tensor multiplying ∆HT . The use

of the combination ∆H ′T ≡ ∆HT + ∆H
⊥(1)
T where ∆H

⊥(1)
T = (k2

T/2M
2)∆H⊥T will become clear when we

consider explicit representations. At subleading order we have

Γα3 (x,kT ) =

∫
dk− Γ+α;+−(k;P, S)

=
xM

2

(
i εαβT ST β ∆G′3T (x,kT ) +

i εαβT kT β
M

∆G⊥3s(x,kT ) +
kαT
M

G⊥3 (x,kT )

)
, (5.132)

where the imaginary parts of these functions are T-odd. Furthermore

Γα;βγ
3 (x,kT ) =

∫
dk− Γ+α;βγ(k;P, S)

=
xM

2

(
g
α[β
T k

γ]
T

M
H⊥3 (x,kT ) + i εβγT SαT ∆H ′3T (x,kT ) + i εβγT

kαT
M

∆H⊥3s(x,kT )

)
,(5.133)

where the imaginary parts of these functions are T-odd.
After integration over the transverse momenta, we obtain

Γαβ2 (x) =
xP+

2

(
−gαβT G(x) + i εαβT λ∆G(x)

)
, (5.134)

Γα3 (x) =
xM

2
i εαβT ST β ∆G3T (x), (5.135)

Γα;βγ
3 (x) =

xM

2
i εβγT SαT ∆H3T (x), (5.136)

where ∆G3T = ∆G′3T + ∆G
⊥(1)
3T and ∆H3T = ∆H ′3T + ∆H

⊥(1)
3T , of which the imaginary parts are T-odd.

Examples of the amplitude expansion for the various functions are

xG(x,kT ) =

∫
. . .

[
X2 + 2xX4 + x2X3 +

k2
T

2M2
X6

]
, (5.137)

xH⊥(x,kT ) =

∫
. . . [X6], (5.138)

Re xG⊥3 (x,kT ) =

∫
. . .

[
(X4 + xX3) +

(
σ − 2xM2

2M2

)
X6

]
, (5.139)

ImxG⊥3 (x,kT ) =

∫
. . . [−X5] (5.140)
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where ∫
. . . =

∫
dσdτ δ(k2

T + x2M2 + τ − xσ).

From the matrix elements and the commutation properties of the gluon fields one immediately gets
symmetry relations like G(−x) = −G(x), etc. This differs from the case of quarks, where similar relations
connect quark and antiquark distributions at positive and negative x-values. About the normalization, we
note that for an unpolarized target∫

dk+ Γαβ2 (x) = −gαβT
(P+)2

2

∫ ∞
−∞

dx xG(x). (5.141)

The left-handside is equal to ∫
d4k Γ+α;+β(k;P, S) = 〈P |F+α(0)F+β(0)|P 〉. (5.142)

Contracting α and β, using the support restrictions −1 ≤ x ≤ 1 and the symmetry relation G(−x) =
−G(x), one finds that∫

d4k Γ+α;+
α(k;P, S) = 2(P+)2

∫ 1

0

dx xG(x)︸ ︷︷ ︸
εG

= 〈P |F+α(0)F+
α(0)︸ ︷︷ ︸

θ++
G (0)

|P 〉 (5.143)

and realizing that the right-handside is only the gluonic part of the energy momentum tensor,
∫ 1

0
dx xG(x) =

εG ≤ 1, while the chosen normalization assures the complementarity with the quark part of the energy
momentum tensor discussed earlier, εq + εG = 1.

5.4 Explicit spin representation

The correlator Γαβ2 contains two transverse gluon fields and can be interpreted in terms of gluon distribution

functions. To make the gluon spin explicit, it is useful to consider the explicit matrix Mαβ = (2/xP+)Γαβ2

with α and β being transverse indices. The result for M is

G+ kT∧ST
M GT +

k2

T

2M2 cos 2φ H⊥ −i SL ∆GL − i kT ·STM ∆GT +
k2

T

2M2 sin 2φ H⊥

+
k2

T

2M2 sin 2φ ∆H⊥s +
(k1TS

2
T+k2TS

1
T )

2M ∆H ′T − k
2

T

2M2 cos 2φ ∆H⊥s −
(k1TS

1
T−k

2
TS

2
T )

2M ∆H ′T

i SL ∆GL + i kT ·STM ∆GT +
k2

T

2M2 sin 2φ H⊥ G+ kT∧ST
M GT − k2

T

2M2 cos 2φ H⊥

− k
2

T

2M2 cos 2φ∆H⊥s −
(k1TS

1
T−k

2
TS

2
T )

2M ∆H ′T − k
2

T

2M2 sin 2φ ∆H⊥s −
(k1TS

2
T+k2TS

1
T )

2M ∆H ′T


(5.144)

where (for later convenience given also in spherical vector components and in matrix form in the nucleon
spin-space)

kT · ST = k1
TS

1
T + k2

TS
2
T = −gkST = −(k+

T S
−
T + k−T S

+
T ) =

 0 |kT | e−iφ
|kT | e+iφ 0

 , (5.145)

kT ∧ ST = k1
TS

2
T − k2

TS
1
T = εkST = −i(k+

T S
−
T − k−T S+

T ) =

 0 −i |kT | e−iφ
i |kT | e+iφ 0

 , (5.146)

k1
TS

1
T − k2

TS
2
T = k+

T S
+
T + k−T S

−
T =

 0 |kT | e+iφ

|kT |e−iφ 0

 , (5.147)

k1
TS

2
T + k2

TS
1
T = −i(k+

T S
+
T − k−T S−T ) =

 0 −i |kT | e+iφ

i |kT | e+iφ 0

 . (5.148)

We now have used transverse gluon polarizations. Instead we can use circular polarizations,

|+〉 = − 1√
2

(|x〉+ i |y〉) ,

|−〉 =
1√
2

(|x〉 − i |y〉) , (5.149)
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and we obtain M++ M+−

M−+ M−−

 =


1
2 (M11 +M22)− ImM12 − 1

2 (M11 −M22) + iReM12

− 1
2 (M11 −M22)− iReM12 1

2 (M11 +M22) + ImM12

 . (5.150)

For the above matrix we find for circularly polarized gluons
G+ kT∧ST

M GT + SL ∆GL + kT ·ST
M ∆GT − k

2

T

2M2 e
−2iφ

[
H⊥ + i∆H⊥s

]
− i k

−
T S
−
T

M ∆H ′T

− k
2

T

2M2 e
+2iφ

[
H⊥ − i∆H⊥s

]
+ i

k+T S
+
T

M ∆H ′T G+ kT∧ST
M GT − SL ∆GL − kT ·STM ∆GT


(5.151)

Extended into a 4× 4 matrix in gluon ⊗ nucleon spin space we obtain

G+ ∆G |kT |e−iφ
M

[∆GT − iGT ] −e−2iφ
[
H⊥(1) + i∆H

⊥(1)
L

]
−i |kT |e

−3iφ

M
∆H

⊥(1)
T

|kT |e+iφ
M

[∆GT + iGT ] G−∆G −i |kT |e
−iφ

M
∆HT −e−2iφ

[
H⊥(1) − i∆H⊥(1)

L

]
−e+2iφ

[
H⊥(1) − i∆H⊥(1)

L

]
i |kT |e

+iφ

M
∆HT G−∆G − |kT |e

−iφ

M
[∆GT + iGT ]

i |kT |e
+3iφ

M
∆H

⊥(1)
T −e+2iφ

[
H⊥(1) + i∆H

⊥(1)
L

]
− |kT |e

+iφ

M
[∆GT − iGT ] G+ ∆G


(5.152)

5.5 Gluon fragmentation functions

For the fragmentation functions one needs the matrix element

Γ̂µν;ρσ(k;Ph, Sh) =
1

(2π)4

∑
X

∫
d4ξ ei k·ξ〈0|Fµν(ξ)|Ph, X〉 〈Ph, X|F ρσ(0)|0〉. (5.153)

In this case no constraints arise from time reversal invariance and the most general expansion of the matrix
element becomes,

Γ̂αβ2 (z,kT ) =

∫
dk+ Γ̂−α;−β(k;Ph, Sh)

= P−h

(
−gαβT Ĝ(z,−zkT )− gαβT

εijT kT iShT j
Mh

ĜT (z,−zkT )

+

(
kαT k

β
T +

1

2
gαβT k2

T

)
Ĝ⊥(z,−zkT )

M2
h

+i εαβT

[
λh ∆ĜL(z,−zkT ) +

kT · ShT
Mh

∆ĜT (z,−zkT )

]
+
k
{α
T ε

β}i
T kT i
M2
h

[
λh ∆Ĝ⊥L (z,−zkT ) +

kT · ShT
Mh

∆Ĝ⊥T (z,−zkT )

]
+
k
{α
T ε

β}i
T ShT i + S

{α
hT ε

β}i
T kT i

2Mh
∆Ĝ⊥′T (z,−zkT )

)
. (5.154)

These give the leading (twist two) fragmentation functions. At subleading order we have

Γ̂α3 (z,−zkT ) =

∫
dk+ Γ̂−α;−+

3 (k;P, S)

= Mh

(
i εαβT ShT β ∆Ĝ′3T (z,−zkT ) +

i εαβT kT β
M

∆Ĝ⊥3s(z,−zkT )

+
kαT
Mh

Ĝ⊥3 (z,−zkT )

)
. (5.155)
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Furthermore

Γ̂α;βγ
3 (z,−zkT ) =

∫
dk+ Γ̂−α;βγ(k;P, S)

= Mh

(
g
α[β
T k

γ]
T

Mh
Ĥ⊥3 (z,−zkT ) +

k
[β
T S

γ]
hT

Mh

iεαδT kTδ
Mh

Ĥ⊥3T (z,−zkT )

+ i εβγT SαhT ∆Ĥ ′3T (z,−zkT ) + i εβγT
kαT
Mh

∆Ĥ⊥3s(z,−zkT )

)
. (5.156)

After integration over the transverse momenta, we obtain

Γ̂αβ2 (z) =
P−h
z2

(
−gαβT Ĝ(z) + i εαβT λh ∆Ĝ(z)

)
. (5.157)

Γ̂α3 (z) =
Mh

z2
εαβT ShTβ ∆Ĝ3T (z), (5.158)

Γ̂α;βγ
3 (x) =

Mh

z2
i εβγT SαhT ∆Ĥ3T (z), (5.159)

with ∆Ĝ3T = ∆Ĝ′3T + ∆Ĝ
⊥(1)
3T , and ∆Ĥ3T = ∆Ĥ ′3T + ∆Ĥ

⊥(1)
3T .



Chapter 6

Drell-Yan up to O(1/Q)

6.1 The hadron tensor

Up to O(1/Q) one needs to include the contributions of the handbag diagram, now calculated up to this
order with in addition irreducible diagrams with one gluon coupling either to the soft part involving hadron
A or the soft part involving hadron B. The expressions thus involve the quark-gluon correlation functions.
The full result is neglecting 1/Q2 contributions given by

2M Wµν =

∫
dk−a dk

+
b d

2kaT d
2kbT δ

2(kaT + kbT − qT ){
Tr
(
Φ(ka)γµΦ(kb)γν

)
−Tr

(
γα

/n+

−2q−
γνΦαA(ka)γµΦ(kb)

)
− Tr

(
γµ

/n+

−2q−
γαΦ(kb)γνΦα†A (ka)

)
−Tr

(
γν

/n−
(2q+)

γαΦ(ka)γµΦ
α†
A (kb)

)
− Tr

(
γα

/n−
(2q+)

γµΦ
α

A(kb)γνΦ(ka)

)}
. (6.1)

Here the terms with /n± arise from fermion propagators in the hard part neglecting contributions that will
appear suppressed by powers of Q2, i.e.

/p1 − /q +m

(p1 − q)2
=

(p+
1 − q+)γ−

−2(p+
1 − q+)q−

=
γ−

−2q−
=

/n+

−2q−
=
xA /PA
Q2

, (6.2)

/q − /k1 +m

(q − k1)2
=

(q− − k−1 )γ+

2(q − k−1 )q+
=

γ+

(2q+)
=

/n−
(2q+)

= −xB/PB
Q2

. (6.3)
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The full result expressed in terms of the twist two and twist three distribution functions and perpendicular
tensors and vectors is [Check sign of g1 ḡ1 and 1/Q terms]

W µν =
1

3

∫
d2kaT d

2kbT δ
2(kaT + kbT − qT ) ×

{
−gµν⊥

[
f1f̄1 + g1sḡ1s

]

−
k
{µ
a⊥k

ν}
b⊥ + (ka⊥ · kb⊥) gµν⊥

MAMB
h⊥1sh̄

⊥
1s −

k
{µ
b⊥S

ν}
A⊥ + (kb⊥ · SA⊥) gµν⊥

MB
h1T h̄

⊥
1s

−
k
{µ
a⊥S

ν}
B⊥ + (ka⊥ · SB⊥) gµν⊥

MA
h⊥1sh̄1T −

S{µA⊥Sν}B⊥ + (SA⊥ · SB⊥) gµν⊥

h1T h̄1T

+
ẑ{µk

ν}
a⊥

Q

[
−f1f̄1 + 2xA f

⊥f̄1 + g1sḡ1s − 2xA g
⊥
s ḡ1s

−MB

MA
2xB h

⊥
1sh̄s +

m

MA
2h⊥1sḡ1s −

k2
b⊥

MAMB
h⊥1sh̄

⊥
1s

−kb⊥ · SA⊥
MB

h1T h̄
⊥
1s −

kb⊥ · SB⊥
MA

h⊥1sh̄1T +
kb⊥ · SA⊥

MB
2xA h

⊥
T h̄
⊥
1s

−SA⊥ · SB⊥ h1T h̄1T + SA⊥ · SB⊥ 2xA h
⊥
T h̄1T

]

+
ẑ{µk

ν}
b⊥

Q

[
f1f̄1 − 2xB f1f̄

⊥ − g1sḡ1s + 2xB g1sḡ
⊥
s

+
MA

MB
2xA hsh̄

⊥
1s −

m

MB
2 g1sh̄

⊥
1s +

k2
a⊥

MAMB
h⊥1sh̄

⊥
1s

+
ka⊥ · SA⊥

MB
h1T h̄

⊥
1s +

ka⊥ · SB⊥
MA

h⊥1sh̄1T −
ka⊥ · SB⊥

MA
2xB h

⊥
1sh̄
⊥
T

+SA⊥ · SB⊥ h1T h̄1T − SA⊥ · SB⊥ 2xB h1T h̄
⊥
T

]

+
MA ẑ

{µS
ν}
A⊥

Q

[
−2xA g

′
T ḡ1s −

MB

MA
2xB h1T h̄s +

m

MA
2h1T ḡ1s

− k2
b⊥

MAMB
h1T h̄

⊥
1s +

ka⊥ · kb⊥
MAMB

h1T h̄
⊥
1s −

ka⊥ · kb⊥
MAMB

2xA h
⊥
T h̄
⊥
1s

+
ka⊥ · SB⊥

MA
h1T h̄1T −

kb⊥ · SB⊥
MA

h1T h̄1T −
ka⊥ · SB⊥

MA
2xA h

⊥
T h̄1T

]

+
MB ẑ

{µS
ν}
B⊥

Q

[
MA

MB
2xA hsh̄1T + 2xB g1sḡ

′
T −

m

MB
2 g1sh̄1T

+
k2
a⊥

MAMB
h⊥1sh̄1T −

ka⊥ · kb⊥
MAMB

h⊥1sh̄1T +
ka⊥ · kb⊥
MAMB

2xB h
⊥
1sh̄
⊥
T

+
ka⊥ · SA⊥

MB
h1T h̄1T −

kb⊥ · SA⊥
MB

h1T h̄1T +
kb⊥ · SA⊥

MB
2xB h1T h̄

⊥
T

]}
, (6.4)

where the quark distribution functions in hadron A depend on xA and k2
aT , f1(xA,k

2
aT ) etc., while the

antiquark distribution functions in hadron B depend on xB and k2
bT , f̄1(xB,k

2
bT ) etc., and we use the

shorthand notations

g1s = λA g1L +
ka⊥ · SA⊥

MA
g1T ,

ḡ1s = λB ḡ1L +
kb⊥ · SB⊥

MB
ḡ1T .
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Table 6.1: Contractions of the lepton tensor L
(DY )
µν with tensor structures appearing in the hadron tensor.

wµν Lµνw
µν

−gµν⊥ 4Q2
(

1
2 − y + y2

)
a
{µ
⊥ b

ν}
⊥ − (a⊥ · b⊥) gµν⊥ −4Q2 y (1− y) |a⊥| |b⊥| cos(φa + φb)

1
2

(
a
{µ
⊥ ε

ν}ρ
⊥ b⊥ρ + b

{µ
⊥ ε

ν}ρ
⊥ a⊥ρ

)
4Q2 y (1− y) |a⊥| |b⊥| sin(φa + φb)

ẑ {µa
ν}
⊥ −4Q2 (1− 2y)

√
y(1− y) |a⊥| cosφa

ẑ {µε
ν}ρ
⊥ a⊥ρ 4Q2 (1− 2y)

√
y(1− y) |a⊥| sinφa

In many cases it is convenient to express the tensors with respect to measured directions, i.e. x̂ and ŷ, ŷµ

= εµρ⊥ x̂ρ. One can use

aµ⊥ = (x̂ · a⊥) x̂µ + (ερσ⊥ xρa⊥σ) ŷµ

= (x̂ · a⊥) x̂µ + (x̂ ∧ a⊥) ŷµ

= (x̂ · a⊥) x̂µ + (ŷ · a⊥) ŷµ

= ax x̂µ + ay ŷµ, (6.5)

where a⊥ ∧ b⊥ ≡ ερσ⊥ a⊥ρb⊥σ. Other combinations give

εµρ⊥ a⊥ρ = −ay x̂µ + ax ŷµ, (6.6)

a
{µ
⊥ b

ν}
⊥ − (a⊥ · b⊥) gµν⊥ = (axbx − ayby)

2 x̂µx̂ν + gµν⊥


+ (axby + aybx) x̂ {µŷν}, (6.7)

a
[µ
⊥ b

ν]
⊥ = (axby − aybx) x̂ [µŷν], (6.8)

1

2

(
a
{µ
⊥ ε

ν}ρ
⊥ b⊥ρ + b

{µ
⊥ ε

ν}ρ
⊥ a⊥ρ

)
= − (axby + aybx)

2 x̂µx̂ν + gµν⊥


+ (axbx − ayby) x̂ {µŷν}. (6.9)

Because the transverse direction is fixed by qT = QT x̂, one has specifically

kµa⊥ + kµb⊥ = QT x̂
µ, (6.10)

kµa⊥ − k
µ
b⊥ =

k2
a⊥ − k

2
b⊥

QT
x̂µ + 2

ερσ⊥ k
ρ
a⊥k

σ
b⊥

QT
ŷµ. (6.11)

This allows one to pull the tensor structure outside the integration over transverse momenta.
The contractions with the lepton tensor, given in Table 6.1 use azimuthal angles defined with respect

to the orthogonal momentum ˆ̀,

ˆ̀· a⊥ = −|a⊥| cos(φa), (6.12)

ˆ̀
µε
µν
⊥ a⊥ν = |a⊥| sin(φa). (6.13)
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6.2 Drell-Yan after integration over transverse momenta

The hadronic tensor simplifies to

W µν =
1

3

{
−gµν⊥

[
f1(xA)f̄1(xB) + λA λB g1(xA)ḡ1(xB)

]
−
S{µA⊥Sν}B⊥ − SA⊥ · SB⊥ gµν⊥  h1(xA)h̄1(xB)

−λB
MA ẑ

{µS
ν}
A⊥

Q
xA (gT (xA) + g̃T (xA)) ḡ1(xB)

−λB
MB ẑ

{µS
ν}
A⊥

Q
xB h1(xA)

(
h̄L(xB) + h̃L(xB)

)
+λA

MA ẑ
{µS

ν}
B⊥

Q
xA

(
hL(xA) + h̃L(xA)

)
h̄1(xB)

+λA
MB ẑ

{µS
ν}
B⊥

Q
xB g1(xA)

(
ḡT (xB) + g̃T (xB)

)}
, (6.14)

where the twist three functions are the ones given in chapter 2,

g̃T (x) = gT (x)−
∫
d2kT

k2
T

2M2

g1T (x,k2
T )

x
− m

M

h1(x)

x
, (6.15)

h̃L(x) = hL(x) +

∫
d2kT

k2
T

M2

h⊥1L(x,k2
T )

x
− m

M

g1(x)

x
. (6.16)

We will consider the various possibilities for unpolarized (O) and longitudinally (L) or transversely polar-
ized (T) target hadrons.

6.2.1 Drell-Yan cross sections for unpolarized hadrons

Integrated over the transverse momenta of the produced mu pair one has for unpolarized hadrons,

W µν =
1

3
(−gµν⊥ ) f1(xA)f̄1(xB), (6.17)

and the cross section up to O(1/Q) is given by

dσOO(AB → µ+µ−X)

dxA dxB dy
=

4π α2

3Q2

1

2
− y + y2

 f1(xA) f1(xB), (6.18)

and integrated over the muon angular distribution,

dσOO(AB → µ+µ−X)

dxA dxB
=

4π α2

9Q2
f1(xA) f1(xB). (6.19)

6.2.2 Longitudinal double spin asymmetry in Drell-Yan scattering

Integrated over transverse momenta, there are no single spin asymmetries. For the case that both hadrons
are longitudinally polarized, the hadronic tensor is

W µν =
1

3
λAλB (−gµν⊥ ) g1(xA)ḡ1(xB), (6.20)

and the cross section up to O(1/Q) is given by

dσLL( ~A~B → µ+µ−X)

dxA dxB dy
=

4π α2

3Q2

1

2
− y + y2

λA λB g1(xA) g1(xB), (6.21)

and integrated over the muon angular distribution,

dσLL( ~A~B → µ+µ−X)

dxA dxB
=

4π α2

9Q2
λAλB g1(xA) g1(xB). (6.22)
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6.2.3 Transverse double spin asymmetry in Drell-Yan scattering

For the case that both hadrons are transversely polarized, the hadronic tensor is

W µν = −1

3

S{µA⊥Sν}B⊥ − SA⊥ · SB⊥ gµν⊥  h1(xA)h̄1(xB) (6.23)

and the cross section up to O(1/Q) is given by

dσTT ( ~A~B → µ+µ−X)

dxA dxB dy
=

4π α2

3Q2
|SA⊥| |SB⊥| y(1− y) cos(φAs + φBs ) h1(xA)h1(xB), (6.24)

and integrated over the muon angular distribution,

dσTT ( ~A~B → µ+µ−X)

dxA dxB
=

2π α2

9Q2
|SA⊥| |SB⊥| cos(φAs + φBs )h1(xA)h1(xB). (6.25)

6.2.4 Longitudinal-transverse double spin asymmetry in Drell-Yan scattering

For the case that one hadron is longitudinally polarized and the second transverse, the hadronic tensor is

W µν =
1

3
λA

{
MA ẑ

{µS
ν}
B⊥

Q
xA

(
hL(xA) + h̃L(xA)

)
h̄1(xB)

+
MB ẑ

{µS
ν}
B⊥

Q
xB g1(xA)

(
ḡT (xB) + g̃T (xB)

)}
, (6.26)

and the cross section up to O(1/Q) is given by

dσLT ( ~A~B → µ+µ−X)

dxA dxB dy
= −4π α2

3Q2
λA |SB⊥| (1− 2y)

√
y(1− y) cos(φBs )

×

[
MAxA
Q

(
hL(xA) + h̃L(xA)

)
h̄1(xB) +

MBxB
Q

g1(xA)
(
ḡT (xB) + g̃T (xB)

)]
.

(6.27)

which vanishes upon integration over the muon angle.

6.3 Azimuthal asymmetries in Drell-Yan scattering

We will consider separately the various possibilities involving unpolarized (O), longitudinally polarized (L)
and transversely polarized (T) hadrons.

6.3.1 Azimuthal asymmetries in unpolarized Drell-Yan scattering

The relevant result expressed in terms of the twist two and twist three distribution functions and perpen-
dicular tensors and vectors is

W µν =
1

3

∫
d2kaT d

2kbT δ
2(kaT + kbT − qT ) ×

{
−gµν⊥

[
f1f̄1

]
+
ẑ{µk

ν}
a⊥

Q

[
−f1f̄1 + 2xA f

⊥f̄1

]
+
ẑ{µk

ν}
b⊥

Q

[
f1f̄1 − 2xB f1f̄

⊥
]}
,

= −gµν⊥ I[f1f̄1] + z{µx̂ν}

(
MA

Q
I

[
kxa
MA

xA(f⊥ + f̃⊥)f̄1

]

−MB

Q
I

[
kxb
MB

xB f1 (f̄⊥ + f̃ ⊥)

])
, (6.28)
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where the last expression involves integrals of the type

I
[
kxa f

⊥f̄1

]
(xA, xB, qT ) =

1

3

∫
d2kaT d

2kbT δ
2(kaT + kbT − qT ) kxaT f

⊥(xA,kaT )f̄1(xB,kbT ). (6.29)

Note that a contribution proportional to ẑ {µε
ν}ρ
⊥ x̂ρ appears, but it is multiplied with integrals of the type

I[kya f
⊥(xA, |ka⊥|)f̄1(xB, |QT x̂− ka⊥|)], which vanish.

The cross section is given by

dσOO(AB → µ+µ−X)

dxA dxB dy d2qT
=

4π α2

Q2

{1

2
− y + y2

 I
[
f1f̄1

]
−(1− 2y)

√
y(1− y) cosφ

(
MA

Q
I

[
kxa
MA

xA(f⊥ + f̃⊥) f̄1

]

−MB

Q
I

[
kxb
MB

xBf1(f̄⊥ + f̃ ⊥
])}

. (6.30)

6.3.2 Azimuthal asymmetries in singly polarized Drell-Yan scattering

There is at tree level up to order 1/Q no azimuthal asymmetry in single spin asymmetries.

6.3.3 Azimuthal asymmetries in doubly polarized LL-asymmetries

The relevant result expressed in terms of the twist two and twist three distribution functions and perpen-
dicular tensors and vectors is

W µν =
1

3

∫
d2kaT d

2kbT δ
2(kaT + kbT − qT )

× λAλB

{
−gµν⊥

[
g1Lḡ1L

]
−
k
{µ
a⊥k

ν}
b⊥ + (ka⊥ · kb⊥) gµν⊥

MAMB
h⊥1Lh̄

⊥
1L

+
ẑ{µk

ν}
a⊥

Q

[
g1Lḡ1L − 2xA g

⊥
L ḡ1L −

MB

MA
2xB h

⊥
1Lh̄L +

m

MA
2h⊥1Lḡ1L −

k2
b⊥

MAMB
h⊥1Lh̄

⊥
1L

]

+
ẑ{µk

ν}
b⊥

Q

[
−g1Lḡ1L + 2xB g1Lḡ

⊥
L +

MA

MB
2xA hLh̄

⊥
1L −

m

MB
2 g1Lh̄

⊥
1L +

k2
a⊥

MAMB
h⊥1Lh̄

⊥
1L

]}
,

= λAλB

{
−gµν⊥ I [g1Lḡ1L]−

2 x̂µx̂ν + gµν⊥

 I

[
kxak

x
b − kyak

y
b

MAMB
h⊥1Lh̄

⊥
1L

]

+ẑ{µx̂ν}

(
−MA

Q
I

[
kxa
MA

xA (g⊥L + g̃⊥L ) ḡ1L

]
− MB

Q
I

[
kxa
MA

xB h
⊥
1L(h̄L + h̃L)

]

+
MB

Q
I

[
kxb
MB

xB g1L(ḡ⊥L + g̃
⊥
L

]
+
MA

Q
I

[
kxb
MB

xA (hL + h̃L) h̄⊥1L

])}
, (6.31)

The cross section is given by
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dσLL( ~A~B → µ+µ−X)

dxA dxB dy d2qT
=

4π α2

Q2
λA λB

{1

2
− y + y2

 I [g1Lḡ1L]

+y(1− y) cos 2φ I

[
kxak

x
b − kyak

y
b

MAMB
h⊥1Lh̄

⊥
1L

]
+(1− 2y)

√
y(1− y) cosφ

(
MA

Q
I

[
kxa
MA

xA (g⊥L + g̃⊥L ) ḡ1L

]
+
MB

Q
I

[
kxa
MA

xB h
⊥
1L(h̄L + h̃L)

]
−MB

Q
I

[
kxb
MB

xB g1L(ḡ⊥L + g̃
⊥
L

]
−MA

Q
I

[
kxb
MB

xA (hL + h̃L) h̄⊥1L

])}
. (6.32)

6.3.4 Azimuthal asymmetries in doubly polarized LT-asymmetries

The relevant result expressed in terms of the twist two and twist three distribution functions and perpen-
dicular tensors and vectors is

W µν =
1

3

∫
d2kaT d

2kbT δ
2(kaT + kbT − qT ) λA

{
−gµν⊥

[
kbT · SB⊥

MB
g1L ḡ1T

]

−
k
{µ
a⊥k

ν}
b⊥ + (ka⊥ · kb⊥) gµν⊥

MAMB

kb⊥ · SB⊥
MB

h⊥1L h̄
⊥
1T −

k
{µ
a⊥S

ν}
B⊥ + (ka⊥ · SB⊥) gµν⊥

MA
h⊥1Lh̄1T

+
ẑ{µk

ν}
a⊥

Q

[
kb⊥ · SB⊥

MB
g1L ḡ1T −

kb⊥ · SB⊥
MB

2xA g
⊥
L ḡ1T −

MB

MA

kb⊥ · SB⊥
MB

2xB h
⊥
1L h̄T

+
m

MA

kb⊥ · SB⊥
MB

2h⊥1L ḡ1T −
k2
b⊥

MAMB

kb⊥ · SB⊥
MB

h⊥1L h̄
⊥
1T −

kb⊥ · SB⊥
MA

h⊥1Lh̄1T

]

+
ẑ{µk

ν}
b⊥

Q

[
−kb⊥ · SB⊥

MB
g1L ḡ1T +

kb⊥ · SB⊥
MB

2xB g1L ḡ
⊥
T

+
MA

MB

kb⊥ · SB⊥
MB

2xA hL h̄
⊥
1T −

m

MB

kb⊥ · SB⊥
MB

2 g1L h̄
⊥
1T

+
k2
a⊥

MAMB

kb⊥ · SB⊥
MB

h⊥1L h̄
⊥
1T +

ka⊥ · SB⊥
MA

h⊥1Lh̄1T −
ka⊥ · SB⊥

MA
2xB h

⊥
1Lh̄
⊥
T

]

+
MB ẑ

{µS
ν}
B⊥

Q

[
MA

MB
2xA hLh̄1T + 2xB g1Lḡ

′
T −

m

MB
2 g1Lh̄1T

+
k2
a⊥

MAMB
h⊥1Lh̄1T −

ka⊥ · kb⊥
MAMB

h⊥1Lh̄1T +
ka⊥ · kb⊥
MAMB

2xB h
⊥
1Lh̄
⊥
T

]}
. (6.33)
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This can be rewritten as

W µν =
1

3

∫
d2kaT d

2kbT δ
2(kaT + kbT − qT ) λA

{
−gµν⊥

[
g1L

kb⊥ · SB⊥
MB

ḡ1T

]

−
k
{µ
a⊥k

ν}
b⊥ + (ka⊥ · kb⊥) gµν⊥

MAMB

kb⊥ · SB⊥
MB

h⊥1L h̄
⊥
1T −

k
{µ
a⊥S

ν}
B⊥ + (ka⊥ · SB⊥) gµν⊥

MA
h⊥1Lh̄1T

−
ẑ{µk

ν}
a⊥

Q

[
kb⊥ · SB⊥

MB
xA (g⊥L + g̃⊥L ) ḡ1T +

kb⊥ · SB⊥
MA

xB h
⊥
1L (h̄T + h̃T )

]

+
ẑ{µk

ν}
b⊥

Q

[
kb⊥ · SB⊥

MB
xB g1L (ḡ⊥T + g̃

⊥
T ) +

MA

MB

kb⊥ · SB⊥
MB

xA (hL + h̃L) h̄⊥1T

−ka⊥ · SB⊥
MA

xB h
⊥
1L(h̄⊥T + h̃

⊥
T )

]

+
MB ẑ

{µS
ν}
B⊥

Q

[
xB g1L (ḡ′T + g̃

′
T ) +

MA

MB
xA (hL + h̃L) h̄1T +

ka⊥ · kb⊥
MAMB

xB h
⊥
1L (h̄⊥T + h̃

⊥
T )

]}
,

or

W µν = λA

{
−gµν⊥ SxB I

[
kxb
MB

g1L ḡ1T

]
−
x̂ {µSν}B⊥ + SxB g

µν
⊥

 I

[
kxa
MA

h⊥1Lh̄1

]

−

(2x̂µx̂ν + gµν⊥

SxB − x̂ {µŷν} S
y
B

)

× I
[

4 kxa(kxb )2 − 2 kxb (ka⊥ · kb⊥)− kxa k
2
b⊥

2MAM2
B

h⊥1Lh̄
⊥
1T

]
+ẑ{µS

ν}
B⊥

(
MB

Q
xB I

[
g1L(ḡT + g̃T )

]
+
MA

Q
xA I

[
(hL + h̃L) h̄1

]
−MB

Q
I

[
ka⊥ · kb⊥
2MAMB

xB h
⊥
1L (h̄T − h̄⊥T + h̃T − h̃

⊥
T )

]
−MA

Q
I

[
ka⊥ · kb⊥
2MAMB

xA (g⊥L + g̃⊥L ) ḡ1T

])

+
ẑ {µx̂ν} SxB − ẑ {µŷν} SyB

(
MB

Q
I

[
2 (kxb )2 − k2

b⊥
2M2

B

xB g1L (ḡ⊥T + g̃
⊥
T )

]
+
MA

Q
I

[
2 (kxb )2 − k2

b⊥
2M2

B

xA (hL + h̃L) h̄⊥1T

]
−MB

Q
I

[
2 kxak

x
b − ka⊥ · kb⊥
2MAMB

xB h
⊥
1L (h̄T + h̄⊥T + h̃T + h̃

⊥
T )

]
−MA

Q
I

[
2 kxak

x
b − ka⊥ · kb⊥
2MAMB

xA (g⊥L + g̃⊥L ) ḡ1T

])}
. (6.34)

The cross section is given by
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dσLT ( ~A~B → µ+µ−X)

dxA dxB dy d2qT
=

4π α2

Q2
λA |SB⊥|

{1

2
− y + y2

 cos(φ− φBs ) I

[
kxb
MB

g1L ḡ1T

]
+y(1− y) cos(φ+ φBs ) I

[
kxa
MA

h⊥1Lh̄1

]
+y(1− y) cos(3φ− φBs ) I

[
4 kxa(kxb )2 − 2 kxb (ka⊥ · kb⊥)− kxa k

2
b⊥

2MAM2
B

h⊥1Lh̄
⊥
1T

]
−(1− 2y)

√
y(1− y) cosφBs

(
MB

Q
xB I

[
g1L(ḡT + g̃T )

]
+
MA

Q
xA I

[
(hL + h̃L) h̄1

]
−MB

Q
I

[
ka⊥ · kb⊥
2MAMB

xB h
⊥
1L (h̄T − h̄⊥T + h̃T − h̃

⊥
T )

]
−MA

Q
I

[
ka⊥ · kb⊥
2MAMB

xA (g⊥L + g̃⊥L ) ḡ1T

])

−(1− 2y)
√
y(1− y) cos(2φ− φBs )

(
MB

Q
I

[
2 (kxb )2 − k2

b⊥
2M2

B

xB g1L (ḡ⊥T + g̃
⊥
T )

]
+
MA

Q
I

[
2 (kxb )2 − k2

b⊥
2M2

B

xA (hL + h̃L) h̄⊥1T

]
−MB

Q
I

[
2 kxak

x
b − ka⊥ · kb⊥
2MAMB

xB h
⊥
1L (h̄T + h̄⊥T + h̃T + h̃

⊥
T )

]
−MA

Q
I

[
2 kxak

x
b − ka⊥ · kb⊥
2MAMB

xA (g⊥L + g̃⊥L ) ḡ1T

])}
. (6.35)
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6.3.5 Azimuthal asymmetries in doubly polarized TT-asymmetries

The relevant result expressed in terms of the twist two and twist three distribution functions and perpen-
dicular tensors and vectors is

W µν =
1

3

∫
d2kaT d

2kbT δ
2(kaT + kbT − qT ) ×

{
−gµν⊥

[
ka⊥ · SA⊥

MA

kb⊥ · SB⊥
MB

g1T ḡ1T

]

−
k
{µ
a⊥k

ν}
b⊥ + (ka⊥ · kb⊥) gµν⊥

MAMB

ka⊥ · SA⊥
MA

kb⊥ · SB⊥
MB

h⊥1T h̄
⊥
1T

−
k
{µ
b⊥S

ν}
A⊥ + (kb⊥ · SA⊥) gµν⊥

MB

kb⊥ · SB⊥
MB

h1T h̄
⊥
1T

−
k
{µ
a⊥S

ν}
B⊥ + (ka⊥ · SB⊥) gµν⊥

MA

ka⊥ · SA⊥
MA

h⊥1T h̄1T −
S{µA⊥Sν}B⊥ + (SA⊥ · SB⊥) gµν⊥

h1T h̄1T

+
ẑ{µk

ν}
a⊥

Q

[
ka⊥ · SA⊥

MA

kb⊥ · SB⊥
MB

g1T ḡ1T −
ka⊥ · SA⊥

MA

kb⊥ · SB⊥
MB

2xA g
⊥
T ḡ1T

−MB

MA

ka⊥ · SA⊥
MA

kb⊥ · SB⊥
MB

2xB h
⊥
1T h̄T +

m

MA

ka⊥ · SA⊥
MA

kb⊥ · SB⊥
MB

2h⊥1T ḡ1T

− k2
b⊥

MAMB

ka⊥ · SA⊥
MA

kb⊥ · SB⊥
MB

h⊥1T h̄
⊥
1T −

kb⊥ · SA⊥
MB

kb⊥ · SB⊥
MB

h1T h̄
⊥
1T

−kb⊥ · SB⊥
MA

ka⊥ · SA⊥
MA

h⊥1T h̄1T +
kb⊥ · SA⊥

MB

kb⊥ · SB⊥
MB

2xA h
⊥
T h̄
⊥
1T

−SA⊥ · SB⊥ h1T h̄1T + SA⊥ · SB⊥ 2xA h
⊥
T h̄1T

]

+
ẑ{µk

ν}
b⊥

Q

[
−ka⊥ · SA⊥

MA

kb⊥ · SB⊥
MB

g1T ḡ1T +
ka⊥ · SA⊥

MA

kb⊥ · SB⊥
MB

2xB g1T ḡ
⊥
T

+
MA

MB

ka⊥ · SA⊥
MA

kb⊥ · SB⊥
MB

2xA hT h̄
⊥
1T −

m

MB

ka⊥ · SA⊥
MA

kb⊥ · SB⊥
MB

2 g1T h̄
⊥
1T

+
k2
a⊥

MAMB

ka⊥ · SA⊥
MA

kb⊥ · SB⊥
MB

h⊥1T h̄
⊥
1T +

ka⊥ · SA⊥
MB

kb⊥ · SB⊥
MB

h1T h̄
⊥
1T

+
ka⊥ · SB⊥

MA

ka⊥ · SA⊥
MA

h⊥1T h̄1T −
ka⊥ · SB⊥

MA

ka⊥ · SA⊥
MA

2xB h
⊥
1T h̄

⊥
T

+SA⊥ · SB⊥ h1T h̄1T − SA⊥ · SB⊥ 2xB h1T h̄
⊥
T

]

+
MA ẑ

{µS
ν}
A⊥

Q

[
−kb⊥ · SB⊥

MB
2xA g

′
T ḡ1T −

MB

MA

kb⊥ · SB⊥
MB

2xB h1T h̄T

+
m

MA

kb⊥ · SB⊥
MB

2h1T ḡ1T −
k2
b⊥

MAMB

kb⊥ · SB⊥
MB

h1T h̄
⊥
1T

+
ka⊥ · kb⊥
MAMB

kb⊥ · SB⊥
MB

h1T h̄
⊥
1T −

ka⊥ · kb⊥
MAMB

kb⊥ · SB⊥
MB

2xA h
⊥
T h̄
⊥
1T

+
ka⊥ · SB⊥

MA
h1T h̄1T −

kb⊥ · SB⊥
MA

h1T h̄1T −
ka⊥ · SB⊥

MA
2xA h

⊥
T h̄1T

]

+
MB ẑ

{µS
ν}
B⊥

Q

[
MA

MB

ka⊥ · SA⊥
MA

2xA hT h̄1T +
ka⊥ · SA⊥

MA
2xB g1T ḡ

′
T

− m

MB

ka⊥ · SA⊥
MA

2 g1T h̄1T +
k2
a⊥

MAMB

ka⊥ · SA⊥
MA

h⊥1T h̄1T

−ka⊥ · kb⊥
MAMB

ka⊥ · SA⊥
MA

h⊥1T h̄1T +
ka⊥ · kb⊥
MAMB

ka⊥ · SA⊥
MA

2xB h
⊥
1T h̄

⊥
T

+
ka⊥ · SA⊥

MB
h1T h̄1T −

kb⊥ · SA⊥
MB

h1T h̄1T +
kb⊥ · SA⊥

MB
2xB h1T h̄

⊥
T

]}
, (6.36)
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which can be rewritten as

W µν =
1

3

∫
d2kaT d

2kbT δ
2(kaT + kbT − qT ) ×

{
−gµν⊥

[
ka⊥ · SA⊥

MA

kb⊥ · SB⊥
MB

g1T ḡ1T

]

−
k
{µ
a⊥k

ν}
b⊥ + (ka⊥ · kb⊥) gµν⊥

MAMB

ka⊥ · SA⊥
MA

kb⊥ · SB⊥
MB

h⊥1T h̄
⊥
1T

−
k
{µ
b⊥S

ν}
A⊥ + (kb⊥ · SA⊥) gµν⊥

MB

kb⊥ · SB⊥
MB

h1T h̄
⊥
1T

−
k
{µ
a⊥S

ν}
B⊥ + (ka⊥ · SB⊥) gµν⊥

MA

ka⊥ · SA⊥
MA

h⊥1T h̄1T −
S{µA⊥Sν}B⊥ + (SA⊥ · SB⊥) gµν⊥

h1T h̄1T

+
ẑ{µk

ν}
a⊥

Q

[
−ka⊥ · SA⊥

MA

kb⊥ · SB⊥
MB

xA (g⊥T + g̃⊥T ) ḡ1T

−MB

MA

ka⊥ · SA⊥
MA

kb⊥ · SB⊥
MB

xB h
⊥
1T (h̄T + h̃T )

+
kb⊥ · SA⊥

MB

kb⊥ · SB⊥
MB

xA (h⊥T + h̃⊥T ) h̄⊥1T + (SA⊥ · SB⊥)xA (h⊥T + h̃⊥T ) h̄1T

]

+
ẑ{µk

ν}
b⊥

Q

[
ka⊥ · SA⊥

MA

kb⊥ · SB⊥
MB

xB g1T (ḡ⊥T + g̃
⊥
T )

+
MA

MB

ka⊥ · SA⊥
MA

kb⊥ · SB⊥
MB

xA (hT + h̃T ) h̄⊥1T

−ka⊥ · SB⊥
MA

ka⊥ · SA⊥
MA

xB h
⊥
1T (h̄⊥T + h̃

⊥
T )− (SA⊥ · SB⊥)xB h1T (h̄⊥T + h̃

⊥
T )

]

+
MA ẑ

{µS
ν}
A⊥

Q

[
−kb⊥ · SB⊥

MB
xA (g′T + g̃′T ) ḡ1T −

MB

MA

kb⊥ · SB⊥
MB

xB h1T (h̄T + h̃T )

−ka⊥ · kb⊥
MAMB

kb⊥ · SB⊥
MB

xA (h⊥T + h̃⊥T ) h̄⊥1T −
ka⊥ · SB⊥

MA
xA (h⊥T + h̃⊥T )h̄1T

]

+
MB ẑ

{µS
ν}
B⊥

Q

[
MA

MB

ka⊥ · SA⊥
MA

xA (hT + h̃T ) h̄1T +
ka⊥ · SA⊥

MA
xB g1T (ḡ′T + g̃

′
T )

+
ka⊥ · kb⊥
MAMB

ka⊥ · SA⊥
MA

xB h
⊥
1T (h̄⊥T + h̃

⊥
T ) +

kb⊥ · SA⊥
MB

xB h1T (h̄⊥T + h̃
⊥
T )

]}
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or

W µν = −gµν⊥

(
(SA⊥ · SB⊥) I

[
ka⊥ · kb⊥
2MAMB

g1T ḡ1T

]
+
SxASxB − SyASyB I

[
kxak

x
b − kyak

y
b

2MAMB
g1T ḡ1T

])

−
S{µA⊥Sν}B⊥ + (SA⊥ · SB⊥) gµν⊥

(I [h1h̄1

]
− I

[
k2
a⊥k

2
b⊥

4M2
AM

2
B

h⊥1T h̄
⊥
1T

])

−

(x̂{µSν}A⊥ + SxA g
µν
⊥

SxB +
ŷ{µSν}A⊥ + SyA g

µν
⊥

SyB

)
I

[
(kxb )2 − (kyb )2

2M2
B

h1 h̄
⊥
1T

]

−

(x̂{µSν}B⊥ + SxB g
µν
⊥

SxA +
ŷ{µSν}B⊥ + SyB g

µν
⊥

SyA

)
I

[
(kxa)2 − (kya)2

2M2
A

h⊥1T h̄1

]

−

(2x̂µx̂ν + gµν⊥

SxASxB − SyASyB− x̂ {µŷν} (SxAS
y
B + SyAS

x
B)

)

× I
[

[(kxa)2 − (kya)2] [(kxb )2 − (kyb )2]− 4kxak
y
ak

x
b k

y
b

4M2
AM

2
B

h⊥1T h̄
⊥
1T

]
−ẑ{µSν}A⊥ S

x
B

(
MA

Q
I

[
kxb
MB

xA (gT + g̃T ) ḡ1T

]
+
MB

Q
I

[
kxb
MB

xB h1 (h̄T + h̃T )

])

+ẑ {µε
ν}ρ
⊥ SA⊥ρ S

y
B

MB

Q
I

[
kxb
MB

xB h1 (h̄⊥T + h̃
⊥
T )

]
−
ẑ{µx̂ν} SxASxB − ẑ{µŷν} SyASxB

(
MA

Q
I

[
kxb [(kxa)2 − (kya)2]

2M2
AMB

xA (g⊥T + g̃⊥T ) ḡ1T

]
+
MB

Q
I

[
kxb [(kxa)2 − (kya)2]

2M2
AMB

xB h
⊥
1T (h̄T + h̃T )

]
−MB

Q
I

[
kxak

y
ak

y
b

M2
AMB

xB h
⊥
1T (h̄⊥T + h̃

⊥
T )

])

−
ẑ {µx̂ν} SyASyB + ẑ{µŷν} SxAS

y
B

(MA

Q
I

[
kxak

y
ak

y
b

M2
AMB

xA (g⊥T + g̃⊥T ) ḡ1T

]
+
MB

Q
I

[
kxak

y
ak

y
b

M2
AMB

xB h
⊥
1T (h̄T + h̃T )

]
−MB

Q
I

[
[(kxa)2 − (kya)2] kxb

2M2
AMB

xB h
⊥
1T (h̄⊥T + h̃

⊥
T )

])

+ẑ{µS
ν}
B⊥ S

x
A

(
MA

Q
I

[
kxa
MA

xA (hT + h̃T ) h̄1

]
+
MB

Q
I

[
kxa
MA

xB g1T (ḡT + g̃T )

])

−ẑ {µεν}ρ⊥ SB⊥ρ S
y
A

MA

Q
I

[
kxa
MA

xA (h⊥T + h̃⊥T )h̄1

]
+
ẑ{µx̂ν} SxASxB − ẑ{µŷν} SxASyB

(
MB

Q
I

[
kxa [(kxb )2 − (kyb )2]

2MAM2
B

xB g1T (ḡ⊥T + g̃
⊥
T )

]
+
MA

Q
I

[
kxa [(kxb )2 − (kyb )2]

2MAM2
B

xA (hT + h̃T ) h̄⊥1T

]
−MA

Q
I

[
kyak

x
b k

y
b

MAM2
B

xA (h⊥T + h̃⊥T )h̄⊥1T

])

+
ẑ {µx̂ν} SyASyB + ẑ{µŷν} SyAS

x
B

(MB

Q
I

[
kyak

x
b k

y
b

MAM2
B

xA g1T (ḡ⊥T + g̃
⊥
T )

]
+
MA

Q
I

[
kyak

x
b k

y
b

MAM2
B

xA (hT + h̃T ) h̄⊥1T

]
−MA

Q
I

[
kxa [(kxb )2 − (kyb )2]

2MAM2
B

xA (h⊥T + h̃⊥T )h̄⊥1T

])
(6.37)
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The cross section is given by

dσTT ( ~A~B → µ+µ−X)

dxA dxB dy d2qT
=

4π α2

Q2
|SA⊥| |SB⊥|

{1

2
− y + y2

 cos(φAs − φBs ) I

[
ka⊥ · kb⊥
2MAMB

g1T ḡ1T

]
+

1

2
− y + y2

 cos(φAs + φBs − 2φ)I

[
kxak

x
b − kyak

y
b

2MAMB
g1T ḡ1T

]
+y(1− y) cos(φAs + φBs )

(
I
[
h1h̄1

]
− I

[
k2
a⊥k

2
b⊥

4M2
AM

2
B

h⊥1T h̄
⊥
1T

])

+y(1− y) cos(2φ+ φAs − φBs ) I

[
(kxb )2 − (kyb )2

2M2
B

h1 h̄
⊥
1T

]
+y(1− y) cos(2φ− φAs + φBs ) I

[
(kxa)2 − (kya)2

2M2
A

h⊥1T h̄1

]
+ . . .



October 30, 1997 514

. . .

−y(1− y) cos(4φ− φAs − φBs ) I

[
[(kxa)2 − (kya)2] [(kxb )2 − (kyb )2]− 4kxak

y
ak

x
b k

y
b

4M2
AM

2
B

h⊥1T h̄
⊥
1T

]
+(1− 2y)

√
y(1− y) cosφAs cos(φBs − φ)

(
MA

Q
I

[
kxb
MB

xA (gT + g̃T ) ḡ1T

]

+
MB

Q
I

[
kxb
MB

xB h1 (h̄T + h̃T )

])

+(1− 2y)
√
y(1− y) sinφAs sin(φBs − φ)

MB

Q
I

[
kxb
MB

xB h1 (h̄⊥T + h̃
⊥
T )

]
+(1− 2y)

√
y(1− y) cos(2φ− φAs ) cos(φBs − φ)

(
MA

Q
I

[
kxb [(kxa)2 − (kya)2]

2M2
AMB

xA (g⊥T + g̃⊥T ) ḡ1T

]
+
MB

Q
I

[
kxb [(kxa)2 − (kya)2]

2M2
AMB

xB h
⊥
1T (h̄T + h̃T )

]
−MB

Q
I

[
kxak

y
ak

y
b

M2
AMB

xB h
⊥
1T (h̄⊥T + h̃

⊥
T )

])

+(1− 2y)
√
y(1− y) sin(2φ− φAs ) sin(φBs − φ)

(
MA

Q
I

[
kxak

y
ak

y
b

M2
AMB

xA (g⊥T + g̃⊥T ) ḡ1T

]
+
MB

Q
I

[
kxak

y
ak

y
b

M2
AMB

xB h
⊥
1T (h̄T + h̃T )

]
−MB

Q
I

[
[(kxa)2 − (kya)2] kxb

2M2
AMB

xB h
⊥
1T (h̄⊥T + h̃

⊥
T )

])

−(1− 2y)
√
y(1− y) cosφBs cos(φAs − φ)

(
MA

Q
I

[
kxa
MA

xA (hT + h̃T ) h̄1

]

+
MB

Q
I

[
kxa
MA

xB g1T (ḡT + g̃T )

])

−(1− 2y)
√
y(1− y) sinφBs sin(φAs − φ)

MA

Q
I

[
kxa
MA

xA (h⊥T + h̃⊥T )h̄1

]
−(1− 2y)

√
y(1− y) cos(2φ− φBs ) cos(φAs − φ)

(
MB

Q
I

[
kxa [(kxb )2 − (kyb )2]

2MAM2
B

xB g1T (ḡ⊥T + g̃
⊥
T )

]
+
MA

Q
I

[
kxa [(kxb )2 − (kyb )2]

2MAM2
B

xA (hT + h̃T ) h̄⊥1T

]
−MA

Q
I

[
kyak

x
b k

y
b

MAM2
B

xA (h⊥T + h̃⊥T )h̄⊥1T

])

−(1− 2y)
√
y(1− y) sin(2φ− φBs ) sin(φAs − φ)

(
MB

Q
I

[
kyak

x
b k

y
b

MAM2
B

xA g1T (ḡ⊥T + g̃
⊥
T )

]
+
MA

Q
I

[
kyak

x
b k

y
b

MAM2
B

xA (hT + h̃T ) h̄⊥1T

]
−MA

Q
I

[
kxa [(kxb )2 − (kyb )2]

2MAM2
B

xA (h⊥T + h̃⊥T )h̄⊥1T

])}
. (6.38)
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6.4 Convolutions and gaussian distributions

In order to study the behavior of the convolutions of distribution, it is useful to consider gaussian distri-
butions,

f(xA,kaT ) = f(xA,0T ) exp(−R2
ak

2
aT ) = f(xA)

R2
a

π
exp(−R2

ak
2
aT ), (6.39)

f̄(xB,kbT ) = f̄(xB,0T ) exp(−R2
bk

2
bT ) = f(xB)

R2
b

π
exp(−R2

bk
2
bT )︸ ︷︷ ︸

P(kbT ,Rb)

, (6.40)

In that case the convolution becomes

I[f f̄ ] =

∫
d2kaT d

2kbT δ
2(kaT + kbT − qT ) f(xA,kaT ) f̄(xB,kbT )

=
π

R2
a +R2

b

exp

−Q2
T R

2
aR

2
b

R2
a +R2

b

 f(xA,0T ) f̄(xB,0T )

= f(xA) f̄(xB) P(qT ;R) (6.41)

with R2 = R2
aR

2
b/(R

2
a +R2

b). The other convolutions that appear in the cross sections are of the form

I
[ kxa
Ma

f f̄
]

=
R2

R2
a

QT
Ma

I[f f̄ ], (6.42)

I
[kaT · kbT
MaMb

f f̄
]

=
R2

MaMbR2
aR

2
b

(
Q2
T R

2 − 1
)
I[f f̄ ], (6.43)

I
[2(kxa)2 − k2

aT

2M2
a

f f̄
]

= I
[ (kxa)2 − (kya)2

2M2
a

f f̄
]

=
R4

R4
a

Q2
T

2M2
a

I[f f̄ ], (6.44)

I
[2 kxak

x
b − kaT · kbT
2MaMb

f f̄
]

= I
[kxakxb − kyakyb

2MaMb
f f̄
]

=
R4

R2
aR

2
b

Q2
T

2MaMb
I[f f̄ ], (6.45)

I
[kxa [(kxb )2 − (kyb )2]

2MaM2
b

f f̄
]

=
R4

R2
aR

4
b

QT
2MaM2

b

(
Q2
TR

2 − 1
)
I[f f̄ ], (6.46)

I
[kxb kyakyb
MaM2

b

f f̄
]

= − R4

R2
aR

4
b

QT
2MaM2

b

I[f f̄ ], (6.47)

I
[kxa [(kxb )2 − (kyb )2]− 2kxb k

y
ak

y
b

2MaM2
b

f f̄
]

= I
[4 kxa(kxb )2 − 2 kxb (ka⊥ · kb⊥)− kxa k

2
b⊥

2MaM2
b

f f̄
]

=
R6

R2
aR

4
b

Q3
T

2MaM2
b

I[f f̄ ], (6.48)

I
[ [(kxa)2 − (kya)2] [(kxb )2 − (kyb )2]− 4kxak

y
ak

x
b k

y
b

4M2
aM

2
b

f f̄
]

=
R8

R4
aR

4
b

Q4
T

4M2
aM

2
b

I[f f̄ ]. (6.49)
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Another way to deconvolute the results are using the following weighted quantities,∫
d2qT

QT

Ma
I
[ kxa
Ma

f f̄
]

= 2 f (1)(xA) f̄(xB), (6.50)∫
d2qT

Q2
T

MaMb
I
[kaT · kbT
MaMb

f f̄
]

= 4 f (1)(xA) f̄ (1)(xB), (6.51)∫
d2qT

Q2
T

M2
a

I
[2(kxa)2 − k2

aT

2M2
a

f f̄
]

= 2 f (2)(xA) f̄(xB), (6.52)∫
d2qT

Q2
T

MaMb
I
[2 kxak

x
b − kaT · kbT
2MaMb

f f̄
]

= 4 f (1)(xA) f̄ (1)(xB), (6.53)∫
d2qT

Q3
T

MaM2
b

I
[kxa [(kxb )2 − (kyb )2]

2MaM2
b

f f̄
]

= 8 f (1)(xA) f̄ (2)(xB), (6.54)∫
d2qT

Q3
T

MaM2
b

I
[kxb kyakyb
MaM2

b

f f̄
]

= −4 f (1)(xA) f̄ (2)(xB), (6.55)∫
d2qT

Q3
T

MaM2
b

I
[4 kxa(kxb )2 − 2 kxb (ka⊥ · kb⊥)− kxa k

2
b⊥

2MaM2
b

f f̄
]

= 12 f (1)(xA) f̄ (2)(xB), (6.56)∫
d2qT

Q4
T

M2
aM

2
b

I
[ [(kxa)2 − (kya)2] [(kxb )2 − (kyb )2]− 4kxak

y
ak

x
b k

y
b

4M2
aM

2
b

f f̄
]

= 24 f (2)(xA) f̄ (2)(xB),(6.57)

where f (n)(xA) indicate the (k2
aT/2M

2
a )n-moments of f(xA,k

2
aT ),

f (n)(xA) =

∫
d2kaT

(
k2
aT

2M2
a

)n
f(xA,k

2
aT ) =

n!

(2M2
aR

2
a)n

f(xA). (6.58)



Chapter 7

Lepton-hadron up to O(1/Q)

7.1 Inclusion of gluon contributions

We will consider in this section the inclusion of diagrams with gluons connecting the soft and hard part.
The additional contribution is given by four diagrams. Two of them have gluons connected to the lower
soft part (the hadron → quark part), the others gluons connected to the upper soft part (the quark →
hadron part). Including the contribution of the handbag one has

2M Wµν =

∫
d4p d4k δ4(p+ q − k) Tr [Φ(p)γµ∆(k)γν ]

−
∫
d4p d4k d4p1 δ

4(p+ q − k)

{
Tr

[
γα

(/k − /p1 +m)

(k − p1)2 −m2 + iε
γνΦαA(p, p− p1)γµ∆(k)

]

+ Tr

[
γµ

(/k − /p1 +m)

(k − p1)2 −m2 − iε
γα∆(k)γνΦαA(p− p1, p)

]}

−
∫
d4p d4k d4k1 δ

4(p+ q − k)

{
Tr

[
γν

(/p− /k1 +m)

(p− k1)2 −m2 + iε
γαΦ(p)γµ∆α

A(k − k1, k)

]

+ Tr

[
γα

(/p− /k1 +m)

(p− k1)2 −m2 − iε
γµ∆α

A(k, k − k1)γνΦ(p)

]}
.(7.1)

[Note that we have for a quark-quark-gluon blob used momentum p1 (or k1) for the gluon and p− p1 (or
k−k1) for the quark. This is easier to extend when we consider multiple gluon correlation functions.] The
momenta p1 and k1 connected to the soft hadronic parts are parametrized according to

p1 =

[
p−1 ,

x1Q√
2
,p1T

]
, (7.2)

k1 =

[
z1Q√

2
, k+

1 ,k1T

]
, (7.3)

The momentum appearing in the extra fermion propagator is p−p1 + q = k−p1 with (k−p1)2 = −x1Q
2,

or k − k1 − q = p− k1 with (p− k1)2 = −z1Q
2. Thus one has in leading order in 1/Q,

/k − /p1 +m

(k − p1)2 −m2 + iε
=

γ−

Q
√

2
− γ+

(x1 − iε)Q
√

2
+
γT · (kT − p1T )−m

(x1 − iε)Q2
, (7.4)

/p− k1 +m

(p− k1)2 −m2 + iε
=

γ+

Q
√

2
− γ−

(z1 − iε)Q
√

2
+
γT · (pT − k1T )−m

(z1 − iε)Q2
. (7.5)

701
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This can be used to consider separately the contributions of transverse (AαT ) and longitudinal (A+) gluons.
For the transverse gluons, the trace of the first gluonic contribution becomes

−
∫
d4p d4k d4p1 δ

4(p+ q − k) Tr

[
γα

/k − /p1 +m

(k − p1)2 −m2 + iε
γνΦαA(p, p− p1)γµ∆(k)

]
=

∫
d4p d4k δ4(p+ q − k)

∫
d4p1

(2π)4

∫
d4x

∫
d4y ei (p−p1)·x+i p1·y

×〈P, S|ψ(0)γµ∆(k)
γα γ

−

Q
√

2
γν gA

α
T (y)ψ(x)|P, S〉,

which starts off at order 1/Q and at this order requires leading parts from ΦαA (proportional to P+ΦαAP−)
and leading parts from ∆ (proportional to P−∆P+). As {γ−, γαT } = 0 and γ−P+ = P−γ

− = 0 only the
γ− = P+γ

−P− part in Eq. 7.4 contributes. This term is independent of any of the components of p1, and
we thus can immediately consider the distributions

∫
d4p1 ΦαA(p, p− p1), or explicitly∫

d4p d4k δ4(p+ q − k)

∫
d4x ei p·x 〈P, S|ψ(0)γµ∆(k)

γα γ
−

Q
√

2
γν gA

α
T (x)ψ(x)|P, S〉. (7.6)

This contribution will be studied in the next section. Note that it can be written in terms of the covariant
derivative as ∫

d4p d4k δ4(p+ q − k)

∫
d4x ei p·x 〈P, S|ψ(0)γµ∆(k)

γα γ
−

Q
√

2
γν iD

α
T (x)ψ(x)|P, S〉

−
∫
d4p d4k δ4(p+ q − k) pαT

∫
d4x ei p·x 〈P, S|ψ(0)γµ∆(k)

γα γ
−

Q
√

2
γν ψ(x)|P, S〉. (7.7)

In this section we consider next the contributions of longitudinal gluons (A+). They lead to traces of
the form

−
∫
d4p d4k d4p1 δ

4(p+ q − k) Tr

[
γ−

/k − /p1 +m

(k − p1)2 −m2 + iε
γνΦ+

A(p, p− p1)γµ∆(k)

]
The first term in Eq. 7.4 does not contribute. The second term contributes at O(1) as the dominant
contribution in Φ+

A is the part projected out by
∫
dp−1 P+Φ+

AP− which is of O(Q). Explicitly, we get for
the first correction in Eq. 7.1

−
∫
d4p d4k δ4(p+ q − k)

∫
d4p1

(2π)4

∫
d4x

∫
d4y ei (p−p1)·x+i p1·y

×〈P, S|ψ(0)γµ∆(k)γ−
γ+

(x1 − iε)Q
√

2
γν gA

+(y)ψ(x)|P, S〉

=

∫
d4p d4k δ4(p+ q − k)

∫
dx1

2π

∫
d4x

∫
dy−

e−i x1 p
+(x−−y−)

x1 − iε
ei p·x

× 〈P, S|ψ(0)γµ∆(k)
γ−γ+

2
γν gA

+(y)ψ(x)|P, S〉
∣∣∣∣
y+=x+, yT=xT

=

∫
d4p d4k δ4(p+ q − k)

∫
d4x

∫
dy− θ(y− − x−) ei p·x

×〈P, S|ψ(0)γµ∆(k)P+ γν igA
+(y−)ψ(x)|P, S〉

= −
∫
d4p d4k δ4(p+ q − k)

∫
d4x ei p·x

×〈P, S|ψ(0)γµ∆(k)P+ γν ig

∫ x−

∞
dy−A+(y−)ψ(x)|P, S〉. (7.8)
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The second term in Eq. 7.1 gives

−
∫
d4p d4k d4p1 δ

4(p+ q − k) Tr

[
γµ

(/k − /p1 +m)

(k − p1)2 −m2 − iε
γ−∆(k)γνΦ+

A(p− p1, p)

]
=

∫
d4p d4k δ4(p+ q − k)

∫
d4x ei p·x

×〈P, S|ψ(0) ig

∫ 0

∞
dy−A+(y−) γµ P−∆(k) γν ψ(x)|P, S〉 (7.9)

The last two terms in Eq. 7.1 give

−
∫
d4p d4k d4k1 δ

4(p+ q − k)

{
Tr

[
γν

(/p− /k1 +m)

(p− k1)2 −m2 + iε
γ+Φ(p)γµ∆−A(k1, k)

]

+ Tr

[
γ+ (/p− /k1 +m)

(p− k1)2 −m2 − iε
γµ∆−A(k, k − k1)γνΦ(p)

]}

=

∫
d4p d4k δ4(p+ q − k)

∫
d4x ei k·x

×

{
Tr 〈0|ψ(x) a†hah ig

∫ 0

−∞
dy+A−(y+)ψ(0) γν P+ Φ(p) γµ|0〉

−Tr 〈0|ψ(x) ig

∫ x+

−∞
dy+A−(y+) a†hah ψ(0) γν Φ(p)P− γµ|0〉

}
.

The result of multiple A+- or A−-gluons together with the tree-level result gives in leading order in 1/Q
(when the projectors P+ and P− don’t matter) the exponentiated path-ordered result

2M Wµν =

∫
d4p d4k δ4(p+ q − k) Tr [Φ(p)γµ∆(k)γν ] (7.10)

with

Φij(p, P, S) =
1

(2π)4

∫
d4x ei p·x〈P, S|ψj(0)G (0,∞; 0T ) G (∞, x−;xT )ψi(x)|P, S〉, (7.11)

∆ij(k, Ph, Sh) =
1

(2π)4

∫
d4x eik·x 〈0|G (−∞, x+;xT )ψi(x) a†hah ψj(0)G (0,−∞; 0T )|0〉. (7.12)

Provided we assume that matrix elements containing bilocal operators ψ(0)AT (y± = ∓∞, yT )ψ(x) vanish
for physical states, the above links can be connected resulting in a color gauge-invariant matrix element
that must be used in the definition of the correlation functions.

Before considering the transverse gluons let us check the case of two A+ gluons. For instance considering
a gauge choice A− = 0, one needs only to consider the absorption of the A+ gluons in the ’distribution’
part. Dressing the diagram leading to the first of the four terms above with another ’parallel’ gluon one
obtains a contribution∫

d4p d4k δ4(p+ q − k)

∫
d4p1

(2π)4

d4p2

(2π)4

∫
d4x

∫
d4y1 d

4y2 e
i (p−p1−p2)·x+i p1·y1+i p2·y2

×〈P, S|ψ(0)γµ∆(k)γ−
γ+

(x2 − iε)Q
√

2
γ−

γ+

(x1 + x2 − iε)Q
√

2
γν gA

+(y2) gA+(y1)ψ(x)|P, S〉

=

∫
d4p d4k δ4(p+ q − k)

∫
dx1

2π

dx2

2π

∫
d4x

∫
dy−1 dy−2

e−i (x1+x2)p+(x−−y−1 ) e−i x2p
+(y−1 −y

−
2 )

(x1 + x2 − iε) (x2 − iε)
ei p·x

×〈P, S|ψ(0)γµ∆(k)P 2
+ γν gA

+(y2) gA+(y1)ψ(x)|P, S〉. (7.13)

The integration over x1 and x2 gives

iθ(y−1 − x−) iθ(y−2 − y
−
1 ), (7.14)
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leading to the path ordering.
Dressing a diagram with an AαT -gluon with a longitudinal gluon leads to one contribution of the form∫

d4p d4k δ4(p+ q − k)

∫
d4p1

(2π)4

d4p2

(2π)4

∫
d4x

∫
d4y1 d

4y2 e
i (p−p1−p2)·x+i p1·y1+i p2·y2

×〈P, S|ψ(0)γµ∆(k)γ−
γ+

(x2 − iε)Q
√

2
γα

γ−

Q
√

2
γν gA

+(y2) gAαT (y1)ψ(x)|P, S〉

=

∫
d4p d4k δ4(p+ q − k)

∫
dx2

2π

∫
d4x

∫
dy−2

e−i x2p
+(x−−y−2 )

x2 − iε
ei p·x

×〈P, S|ψ(0)γµ∆(k)P+
γαγ

−

Q
√

2
γν gA

+(y2) gAαT (x)ψ(x)|P, S〉. (7.15)

The x2 integration gives θ(y−2 − x−), the first term of the link. Note that the A+(y1)AαT (y2) contribution
vanishes at O(1/Q) because of the nonmatching Dirac structure.

As a final note of this section, we look for the contribution that combines with Eq. 7.15 into a covariant
derivative. Since the term we consider is O(g2) and O(1/Q) we expect the i∂αT to be in the O(g) contribution
also at O(1/Q). Again considering the A− = 0 gauge, the only part at O(1/Q) that we sofar neglected is
coming from the γT part of the fermion propagator instead of the γ+ in Eq. 7.8,

−
∫
d4p d4k δ4(p+ q − k)

∫
d4p1

(2π)4

∫
d4x

∫
d4y ei (p−p1)·x+i p1·y

×〈P, S|ψ(0)γµ∆(k)γ−
γα(kα − pα1 )

(x1 − iε)Q2
γν gA

+(y)ψ(x)|P, S〉

=

∫
d4p d4k δ4(p+ q − k)

∫
dx1

2π

∫
d4x

∫
dy−

e−i x1 p
+(x−−y−)

x1 − iε
ei p·x

×〈P, S|ψ(0)γµ∆(k)
γαγ

−

Q
√

2
γν gA

+(y) i∂αT ψ(x)|P, S〉

+

∫
d4p d4k δ4(p+ q − k) (kαT − pαT )

∫
dx1

2π

∫
d4x

∫
dy−

e−i x1 p
+(x−−y−)

x1 − iε
ei p·x

×〈P, S|ψ(0)γµ∆(k)
γαγ

−

Q
√

2
γν gA

+(y)ψ(x)|P, S〉. (7.16)

We correctly obtain the first term in the link for the covariant derivative and the pαT -term in Eq. 7.7 (and
for as far as we now performed the calculation, namely in A− = 0 gauge the link contribution for the
pT -term arising from g AT = iDT − i∂T in the fragmentation part).
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7.2 The O(1/Q) contribution from transverse gluons

Up to O(1/Q) one needs to include the contributions of the handbag diagram, now calculated up to this
order with in addition irreducible diagrams with one gluon coupling either to the soft part involving hadron
H or the soft part involving hadron h. The expressions thus involve the quark-gluon correlation functions.
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The full expression for the symmetric and antisymmetric parts of the hadronic tensor are,

2M W µν
S = 2zh

∫
d2kT d

2pT δ
2(pT + qT − kT )

×

{
−gµν⊥

[
f1D1 + g1sG1s +

ερσ⊥ k⊥ρSh⊥σ
Mh

f1D
⊥
1T

]

−
k
{µ
⊥ p

ν}
⊥ + (k⊥ · p⊥) gµν⊥

MMh
h⊥1sH

⊥
1s −

k
{µ
⊥ S

ν}
⊥ + (k⊥ · S⊥) gµν⊥

Mh
h1TH

⊥
1s

−
p
{µ
⊥ S

ν}
h⊥ + (p⊥ · Sh⊥) gµν⊥

M
h⊥1sH1T −

S{µ⊥ Sν}h⊥ + (S⊥ · Sh⊥) gµν⊥

 h1TH1T

−

(
k
{µ
⊥ ε

ν}ρ
⊥ p⊥ρ + p

{µ
⊥ ε

ν}ρ
⊥ k⊥ρ

)
2MMh

h⊥1sH
⊥
1 −

(
k
{µ
⊥ ε

ν}ρ
⊥ S⊥ρ + S

{µ
⊥ ε

ν}ρ
⊥ k⊥ρ

)
2Mh

h1TH
⊥
1

+
2 t̂ {µk

ν}
⊥

Q

[
−f1D1 + f1

D⊥

zh
− g1sG1s + g1s

G⊥s
zh

+
M

Mh
xB hsH

⊥
1s −

m

Mh
g1sH

⊥
1s −

p⊥ · Sh⊥
M

h⊥1sH1T

+
p⊥ · Sh⊥

M
h⊥1s

H⊥T
zh
− S⊥ · Sh⊥ h1TH1T + S⊥ · Sh⊥ h1T

H⊥T
zh

]

+
2 t̂ {µp

ν}
⊥

Q

[
xB f

⊥D1 + xB g
⊥
s G1s +

Mh

M
h⊥1s

Hs

zh
− m

M
h⊥1sG1s +

k2
⊥

MMh
h⊥1sH

⊥
1s

+
k⊥ · Sh⊥

M
h⊥1sH1T +

k⊥ · S⊥
Mh

xB h
⊥
TH
⊥
1s + S⊥ · Sh⊥ xB h⊥TH1T

]

+
2M t̂ {µS

ν}
⊥

Q

[
xB g

′
TG1s +

Mh

M
h1T

Hs

zh
− m

M
h1TG1s +

k2
⊥

MMh
h1TH

⊥
1s

−k⊥ · p⊥
MMh

xB h
⊥
TH
⊥
1s +

k⊥ · Sh⊥
M

h1TH1T −
p⊥ · Sh⊥

M
xB h

⊥
TH1T

]

+
2Mh t̂

{µS
ν}
h⊥

Q

[
M

Mh
xB hsH1T + g1s

G′T
zh
− m

Mh
g1sH1T +

k⊥ · p⊥
MMh

h⊥1sH1T

−k⊥ · p⊥
MMh

h⊥1s
H⊥T
zh

+
k⊥ · S⊥
Mh

h1TH1T −
k⊥ · S⊥
Mh

h1T
H⊥T
zh

]

+
2 t̂ {µε

ν}ρ
⊥ k⊥ρ
Q

[
λhf1

D⊥L
zh

+
M

Mh
xB hsH

⊥
1 −

m

Mh
g1sH

⊥
1

−k⊥ · Sh⊥
Mh

f1D
⊥
1T +

p⊥ · Sh⊥
Mh

xB f
⊥D⊥1T

]

+
2 t̂ {µε

ν}ρ
⊥ p⊥ρ
Q

[
Mh

M
h⊥1s

H

zh
+

k2
⊥

MMh
h⊥1sH

⊥
1 +

k⊥ · S⊥
Mh

xB h
⊥
TH
⊥
1

]

+
2M t̂ {µε

ν}ρ
⊥ S⊥ρ

Q

[
Mh

M
h1T

H

zh
+

k2
⊥

MMh
h1TH

⊥
1 −

k⊥ · p⊥
MMh

xB h
⊥
TH
⊥
1

]

+
2Mh t̂

{µε
ν}ρ
⊥ Sh⊥ρ
Q

[
f1
DT

zh
+
k2
⊥

M2
h

f1D
⊥
1T −

k⊥ · p⊥
M2
h

xB f
⊥D⊥1T

]}
(7.17)
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and

2M W µν
A = 2zh

∫
d2kT d

2pT δ
2(pT + qT − kT )

×

{
i εµν⊥

[
f1G1s + g1sD1

]
+ i

k
[µ
⊥ S

ν]
h⊥

Mh
g1sD

⊥
1T

+i
2 t̂ [µk

ν]
⊥

Q

[
− M

Mh
xB eH

⊥
1 +

m

Mh
f1H

⊥
1 − λh g1s

D⊥L
zh

+
k⊥ · Sh⊥
Mh

g1sD
⊥
1T

+
p⊥ · Sh⊥
Mh

m

M
h⊥1sD

⊥
1T −

p⊥ · Sh⊥
Mh

xB g
⊥
s D
⊥
1T

−S⊥ · Sh⊥
M

Mh
xB g

′
TD
⊥
1T + S⊥ · Sh⊥

m

Mh
h1TD

⊥
1T

]

+i
2 t̂ [µp

ν]
⊥

Q

Mh

M
h⊥1s

Es
zh

+ i
2M t̂ [µS

ν]
⊥

Q

Mh

M
h1T

Es
zh

+i
2Mh t̂

[µS
ν]
h⊥

Q

[
−g1s

DT

zh
− k2

⊥
M2
h

g1sD
⊥
1T −

k⊥ · p⊥
MMh

m

Mh
h⊥1sD

⊥
1T

+
k⊥ · p⊥
M2
h

xB g
⊥
s D
⊥
1T +

k⊥ · S⊥
Mh

M

Mh
xB g

′
TD
⊥
1T −

k⊥ · S⊥
Mh

m

Mh
h1TD

⊥
1T

]

+i
2 t̂ [µε

ν]ρ
⊥ k⊥ρ
Q

[
f1
G⊥s
zh
− f1G1s + g1s

D⊥

zh
− g1sD1 +

M

Mh
xB eH

⊥
1s −

m

Mh
f1H

⊥
1s

]

+i
2 t̂ [µε

ν]ρ
⊥ p⊥ρ
Q

[
xB f

⊥G1s + xB g
⊥
s D1 +

Mh

M
h⊥1s

E

zh
− m

M
h⊥1sD1

]

+i
2M t̂ [µε

ν]ρ
⊥ S⊥ρ

Q

[
xB g

′
TD1 +

Mh

M
h1T

E

zh
− m

M
h1TD1

]

+i
2Mh t̂

[µε
ν]ρ
⊥ Sh⊥ρ
Q

[
f1
G′T
zh

+
M

Mh
xB eH1T −

m

Mh
f1H1T

]}
. (7.18)

Note that one can make the replacement t̂ [µε
ν]ρ
⊥ a⊥ρ = εµνρσa⊥ρq̂σ. The quark distribution functions in

hadron H depend on xB and p2
T , f1(xB,p

2
T ) etc., while the quark fragmentation functions into hadron

h depend on zh and −zhkT (the perpendicular momentum of hadron h with respect to the quark),
D1(zh,−zhkT ) etc., and we use the shorthand notations

g1s = λ g1L +
p⊥ · S⊥
M

g1T ,

G1s = λhG1L +
k⊥ · Sh⊥
Mh

G1T .

The contractions with the lepton tensor, given in Table 7.1 use azimuthal angles defined with respect to
the scattering plane and the (spacelike) virtual photon momentum,

ˆ̀· a⊥ = −ˆ̀· a⊥ = −|a⊥| cos(φa), (7.19)

ˆ̀
µε
µν
⊥ a⊥ν ≡ ˆ̀∧ a⊥ = |a⊥| sin(φa), (7.20)

where we have used a⊥ ∧ b⊥ ≡ ερσ⊥ a⊥ρb⊥σ. In many cases it is convenient to express the tensors in W µν
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Table 7.1: Contractions of the lepton tensor L
(`H)
µν with tensor structures appearing in the hadron tensor.

wµν Lµνw
µν

−gµν⊥
4Q2

y2

(
1− y + 1

2y
2
)

a
{µ
⊥ b

ν}
⊥ − (a⊥ · b⊥) gµν⊥

4Q2

y2 (1− y) |a⊥| |b⊥| cos(φa + φb)

1
2

(
a
{µ
⊥ ε

ν}ρ
⊥ b⊥ρ + b

{µ
⊥ ε

ν}ρ
⊥ a⊥ρ

)
− 4Q2

y2 (1− y) |a⊥| |b⊥| sin(φa + φb)

= a
{µ
⊥ ε

ν}ρ
⊥ b⊥ρ − (ερσ⊥ a⊥ρb⊥σ) gµν⊥

= aµ⊥ε
νρ
⊥ b⊥ρ + bµ⊥ε

νρ
⊥ a⊥ρ + (a⊥ · b⊥) εµν⊥

t̂ {µa
ν}
⊥ − 4Q2

y2 (2− y)
√

1− y |a⊥| cosφa

t̂ {µ ε
ν}ρ
⊥ a⊥ρ

4Q2

y2 (2− y)
√

1− y |a⊥| sinφa

i εµν⊥ λe
4Q2

y2 y
(
1− y

2

)
i a

[µ
⊥ b

ν]
⊥ λe

4Q2

y2 y
(
1− y

2

)
|a⊥| |b⊥| sin(φb − φa)

i t̂ [µa
ν]
⊥ −λe 4Q2

y2 y
√

1− y |a⊥| sinφa

i t̂ [µ ε
ν ]ρ
⊥ a⊥ρ −λe 4Q2

y2 y
√

1− y |a⊥| cosφa

with respect to measured directions, i.e. x̂ = −ĥ and ŷµ = εµν⊥ x̂ν ,

kµ⊥ − p
µ
⊥ = −Ph⊥/z = −QT ĥ

µ, (7.21)

aµ⊥ = (ĥ · a⊥) ĥµ + (ĥ ∧ a⊥) εµρ⊥ ĥρ, (7.22)

εµρ⊥ a⊥ρ = −(ĥ ∧ a⊥) ĥµ + (ĥ · a⊥) εµρ⊥ ĥρ, (7.23)

a
{µ
⊥ b

ν}
⊥ − (a⊥ · b⊥) gµν⊥ =

[
2 (ĥ · a⊥)(ĥ · b⊥)− (a⊥ · b⊥)

] 2 ĥµĥν + gµν⊥


+
[
(ĥ · a⊥)(ĥ ∧ b⊥) + (ĥ ∧ a⊥)(ĥ · b⊥)

]
ĥ{µε

ν }ρ
⊥ ĥρ, (7.24)

1

2

(
a
{µ
⊥ ε

ν}ρ
⊥ b⊥ρ + b

{µ
⊥ ε

ν }ρ
⊥ a⊥ρ

)
= −

[
(ĥ · a⊥)(ĥ ∧ b⊥) + (ĥ ∧ a⊥)(ĥ · b⊥)

] 2 ĥµĥν + gµν⊥


+
[
2 (ĥ · a⊥)(ĥ · b⊥)− (a⊥ · b⊥)

]
ĥ{µε

ν }ρ
⊥ ĥρ, (7.25)

a
[µ
⊥ b

ν]
⊥ =

[
(ĥ · a⊥)(ĥ ∧ b⊥)− (ĥ ∧ a⊥)(ĥ · b⊥)

]
ĥ[µε

ν ]ρ
⊥ ĥρ = (a⊥ ∧ b⊥) εµν⊥ . (7.26)

This allows one to pull the tensor structure outside the integration over transverse momenta. A useful
relation is ĥ · (p⊥ + k⊥) = (p2

⊥ − k
2
⊥)/QT .

In the next sections we will consider the cases of production of unpolarized and polarized leptoproduc-
tion separately, that means either one sums over all final state configurations of, say, a produced particle,
or one determines from the final state configurations the spin vector Sh (characterized by λh and ShT )
that determines the production matrix. For each of the above cases we will consider separately the case of
unpolarized (O) and longitudinally polarized (L) leptons and of unpolarized (O), longitudinally polarized
(L) or transversely polarized initial hadron state (T).
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7.3 Lepto-production integrated over transverse momenta

The hadronic tensor simplifies to

2M

∫
d2Ph⊥W µν = 2zh

{
−gµν⊥

[
f1D1 + λλh g1G1

]
−
S{µ⊥ Sν}h⊥ + (S⊥ · Sh⊥) gµν⊥

 h1H1

+i εµν⊥

[
f1λhG1 + λ g1D1

]
+λh

2M t̂ {µS
ν}
⊥

Q

[
xB gTG1 +

Mh

M
h1

HL

zh
+H

⊥(1)
1L − m

Mh
G1

]

+λ
2Mh t̂

{µS
ν}
h⊥

Q

[
M

Mh
xB hLH1 + g1

GT
zh
−G(1)

1T −
m

Mh
H1

]

+
2Mh t̂

{µε
ν}ρ
⊥ S⊥ρ

Q
h1

H

zh
+H

⊥(1)
1

+
2Mh t̂

{µε
ν}ρ
⊥ Sh⊥ρ
Q

f1

DT

zh
+D

⊥(1)
1T


+iλh

2Mt̂ [µS
ν]
⊥

Q

Mh

M
h1
EL
zh
− iλ

2Mh t̂
[µS

ν]
h⊥

Q
g1

DT

zh
+D

⊥(1)
1T


+i

2Mh t̂
[µε

ν ]ρ
⊥ Sh⊥ρ
Q

[
M

Mh
2xB eH1 + f1

GT
zh
−G(1)

1T −
m

Mh
H1

]

+i
2M t̂ [µε

ν ]ρ
⊥ S⊥ρ
Q

[
xB gTD1 +

Mh

M
h1

E

zh
− m

Mh
D1

]}, (7.27)

where the quark distribution functions in hadron H depend on xB, while the quark fragmentation functions
into hadron h depend on zh.

7.3.1 Unpolarized leptons and hadrons

The relevant part of the hadronic tensor is

2M

∫
d2Ph⊥W µν = −gµν⊥ 2z f1(xB)D1(z) +

2Mh t̂
{µε

ν}ρ
⊥ Sh⊥ρ
Q

2z f1(xB)

DT

zh
(z) +D

⊥(1)
1T (z)

 . (7.28)

The semi-inclusive cross section is given by

dσOO(`H → `′~hX)

dxB dy dz
=

4πα2 s

Q4

{y2

2
+ 1− y

xBf1(xB)D1(z)

+2|Sh⊥| (2− y)
√

1− y sin(φhs )
Mh

Q
xB f1(xB)

DT

zh
(z) +D

⊥(1)
1T (z)

}.(7.29)

We remind that D
⊥(1)
1T is related to DT via

D
⊥(1)
1T (z) = −z

∫ 1

z

dy
DT (y)

y3
, (7.30)

or equivalently
DT

zh
(z) +D

⊥(1)
1T (z) = z

d

dz
D
⊥(1)
1T . (7.31)

7.3.2 Unpolarized leptons and longitudinally polarized hadrons

The relevant part of the hadronic tensor is

2M

∫
d2Ph⊥W µν = −gµν⊥ λλh 2z g1(xB)G1(z)

+
2Mh t̂

{µS
ν}
h⊥

Q
λ

[
M

Mh
2xBz hL(xB)H1(z) + 2z g1(xB)

G̃T (z)

z

]
, (7.32)
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where
G̃T (z)

z
=
GT (z)

z
−G(1)

1T (z)− m

Mh
H1(z) (7.33)

is a pure quark-quark-gluon (twist-three) matrix element. The semi-inclusive cross section is given by

d∆σOL(` ~H → `′~hX)

dxB dy dz
=

4πα2 s

Q4
λ

{
λh

y2

2
+ 1− y

xB g1(xB)G1(z)

−2|Sh⊥| (2− y)
√

1− y cos(φhs )

[
M

Q
x2
B hL(xB)H1(z) +

Mh

Q
xB g1(xB)

G̃T (z)

z

]}
.(7.34)

where ∆σOL indicates that only the part involving polarization is given, which can be extracted as a cross
section difference, e.g. between λ = 1 and λ = -1.

7.3.3 Unpolarized leptons and transversely polarized hadrons

The relevant part of the hadronic tensor is

2M

∫
d2Ph⊥W µν = −

S{µ⊥ Sν}h⊥ + (S⊥ · Sh⊥) gµν⊥

 2z h1(xB)H1(z)

+
2M t̂ {µS

ν}
⊥

Q
λh

[
2xBz gT (xB)G1(z) +

Mh

M
4z h1(xB)

H̃L(z)

z

]

+
2Mh t̂

{µε
ν}ρ
⊥ S⊥ρ

Q
2z h1(xB)

H̃(z)

z
, (7.35)

where

H̃L(z)

z
=
HL(z)

z
+

∫
d2kT

k2
T

2M2
h

H⊥1L(z,−zkT )− m

Mh
G1(z) (7.36)

H̃(z)

z
=
H(z)

z
+

∫
d2kT

k2
T

M2
h

H⊥1 (z,−zkT ) (7.37)

are pure quark-quark-gluon matrix elements. The semi-inclusive cross section is given by

d∆σOT (` ~H → `′~hX)

dxB dy dz
=

4πα2 s

Q4
|S⊥|

{
2 (2− y)

√
1− y sin(φs)

Mh

Q
xB h1(xB)

H̃(z)

z

−2λh (2− y)
√

1− y cos(φs)

[
M

Q
x2
B gT (xB)G1(z) +

Mh

Q
xB h1(xB)

H̃L(z)

z

]

−|Sh⊥| (1− y) cos(φs + φhs ) xB h1(xB)H1(z)

}
. (7.38)

7.3.4 Polarized leptons and unpolarized hadrons

The relevant part of the hadronic tensor is

2M

∫
d2Ph⊥W µν = i εµν⊥ λh 2z f1(xB)G1(z)

+i
2Mh t̂

[µε
ν ]ρ
⊥ Sh⊥ρ
Q

[
M

Mh
2xBz e(xB)H1(z) + 2z f1(xB)

G̃T (z)

z

]
. (7.39)

The semi-inclusive cross section is given by
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d∆σLO(~̀H → `′~hX)

dxB dy dz
=

4πα2 s

Q4
λe

{
λh y

1− y

2

xB f1(xB)G1(z)

−2 |Sh⊥| y
√

1− y cos(φhs )

[
M

Q
x2
B e(xB)H1(z) +

Mh

Q
xB f1(xB)

G̃T (z)

z

]}
.(7.40)

7.3.5 Polarized leptons and longitudinally polarized hadrons

The relevant part of the hadronic tensor is

2M

∫
d2Ph⊥W µν = i εµν⊥ λ 2z g1(xB)D1 − i

2Mh t̂
[µS

ν]
h⊥

Q
λ 2z g1(xB)

DT

zh
(z) +D

⊥(1)
1T (z)

 . (7.41)

The semi-inclusive cross section is given by

d∆σLL(~̀~H → `′~hX)

dxB dy dz
=

4πα2 s

Q4
λe λ

{
y
1− y

2

xBg1(xB)D1(z)

+2 |Sh⊥| y
√

1− y sin(φhs )
Mh

Q
xB g1(xB)

DT

zh
(z) +D

⊥(1)
1T (z)

}. (7.42)

7.3.6 Polarized leptons and transversely polarized hadrons

The relevant part of the hadronic tensor is

2M

∫
d2Ph⊥W µν = i

2Mht̂
[µS

ν]
⊥

Q
λh 2z h1(xB)

EL(z)

z

+i
2M t̂ [µε

ν ]ρ
⊥ S⊥ρ
Q

[
2xBz gT (xB)D1(z) +

Mh

M
2z h1(xB)

Ẽ(z)

z

]
, (7.43)

where
Ẽ(z)

z
=
E(z)

z
− m

Mh
D1(z). (7.44)

The semi-inclusive cross section is given by

d∆σLT (~̀~H → `′~hX)

dxB dy dz
=

4πα2 s

Q4
λe |S⊥|

{
−2 y

√
1− y cos(φs)

[
M

Q
x2
B gT (xB)D1(z) +

Mh

Q
xB h1(xB)

Ẽ(z)

z

]

−2λh y
√

1− y sin(φs)
Mh

Q
xB h1(xB)

ẼL(z)

z

}
. (7.45)
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7.4 Transverse momenta in lepto-production without polariza-
tion in the final state

In the case that no polarization in the final state is observed or for the case that a spin 0 particle is
produced (e.g. semi-inclusive leptopionproduction, the hadronic tensor simplifies to:

2M W µν =

∫
d2pT d

2kT δ
2(pT + qT − kT ×

{
−gµν⊥ 2z f1D1 + i εµν⊥ 2z g1sD1

+

(
k⊥ρε

ρ{µ
⊥ p

ν}
⊥ + p⊥ρε

ρ{µ
⊥ k

ν}
⊥

)
2MMh

2zh⊥1sH
⊥
1 +

(
k⊥ρε

ρ{µ
⊥ S

ν}
⊥ + S⊥ρε

ρ{µ
⊥ k

ν}
⊥

)
2Mh

2zh1TH
⊥
1

+
t̂ {µk

ν}
⊥

Q

[
−4z f1D1 + 4 f1D

⊥
]

+
t̂ {µp

ν}
⊥

Q
4xz f⊥D1

+
k⊥ρε

ρ{µ
⊥ t̂ν}

Q

[
− M

Mh
4xz hsH

⊥
1 +

m

Mh
4z g1sH

⊥
1

]

+
p⊥ρε

ρ{µ
⊥ t̂ν}

Q

[
−Mh

M
4h⊥1sH −

k2
⊥

MMh
4z h⊥1sH

⊥
1 −

k⊥ · S⊥
Mh

4xz h⊥TH
⊥
1

]

+
M S⊥ρε

ρ{µ
⊥ t̂ν}

Q

[
−Mh

M
4h1TH −

k2
⊥

MMh
4z h1TH

⊥
1 +

k⊥ · p⊥
MMh

4xz h⊥TH
⊥
1

]

+i
t̂ [µk

ν]
⊥

Q

[
− M

Mh
4xz eH⊥1 +

m

Mh
4z f1H

⊥
1

]

+i
k⊥ρε

ρ [µ
⊥ t̂ν]

Q

[
4 g1sD

⊥ − 4z g1sD1

]
+i
p⊥ρε

ρ [µ
⊥ t̂ν]

Q

[
4xz g⊥s D1 +

Mh

M
4h⊥1sE −

m

M
4z h⊥1sD1

]

+i
M S⊥ρε

ρ [µ
⊥ t̂ν]

Q

[
4xz g′TD1 +

Mh

M
4h1TE −

m

M
4z h1TD1

]}
(7.46)

We will again consider all situations separately for different polarizations of the lepton and target hadrons.

7.4.1 `H → `′hX (unpolarized hadrons)

The hadronic tensor is given by

2M W µν =

∫
d2pT d

2kT δ
2(pT + qT − kT ) ×

{
−gµν⊥ 2z f1D1

+
t̂ {µk

ν}
⊥

Q

[
−4z f1D1 + 4 f1D

⊥
]

+
t̂ {µp

ν}
⊥

Q
4xz f⊥D1

}
= −gµν⊥ 2z I[f1D1]

+
t̂ {µĥν}

Q

(
4z I

[
(ĥ · k⊥) f1

D⊥
z
−D1

]+ 4xz I
[
(ĥ · p⊥) f⊥D1

])
, (7.47)

where the last expression involves integrals of the type

I
[
(ĥ · p⊥) f⊥D1

]
(xB, z) =

∫
d2pT d

2kT δ
2(pT + qT − kT ) (ĥ · pT ) f⊥(xB,pT )D1(z,−zkT ), (7.48)

with qT = −P h⊥/z = QT ĥ. Note that a contribution proportional to ĥρε
ρ {µt̂ν} appears, but it is

multiplied with integrals of the type I[(ĥ ∧ p⊥)f1(xB, |p⊥|)D(z, z|QT ĥ− p⊥|)], which vanish.
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The most explicit differential cross section is immediately obtained from the first expression for the
hadronic tensor and is given by

dσOO(`+H → `′ + h+ jet +X)

dxB dy dz d2P h⊥ d2p⊥
=

4πα2 s

Q4

{y2

2
+ 1− y

xBf1D1

+2(2− y)
√

1− y |P h⊥|
zQ

cos(φh) xBf1

D⊥
z
−D1


−2(2− y)

√
1− y |p⊥|

Q
cos(φj)

x2
Bf
⊥D1 − xBf1D1 + xBf1

D⊥

z

}, (7.49)

where the arguments of distribution and fragmentation functions are f1(xB,p⊥), D1(z,P h⊥ − zp⊥), etc.
The semi-inclusive cross section where the jet direction is not determined can be found also from the

(first) most general expression above, but this is cumbersome, since one must be aware that integrating
over d2p⊥, the argument of the fragmentation functions depend on P h⊥ − zp⊥. It is easier to start with
the second expression for the hadronic tensor and obtain

dσOO(`+H → `′ + h+X)

dxB dy dz d2P h⊥
=

4πα2 s

Q4

{y2

2
+ 1− y

 I[xBf1D1]

−2(2− y)
√

1− y cos(φh)

(
Mh

Q
I
[ ĥ · k⊥
Mh

xBf1

D⊥
z
−D1

]
+
M

Q
I
[ ĥ · p⊥

M
x2
Bf
⊥D1

])}
, (7.50)

which involves the above defined convolutions over distribution and fragmentation functions.
Returning to the previous cross section, one can integrate over the transverse momenta of the produced

hadrons in the jet and find

dσOO(`+H → `′ + h+ jet +X)

dxB dy dz d2p⊥
=

4πα2 s

Q4

{y2

2
+ 1− y

xBf1(xB,p⊥)D1(z)

−2(2− y)
√

1− y |p⊥|
Q

cos(φj) x
2
Bf
⊥(xB,p⊥)D1(z)

}
, (7.51)

where the arguments of distribution and fragmentation functions are f1(xB,p⊥), D1(z), etc. Integrating
also over the transverse momentum of the jet we obtain the result discussed earlier,

dσOO(`+H → `′ +X)

dxB dy dz
=

4πα2 s

Q4

y2

2
+ 1− y

xBf1(xB)D1(z).
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7.4.2 ` ~H → `′hX (longitudinally polarized target)

The hadronic tensor is given by

2M W µν =

∫
d2pT d

2kT δ
2(pT + qT − kT )

×λ

{(
k⊥ρε

ρ{µ
⊥ p

ν}
⊥ + p⊥ρε

ρ{µ
⊥ k

ν}
⊥

)
2MMh

2zh⊥1LH
⊥
1

+
k⊥ρε

ρ{µ
⊥ t̂ν}

Q

[
− M

Mh
4xz hLH

⊥
1 +

m

Mh
4z g1LH

⊥
1

]

+
p⊥ρε

ρ{µ
⊥ t̂ν}

Q

[
−Mh

M
4h⊥1LH −

k2
⊥

MMh
4z h⊥1LH

⊥
1

]}
.

= λ

{
ĥρε

ρ {µ
⊥ ĥν} 2z I

[
2 (ĥ · k⊥)(ĥ · p⊥)− k⊥ · p⊥

MMh
h⊥1LH

⊥
1

]

−ĥρερ{µ⊥ t̂ν}

(
M

Q
4z I

[ ĥ · k⊥
Mh

xhL − m

M
g1L

H⊥1

]
+
Mh

Q
4z I

[ ĥ · p⊥
M

h⊥1L

H
z

+
k2
⊥

M2
h

H⊥1

])}. (7.52)

The most explicit differential cross section is given by

d∆σOL(`+ ~H → `′ + h+ jet +X)

dxB dy dz d2P h⊥ d2p⊥
=

4πα2 s

Q4
λ

{
−(1− y)

|P h⊥| |p⊥|
zMMh

sin(φh + φj)xB h
⊥
1LH

⊥
1

+(1− y)
p2
⊥

MMh
sin(2φj)xB h

⊥
1LH

⊥
1

−2(2− y)
√

1− y |P h⊥|
zQ

sinφh
M

Mh
xB

xBhL − m

M
g1L

H⊥1

+2(2− y)
√

1− y |p⊥|
Q

sinφj

[
M

Mh
xB

xBhL − m

M
g1L

H⊥1

+
Mh

M
xBh

⊥
1L

H
z

+
k2
⊥

M2
h

H⊥1

]}, (7.53)

where the arguments of distribution and fragmentation functions are h⊥1L(xB,p⊥), etc. and H⊥1 (z,P h⊥ −
zp⊥), etc. The cross section averaged over the jet angle is found from the second form for W µν ,

d∆σOL(`+ ~H → `′ + h+X)

dxB dy dz d2P h⊥
=

4πα2 s

Q4
λ

{
(1− y) sin(2φh) I

[
2 (ĥ · k⊥)(ĥ · p⊥)− k⊥ · p⊥

MMh
xBh

⊥
1LH

⊥
1

]

+2(2− y)
√

1− y sinφh

(
M

Q
I
[ ĥ · k⊥
Mh

xB

xBhL − m

M
g1L

H⊥1

]
+
Mh

Q
I
[ ĥ · p⊥

M
xBh

⊥
1L

H
z

+
k2
⊥

M2
h

H⊥1

])}. (7.54)



October 30, 1997 715

Integrating over the transverse momenta of the produced hadrons in the jet one obtains

d∆σOL(`+ ~H → `′ + h+ jet +X)

dxB dy dz d2p⊥
=

4πα2 s

Q4
λ

{
+2(2− y)

√
1− y |p⊥|

Q
sinφj

Mh

M
xBh

⊥
1L(xB,p⊥)

H̃(z)

z

}
, (7.55)

where h⊥1L(xB,p⊥) is a ’leading twist’ distribution and the fragmentation function H̃(z),

H̃(z)

z
=

∫
d2kT

H̃(z,kT )

z
=

∫
d2kT

H
z

+
k2
T

M2
h

H⊥1

 , (7.56)

is a ’twist three’ quark-quark-gluon matrix element.
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7.4.3 ` ~H → `′hX (transversely polarized target)

The hadronic tensor is given by

2M W µν =

∫
d2pT d

2kT δ
2(pT + qT − kT )

×

{(
k⊥ρε

ρ{µ
⊥ p

ν}
⊥ + p⊥ρε

ρ{µ
⊥ k

ν}
⊥

)
2MMh

p⊥ · S⊥
M

2zh⊥1TH
⊥
1

+

(
k⊥ρε

ρ{µ
⊥ S

ν}
⊥ + S⊥ρε

ρ{µ
⊥ k

ν}
⊥

)
2Mh

2zh1TH
⊥
1

−
k⊥ρε

ρ{µ
⊥ t̂ν}

Q

p⊥ · S⊥
Mh

4z
xhT − m

M
g1T

H⊥1

−
p⊥ρε

ρ{µ
⊥ t̂ν}

Q

[
Mh

M

p⊥ · S⊥
M

4h⊥1T

H +
k2
⊥

M2
h

zH⊥1

+
k⊥ · S⊥
Mh

4xz h⊥TH
⊥
1

]

−
M S⊥ρε

ρ{µ
⊥ t̂ν}

Q

[
Mh

M
4h1T

H +
k2
⊥

M2
h

zH⊥1

− k⊥ · p⊥
MMh

4xz h⊥TH
⊥
1

]}

=
1

2

(
ĥρε

ρ {µ
⊥ S

ν}
⊥ + S⊥ρε

ρ {µ
⊥ ĥ

ν}
⊥

)
I
[ (ĥ · k⊥)

Mh
2z h1H

⊥
1

]
+ ĥρε

ρ {µ
⊥ ĥν} (ĥ · S⊥) I

[4 (ĥ · p⊥)2(ĥ · k⊥)− p2
⊥ (ĥ · k⊥)− 2 (ĥ · p⊥)(k⊥ · p⊥)

2M2Mh
2z h⊥1TH

⊥
1

]
+
2 ĥµĥν + gµν⊥

 (ĥ ∧ S⊥)

× I
[2 (ĥ · p⊥)(k⊥ · p⊥) + p2

⊥ (ĥ · k⊥)− 4 (ĥ · p⊥)2(ĥ · k⊥)

2M2Mh
2z h⊥1TH

⊥
1

]
− S⊥ρερ{µ⊥ t̂ν}

(
M

Q
I
[k⊥ · p⊥

2MMh
4z
xBhT − m

M
g1T − xBh⊥T

H⊥1

]
+
Mh

Q
I
[
4z h1

H
z

+
k2
⊥

M2
h

H⊥1

])

− hρερ {µ⊥ t̂ν} (ĥ · S⊥)

(
Mh

Q
I
[2 (ĥ · p⊥)2 − p2

⊥
2M2

4z h⊥1T

H
z

+
k2
⊥

M2
h

H⊥1

]
+
M

Q
I
[2 (ĥ · k⊥)(ĥ · p⊥)− k⊥ · p⊥

2MMh
4z
xBhT − m

M
g1T + xBh

⊥
T

H⊥1

])

− ĥ {µt̂ν} (ĥ ∧ S⊥)

(
Mh

Q
I
[p2
⊥ − 2 (ĥ · p⊥)2

2M2
4z h⊥1T

H
z

+
k2
⊥

M2
h

H⊥1

]
+
M

Q
I
[k⊥ · p⊥ − 2 (ĥ · k⊥)(ĥ · p⊥)

2MMh
4z
xBhT − m

M
g1T + xBh

⊥
T

H⊥1

])
(7.57)

The most explicit differential cross section is given by
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d∆σOT (`+ ~H → `′ + h+ jet +X)

dxB dy dz d2P h⊥ d2p⊥
=

4πα2 s

Q4
|S⊥|

{
(1− y)

|p⊥|
Mh

sin(φj + φs)xBh1H
⊥
1

+(1− y)
|p⊥|3

2M2Mh
sin(3φj − φs)xBh⊥1TH⊥1

−(1− y)
|P h⊥|
zMh

sin(φh + φs)xBh1H
⊥
1

−(1− y)
p2
⊥ |P h⊥|

2M2Mh
sin(2φj + φh − φs)xBh⊥1TH⊥1

+2(2− y)
√

1− y Mh

Q
sin(φs) xBh1

H̃

z

+2(2− y)
√

1− y Mh

Q

p2
⊥

2M2
sin(2φj − φs)xBh⊥1T

H̃

z

+2(2− y)
√

1− y p2
⊥

2MhQ
sin(2φj − φs) xB

xBhT − m

M
g1T − xBh⊥T

H⊥1

+2(2− y)
√

1− y p2
⊥

2MhQ
sin(φs) xB

xBhT − m

M
g1T + xBh

⊥
T

H⊥1

−2(2− y)
√

1− y |p⊥| |P h⊥|
2zMhQ

sin(φh + φj − φs) xB
xBhT − m

M
g1T − xBh⊥T

H⊥1

−2(2− y)
√

1− y |p⊥| |P h⊥|
2zMhQ

sin(φh − φj + φs) xB

xBhT − m

M
g1T + xBh

⊥
T

H⊥1

}
,

(7.58)

where the distribution functions depend on xB and p⊥ and the fragmentation functions depend on z and
z2k2
⊥ = (P h⊥ − zp⊥)2. We have used or can use

h1(xB,pT ) = h1T (xB,pT ) +
p2
T

2M2
h⊥1T (xB,pT ),

xBhT (xB,pT )− m

M
g1T (xB,pT )− xBh⊥T (xB,pT ) = −2h1(xB,pT ) + xBh̃

⊥
1L(xB,pT ),

xBhT (xB,pT )− m

M
g1T (xB,pT ) + xBh

⊥
T (xB,pT ) =

− p
2
T

M2
h⊥1T (xB,pT ) + xB

(
h̃T (xB,pT ) + h̃⊥T (xB,pT )

)
. (7.59)

Integrating only over the jet directions one obtains

d∆σOT (`+ ~H → `′ + h+X)

dxB dy dz d2P h⊥
=

4πα2 s

Q4
|S⊥|

{
(1− y) sin(φh + φs) I

[ ĥ · k⊥
Mh

xBh1H
⊥
1

]
+(1− y) sin(3φh − φs) I

[4(ĥ · p⊥)2(ĥ · k⊥)− 2(ĥ · p⊥)(k⊥ · p⊥)− p2
⊥ (ĥ · k⊥)

2M2Mh
xBh

⊥
1TH

⊥
1

]
+2(2− y)

√
1− y sin(φs)

(
Mh

Q
I
[
xBh1

H̃

z

]
+
M

Q
I
[2 (ĥ · p⊥)(ĥ · k⊥)− k⊥ · p⊥

2MMh
xB

xBhT − m

M
g1T + xBh

⊥
T

H⊥1

])

+2(2− y)
√

1− y sin(2φh − φs)

(
Mh

Q
I
[2 (ĥ · p⊥)2 − p2

⊥
2M2

xBh
⊥
1T

H̃

z

]
+
M

Q
I
[k⊥ · p⊥ − 2(ĥ · p⊥)(ĥ · k⊥)

2MMh
xB

xBhT − m

M
g1T − xBh⊥T

H⊥1

])}
.

(7.60)
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The cross section integrated over the transverse momenta of hadrons h within the jet becomes

d∆σOT (`+ ~H → `′ + h+ jet +X)

dxB dy dz d2p⊥
=

4πα2 s

Q4
|S⊥|

{
2(2− y)

√
1− y Mh

Q
sinφs xBh1(xB,p⊥)

H̃(z)

z

+2(2− y)
√

1− y Mh

Q

p2
⊥

2M2
sin(2φj − φs)xBh⊥1T (xB,p⊥)

H̃(z)

z

}
, (7.61)

where the fragmentation function is integrated over transverse momenta. Integrating further over the jet
angle one finds

d∆σOT (`+ ~H → `′ + h+X)

dxB dy dz
=

4πα2 s

Q4
|S⊥| 2(2− y)

√
1− y Mh

Q
sinφs xB h1(xB)

H̃(z)

z
. (7.62)

7.4.4 ~̀H → `′hX (unpolarized hadrons)

The hadronic tensor is given by

2M W µν =

∫
d2pT d

2kT δ
2(pT + qT − kT )

×

{
i
t̂ [µk

ν]
⊥

Q

[
− M

Mh
4xz eH⊥1 +

m

Mh
4z f1H

⊥
1

]}

= −i t̂ [µĥν] M

Q
4z I

[ ĥ · k⊥
Mh

x e− m

M
f1

H⊥1

]
(7.63)

The most explicit differential cross section is given by

d∆σLO(~̀+H → `′ + h+ jet +X)

dxB dy dz d2P h⊥ d2p⊥
=

4πα2 s

Q4

{
2λey

√
1− y |p⊥|

Q
sinφj

M

Mh
xB

xBe− m

M
f1

H⊥1

−2λey
√

1− y |P h⊥|
zQ

sinφh
M

Mh
xB

xBe− m

M
f1

H⊥1

}
, (7.64)

where the arguments of distribution and fragmentation functions are ẽ(xB,p⊥), etc. andH⊥1 (z,P h⊥−zp⊥).
Integrating over the transverse momenta of the produced hadrons in the jet one obtains zero. Integrating
over the jet angle the result is

d∆σLO(~̀+H → `′ + h+X)

dxB dy dz d2P h⊥
=

4πα2 s

Q4
2λey

√
1− y sinφh

M

Q
I
[ ĥ · k⊥
Mh

xB

xBe− m

M
f1

H⊥1

]
. (7.65)
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7.4.5 ~̀~H → `′hX (longitudinally polarized target)

The hadronic tensor is given by

2M W µν =

∫
d2pT d

2kT δ
2(pT + qT − kT ) × λ

{
i εµν⊥ 2z g1LD1

+i
k⊥ρε

ρ [µ
⊥ t̂ν]

Q

[
4 g1LD

⊥ − 4z g1LD1

]
+i
p⊥ρε

ρ [µ
⊥ t̂ν]

Q

[
4xz g⊥LD1 +

Mh

M
4h⊥1LE −

m

M
4z h⊥1LD1

]}
.

λ

{
i εµν⊥ 2z I

[
g1LD1

]
+ i ĥ⊥ρε

ρ [µ
⊥ t̂ν]

(
Mh

Q
4z I

[ ĥ · k⊥
Mh

g1L

D⊥
z
−D1

]
+
M

Q
4z I

[ ĥ · p⊥
M

xg⊥LD1

]
+
Mh

Q
4z I

[ ĥ · p⊥
M

h⊥1L

E
z
− m

M
D1

])}. (7.66)

The most explicit differential cross section is given by

d∆σLL(~̀+ ~H → `′ + h+ jet +X)

dxB dy dz d2P h⊥ d2p⊥
=

4πα2 s

Q4
λeλ

{
y
(

1− y

2

)
xB g1LD1

−2y
√

1− y |p⊥|
Q

cos(φj)

[
x2
B g
⊥
L D1 + xB g1L

D⊥
z
−D1


+
Mh

M
xB h

⊥
1L

E
z
− m

Mh
D1

]

+2y
√

1− y |P h⊥|
z Q

cos(φh)xB g1L

D⊥
z
−D1

}, (7.67)

where the distribution functions depend on xB and p⊥ and the fragmentation functions depend on z and
z2k2
⊥ = (P h⊥ − zp⊥)2. Integrating only over the jet angle one finds

d∆σLL(~̀+ ~H → `′ + h+X)

dxB dy dz d2P h⊥
=

4πα2 s

Q4
λeλ

{
y
(

1− y

2

)
I [xB g1LD1]

−2y
√

1− y cos(φh)

(
Mh

Q
I
[ ĥ · k⊥
Mh

xB g1L

D⊥
z
−D1

]
+
M

Q
I
[ ĥ · p⊥

M
x2
Bg
⊥
LD1

]
+
Mh

Q
I
[ ĥ · p⊥

M
xBh

⊥
1L

E
z
− m

M
D1

])}. (7.68)

Integrating over the transverse momenta of the produced hadrons we obtain
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d∆σLL(~̀+ ~H → `′ + h+ jet +X)

dxB dy dz d2p⊥
=

4πα2 s

Q4
λeλ

{
y
(

1− y

2

)
xB g1LD1

−2y
√

1− y |p⊥|
Q

cos(φj)

[
x2
B g
⊥
L D1 +

Mh

M
xB h

⊥
1L

E
z
− m

Mh
D1

]},(7.69)

with the fragmentation function integrated over kT , and thus only depending on z. Integrating also over
the transverse jet momentum, one is left with the leading result for longitudinally polarized targets,

dσLL(~̀+ ~H → `′ + h+X)

dxB dy dz
=

4πα2 s

Q4
λeλ y

(
1− y

2

)
xB g1(xB)D1(z). (7.70)

7.4.6 ~̀~H → `′hX (transversely polarized target)

The hadronic tensor is given by

2M W µν =

∫
d2pT d

2kT δ
2(pT + qT − kT ) ×

{
i εµν⊥

p⊥ · S⊥
M

2z g1TD1

+i
k⊥ρε

ρ [µ
⊥ t̂ν]

Q

p⊥ · S⊥
M

[
4 g1TD

⊥ − 4z g1TD1

]
+i
p⊥ρε

ρ [µ
⊥ t̂ν]

Q

p⊥ · S⊥
M

[
4xz g⊥TD1 +

Mh

M
4h⊥1TE −

m

M
4z h⊥1TD1

]

+i
M S⊥ρε

ρ [µ
⊥ t̂ν]

Q

[
4xz g′TD1 +

Mh

M
4h1TE −

m

M
4z h1TD1

]}
.

= i εµν⊥ (ĥ · S⊥) 2z I
[ ĥ · p⊥

M
g1TD1

]
+ i ĥρε

ρ [µ
⊥ t̂ν] (ĥ · S⊥)

(
Mh

Q
4z I

[2(ĥ · p⊥)(ĥ · k⊥)− p⊥ · k⊥
2MMh

g1T

D⊥
z
−D1

]
+
M

Q
4z I

[2(ĥ · p⊥)2 − p2
⊥

2M2
xg⊥TD1

]
+
Mh

Q
4z I

[2(ĥ · p⊥)2 − p2
⊥

2M2
h⊥1T

E
z
− m

M
D1

])

+ i t̂ [µĥν] (ĥ ∧ S⊥)

(
Mh

Q
4z I

[2(ĥ · p⊥)(ĥ · k⊥)− p⊥ · k⊥
2MMh

g1T

D⊥
z
−D1

]
+
M

Q
4z I

[2(ĥ · p⊥)2 − p2
⊥

2M2
xg⊥TD1

]
+
Mh

Q
4z I

[2(ĥ · p⊥)2 − p2
⊥

2M2
h⊥1T

E
z
− m

M
D1

])

+ iS⊥ρε
ρ [µ
⊥ t̂ν]

(
M

Q
4z I

[
xgTD1

]
+
Mh

Q
4z I

[
h1

E
z
− m

M
D1

]
+
Mh

Q
4z I

[p⊥ · k⊥
2MMh

g1T

D⊥
z
−D1

]). (7.71)

The most explicit differential cross section is given by
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d∆σLT (~̀+ ~H → `′ + h+ jet +X)

dxB dy dz d2P h⊥ d2p⊥
=

4πα2 s

Q4
λe|S⊥|

{
y
(

1− y

2

) |p⊥|
M

cos(φj − φs) xB g1T D1

−2y
√

1− y cos(φs)

[
M

Q
x2
B gT D1 +

Mh

Q
xB h1

Ẽ

z

]

−2y
√

1− y p2
⊥

2MQ
cos(2φj − φs)

[
x2
B g
⊥
T D1 +

Mh

M
xB h

⊥
1T

Ẽ

z

]

−2y
√

1− y p2
⊥

2MQ
cos(φj) cos(φj − φs) xB g1T

D̃⊥

z

+2y
√

1− y |p⊥| |P h⊥|
2zMQ

cos(φh) cos(φj − φs) xB g1T
D̃⊥

z

}
, (7.72)

where the distribution functions depend on xB and p⊥ and the fragmentation functions depend on z and
z2k2
⊥ = (P h⊥ − zp⊥)2. Integrating only over the jet angle one obtains

d∆σLT (~̀+ ~H → `′ + h+X)

dxB dy dz d2P h⊥
=

4πα2 s

Q4
λe|S⊥|

{
y
(

1− y

2

)
cos(φh − φs) I

[ ĥ · p⊥
M

g1TD1

]
−2y

√
1− y cos(φs)

(
M

Q
I
[
x2gTD1

]
+
Mh

Q
I
[
xh1

Ẽ

z

]
+
Mh

Q
I
[p⊥ · k⊥

2MMh
xg1T

D̃⊥

z

])

−2y
√

1− y cos(2φh − φs)

(
M

Q
I
[2(ĥ · p⊥)2 − p2

⊥
2M2

x2g⊥TD1

]
+
Mh

Q
I
[2(ĥ · p⊥)2 − p2

⊥
2M2

xh⊥1T
Ẽ

z

]
+
Mh

Q
I
[2(ĥ · p⊥)(ĥ · k⊥)− p⊥ · k⊥

2MMh
xg1T

D̃⊥

z

])}
. (7.73)

Integrating over the transverse momenta of the produced hadrons we obtain

d∆σLT (~̀+ ~H → `′ + h+ jet +X)

dxB dy dz d2p⊥
=

4πα2 s

Q4
λe|S⊥|

{
y
(

1− y

2

) |p⊥|
M

cos(φj − φs) xB g1T D1

−2y
√

1− y cos(φs)

[
M

Q
x2
B gT D1 +

Mh

Q
xB h1

Ẽ

z

]

+2y
√

1− y p2
⊥

2MQ
cos(2φj + φs)

[
x2
B g
⊥
T D1 +

Mh

M
xB h

⊥
1T

Ẽ

z

]}
, (7.74)



October 30, 1997 722

with the fragmentation function integrated over kT , and thus only depending on z. Integrating also over
the transverse jet momentum, one is left with

d∆σLT (~̀+ ~H → `′ + h+X)

dxB dy dz
=

−4πα2 s

Q4
λe|S⊥| 2y

√
1− y cos(φs)

[
M

Q
x2
B gT (xB)D1(z) +

Mh

Q
xB h1(xB)

Ẽ(z)

z

]
. (7.75)

7.5 Transverse momenta in lepto-production with polarization
in the final state

For the case that polarization in the final state is measured, we will restrict ourselves to the leading
order (parton model) results. The hadronic tensor, omitting the unpolarized contribution discussed in the
previous section becomes

2M W µν =

∫
d2kT d

2pT δ
2(pT + qT − kT )

×

{
−gµν⊥

[
2z f1D1 + 2z g1sG1s +

ερσ⊥ k⊥ρSh⊥σ
Mh

2z f1D
⊥
1T

]

−
k
{µ
⊥ p

ν}
⊥ + (k⊥ · p⊥) gµν⊥

MMh
2z h⊥1sH

⊥
1s −

k
{µ
⊥ S

ν}
⊥ + (k⊥ · S⊥) gµν⊥

Mh
2z h1TH

⊥
1s

−
p
{µ
⊥ S

ν}
h⊥ + (p⊥ · Sh⊥) gµν⊥

M
2z h⊥1sH1T −

S{µ⊥ Sν}h⊥ + (S⊥ · Sh⊥) gµν⊥

 2z h1TH1T

+i εµν⊥ 2z f1G1s + i
k

[µ
⊥ S

ν]
h⊥

Mh
2z g1sD

⊥
1T

}
. (7.76)

As before we will consider the various possibilities separately.

7.5.1 `H → `′~hX

The hadronic tensor relevant for this situation is

2M W µν =

∫
d2kT d

2pT δ
2(pT + qT − kT ) (−gµν⊥ )

ερσ⊥ k⊥ρSh⊥σ
Mh

2z f1D
⊥
1T . (7.77)

The cross section is given by

d∆σOO(`+H → `′ + ~h+ jet +X)

dxB dy dz d2P h⊥ d2p⊥
=

4πα2 s

Q4
|Sh⊥|

{1− y +
1

2
y2

 |P h⊥|
zMh

sin(φh − φhs )xBf1D
⊥
1T

−
1− y +

1

2
y2

 |p⊥|
Mh

sin(φj − φhs )xBf1D
⊥
1T

}
. (7.78)

Averaged over the transverse momenta of the hadrons h in the jet this gives zero.



October 30, 1997 723

7.5.2 ` ~H → `′~hX (longitudinally polarized target)

The symmetric hadronic tensor relevant for this situation is

2M W µν =

∫
d2kT d

2pT δ
2(pT + qT − kT )λ

{
−gµν⊥ 2z g1LG1s

−
k
{µ
⊥ p

ν}
⊥ + (k⊥ · p⊥) gµν⊥

MMh
2z h⊥1LH

⊥
1s

−
p
{µ
⊥ S

ν}
h⊥ + (p⊥ · Sh⊥) gµν⊥

M
2z h⊥1LH1T

}
. (7.79)

We will give only the cross section averaged over the transverse momenta of the hadrons in the jet. This
is

d∆σOL(`+ ~H → `′ + ~h+ jet +X)

dxB dy dz d2p⊥
=

4πα2 s

Q4
λ

{
λh

1− y − y2

2

xB g1L(xB,p⊥)G1(z)

−|Sh⊥| (1− y)
|p⊥|
M

cos(φj + φhs ) xB h
⊥
1L(xB,p⊥)H1(z)

}
. (7.80)

Integrating over the jet directions one obtains

d∆σOL(`+ ~H → `′ + ~h+X)

dxB dy dz
=

4πα2 s

Q4
λλh

1− y − y2

2

xB g1(xB)G1(z). (7.81)

7.5.3 ` ~H → `′~hX (transversely polarized target)

The symmetric tensor relevant in this case is

2M W µν =

∫
d2kT d

2pT δ
2(pT + qT − kT )

{
−gµν⊥

p⊥ · S⊥
M

2z g1TG1s

−
k
{µ
⊥ p

ν}
⊥ + (k⊥ · p⊥) gµν⊥

MMh

p⊥ · S⊥
M

2z h⊥1TH
⊥
1s

−
k
{µ
⊥ S

ν}
⊥ + (k⊥ · S⊥) gµν⊥

Mh
2z h1TH

⊥
1s

−
p
{µ
⊥ S

ν}
h⊥ + (p⊥ · Sh⊥) gµν⊥

M

p⊥ · S⊥
M

2z h⊥1TH1T

−
S{µ⊥ Sν}h⊥ + (S⊥ · Sh⊥) gµν⊥

 2z h1TH1T

}
. (7.82)

We will give only the cross section averaged over the transverse momenta of the hadrons in the jet. This
is
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d∆σOT (`+ ~H → `′ + h+ jet +X)

dxB dy dz d2p⊥
=

4πα2 s

Q4
|S⊥|

{
λh

1− y − y2

2

 |p⊥|
M

cos(φj − φs) xB g1T (xB,p⊥)G1(z)

−|Sh⊥|

[
(1− y) cos(φs + φhs ) xB h1T (xB,p⊥)H1(z)

− (1− y)
p2
⊥

M2
cos(φj + φhs ) cos(φj − φs) xB h⊥1T (xB,p⊥)H1(z)

]}
.

(7.83)

Integrating over the jet directions one obtains

d∆σOT (`+ ~H → `′ + ~h+X)

dxB dy dz
=

4πα2 s

Q4
|S⊥| |Sh⊥| (1− y) cos(φs + φhs ) xB h1(xB)H1(z) (7.84)

7.5.4 ~̀H → `′~hX

The hadronic tensor relevant for this situation is the antisymmetric tensor

2M W µν =

∫
d2kT d

2pT δ
2(pT + qT − kT ) (i εµν⊥ ) 2z f1G1s. (7.85)

The cross section is given by

d∆σLO(~̀+H → `′ + ~h+ jet +X)

dxB dy dz d2P h⊥ d2p⊥
=

4πα2 s

Q4
λe

{
λh y

1− 1

2
y

 xB f1G1L

+|Sh⊥|

[
y

1− 1

2
y

 |p⊥|
Mh

cos(φj + φhs )xB f1G1T

−y
1− 1

2
y

 |P h⊥|
zMh

cos(φh + φhs )xB f1G1T

]}
, (7.86)

where the distributions depend on xB and p⊥ and the fragmentation functions depend on z and z2k2
⊥.

Averaged over the hadrons in the jet, one obtains

d∆σLO(~̀+H → `′ + ~h+ jet +X)

dxB dy dz d2p⊥
=

4πα2 s

Q4
λe λh y

1− 1

2
y

 xB f1(xB,p⊥)G1(z), (7.87)

where G1(z) is obtained by integrating G1L over the transverse momenta. A similar expression discussed
earlier is obtained after integrating over the transverse momentum of the jet.

7.5.5 ~̀~H → `′~hX (longitudinally polarized target)

The antisymmetric hadronic tensor relevant for this situation is

2M W µν =

∫
d2kT d

2pT δ
2(pT + qT − kT )

(
i
k

[µ
⊥ S

ν]
h⊥

Mh

)
λ 2z g1LD

⊥
1T . (7.88)

An asymmetry is obtained in
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d∆σLL(~̀+ ~H → `′ + ~h+ jet +X)

dxB dy dz d2P h⊥ d2p⊥
=

4πα2 s

Q4
λe λ

{
|Sh⊥|

[
−y
1− y

2

 |p⊥|
Mh

sin(φj − φhs ) xB g1LD
⊥
1T

+y
1− y

2

 |P h⊥|
zMh

sin(φh − φhs ) xB g1LD
⊥
1T

]}
, (7.89)

which vanishes upon integration over the transverse momenta of the produced hadrons.

7.5.6 ~̀~H → `′~hX (transversely polarized target)

The antisymmetric tensor relevant in this case is

2M W µν =

∫
d2kT d

2pT δ
2(pT + qT − kT )

(
i
k

[µ
⊥ S

ν]
h⊥

Mh

)
p⊥ · S⊥
M

2z g1TD
⊥
1T . (7.90)

An asymmetry is obtained in

d∆σLT (~̀+ ~H → `′ + ~h+ jet +X)

dxB dy dz d2P h⊥ d2p⊥
=

4πα2 s

Q4
λe |S⊥| |Sh⊥|

[
−y
1− y

2

 p2
⊥

MMh
sin(φj − φhs ) cos(φj − φs) xB g1T D

⊥
1T

+y
1− y

2

 |p⊥| |P h⊥|
zMMh

sin(φh − φhs ) cos(φj − φs) xB g1T D
⊥
1T

]
,

(7.91)

which again vanishes upon integration over the transverse momenta of the produced hadrons.

7.6 Convolutions and gaussian distributions

In order to study the behavior of the convolutions of distribution and fragmentation functions it is useful
to consider gaussian distributions,

f(x,pT ) = f(x,0T ) exp(−R2
Hp

2
T )

= f(x)
R2
H

π
exp(−R2

Hp
2
T ) ≡ f(x) P(pT ;RH), (7.92)

D(z,−zkT ) = D(z,0T ) exp(−R2
hk

2
T ).

= D(z)
R2
h

π z2
exp(−R2

hk
2
T ) =

D(z)

z2
P(kT ;Rh) = D(z) P

(
−zkT ;

Rh
z

)
, (7.93)

In that case the convolution becomes

I[f D] =

∫
d2pT d

2kT δ
2(pT + qT − kT ) f(xB,pT )D(z,−zkT )

=
π

R2
H +R2

h

exp

−Q2
T R

2
HR

2
h

R2
H +R2

h

 f(x,0T )D(z,0T )

= f(xB)D(z)
P(qT ;R)

z2
, (7.94)
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where R2 = R2
H R

2
h/(R

2
H +R2

h). The other convolutions that appear in the cross sections are of the form

I
[ ĥ · pT

M
f D

]
=

R2

R2
H

QT

M
I[f D] =

R2

R2
H

QT

M
f(xB)D(z)

P(qT ;R)

z2
, (7.95)

I
[ ĥ · kT
Mh

f D
]

= −R
2

R2
h

QT

Mh
I[f D], (7.96)

I
[pT · kT
MMh

f D
]

=
R2

MMhR2
HR

2
h)

(
1−Q2

T R
2
)
I[f D], (7.97)

I
[2(ĥ · pT )2 − p2

T

2M2
f D

]
=

R4

R4
H

Q2
T

2M2
I[f D], (7.98)

I
[2(ĥ · kT )2 − k2

T

2M2
h

f D
]

=
R4

R4
h

Q2
T

2M2
h

I[f D], (7.99)

I
[2(ĥ · pT ) (ĥ · kT )− pT · kT

2MMh
f D

]
= − R4

R2
HR

2
h

Q2
T

2MMh
I[f D], (7.100)

I
[4(ĥ · pT )2(ĥ · kT )− 2(ĥ · pT ) (pT · kT )− p2

T (ĥ · kT )

2M2Mh
f D

]
= − R6

R4
HR

2
h

Q3
T

2M2Mh
I[f D].

(7.101)

Another way to deconvolute the results are the following weighted quantities,∫
d2qT

QT

M
I
[ ĥ · pT

M
f D

]
= 2 f (1)(x)D(z), (7.102)∫

d2qT
QT

Mh
I
[ ĥ · kT
Mh

f D
]

= 2 f(x)D(1)(z), (7.103)∫
d2qT

Q2
T

MMh
I
[pT · kT
MMh

f D
]

= −4 f (1)(x)D(1)(z), (7.104)∫
d2qT

Q2
T

M2
I
[2(ĥ · pT )2 − p2

T

2M2
f D

]
= 2 f (2)(x)D(z), (7.105)∫

d2qT
Q2
T

M2
h

I
[2(ĥ · kT )2 − k2

T

2M2
h

f D
]

= 2 f(x)D(2)(z), (7.106)∫
d2qT

Q2
T

MMh
I
[2(ĥ · pT ) (ĥ · kT )− pT · kT

2MMh
f D

]
= −4 f (1)(x)D(1)(z), (7.107)∫

d2qT
Q3
T

M2Mh
I
[4(ĥ · pT )2(ĥ · kT )− 2(ĥ · pT ) (pT · kT )− p2

T (ĥ · kT )

2M2Mh
f D

]
= −12 f (2)(x)D(1)(z),

(7.108)

where f (n)(x) indicate the (k2
T/2M

2)n-moments of f(x,k2
T ), and similarlyD(n)(z) indicate the (k2

T/2M
2
h)n-

moments of D(z, z2k2
T ), in terms of the Gaussian parametrizations given by

f (n)(x) =

∫
d2pT

(
p2
T

2M2

)n
f(x,p2

T ) =
n!

(2M2R2
H)n

f(x), (7.109)

D(n)(z) = z2

∫
d2kT

(
k2
T

2M2

)n
D(z,−z2k2

T ) =
n!

(2M2
hR

2
h)n

D(z). (7.110)

7.7 Lepton-hadron semi-inclusive DIS including Z-exchange

[Rainer Jakob, October 9, 1997]
Differential cross section for semi-inclusive lepton hadron scattering e+H → e′ + h+X
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dσ

dxB dy dzh d2qT
=

πα2
em

2Q4
y zh L

(γγ)
µν W µν

(γγ)

+
παwαem

2 (Q2 −M2
Z + iΓZMZ) Q2

y zh L
(Zγ)
µν W µν

(Zγ)

+
παwαem

2 (Q2 −M2
Z − iΓZMZ) Q2

y zh L
(γZ)
µν W µν

(γZ)

+
πα2

w

2 ((Q2 −M2
Z)2 + Γ2

ZM
2
Z)

y zh L
(ZZ)
µν W µν

(ZZ) (7.111)

leptonic tensors for e+e−

L(γγ)
µν =

1

2
Tr

[
γµ /̀γν /̀

′ 1 + λγ5 s/

2

]
= 2`µ`

′
ν + 2`ν`

′
µ − gµνQ2 + 2iλ εµνρσqρ`σ (7.112)

L(Zγ)
µν =

1

2
Tr
[
γµ /̀(g`V + g`Aγ5)γν /̀

′]
= g`A

(
2`µ`

′
ν + 2`ν`

′
µ − gµνQ2

)
+ 2ig`Vεµνρσ`

ρ`′σ + λ . . . (7.113)

L(γZ)
µν =

1

2
Tr
[
(g`V + g`Aγ5)γµ /̀γν /̀

′]
= g`A

(
2`µ`

′
ν + 2`ν`

′
µ − gµνQ2

)
+ 2ig`Vεµνρσ`

ρ`′σ + λ . . . (7.114)

L(ZZ)
µν =

1

2
Tr
[
(g`V + g`Aγ5)γµ /̀(g`V + g`Aγ5)γν /̀

′]
=

(g` 2
A + g` 2

V )
(
2`µ`

′
ν + 2`ν`

′
µ − gµνQ2

)
+ (2g`Ag

`
V )2iεµνρσ`

ρ`′σ + λ . . . (7.115)
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October 9, 1997
hadronic tensor for semi-inclusive lepton hadron scattering e+H → e′ + h+X

2M W µν
(γγ) =

∫
dp−dk+d2pTd

2kT δ
2(pT + kT − qT ) Tr

[
Φ(p)γµ∆(k)γν

]
(7.116)

2M W µν
S(γγ) = 2zh

∫
d2kT d

2pT δ
2(pT + kT − qT )

{

− gµν⊥

[
f1D1 + g1sG1s +

ερσ⊥ k⊥ρSh⊥σ
Mh

f1D
⊥
1T −

ερσ⊥ p⊥ρS⊥σ
M

f⊥1TD1

− p⊥ ·k⊥ S⊥ ·Sh⊥ − p⊥ ·Sh⊥ k⊥ ·S⊥

MMh
f⊥1TD

⊥
1T

]

− (S
{µ
⊥ S

ν}
h⊥ + gµν⊥ S⊥ ·Sh⊥ )h1TH1T −

k
{µ
⊥ p

ν}
⊥ + gµν⊥ k⊥ ·p⊥
MMh

(h⊥1sH
⊥
1s + h⊥1 H

⊥
1 )

−
p
{µ
⊥ S

ν}
h⊥ + gµν⊥ p⊥ ·Sh⊥

M
h⊥1sH1T −

k
{µ
⊥ S

ν}
⊥ + gµν⊥ k⊥ ·S⊥

Mh
h1TH

⊥
1s

−
k
{µ
⊥ ε

ν}ρ
⊥ p⊥ρ + p

{µ
⊥ ε

ν}ρ
⊥ k⊥ρ

2MMh
(h⊥1sH

⊥
1 − h⊥1 H⊥1s)

+
p
{µ
⊥ ε

ν}ρ
⊥ Sh⊥ρ + S

{µ
h⊥ε

ν}ρ
⊥ p⊥ρ

2M
h⊥1 H1T −

k
{µ
⊥ ε

ν}ρ
⊥ S⊥ρ + S

{µ
⊥ ε

ν}ρ
⊥ k⊥ρ

2Mh
h1TH

⊥
1

}
(7.117)

2M W µν
A(γγ) = 2zh

∫
d2kT d

2pT δ
2(pT + kT − qT )

{

i εµν⊥ (f1G1s + g1sD1)− i
p

[µ
⊥S

ν]
⊥

M
f⊥1TG1s + i

k
[µ
⊥S

ν]
h⊥

Mh
g1sD

⊥
1T

}
(7.118)
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2M W µν
(Zγ) =

∫
dp−dk+d2pTd

2kT δ
2(pT + kT − qT ) Tr

[
Φ(p) (gV + gAγ5) γµ∆(k)γν

]
(7.119)

2M W µν
S(Zγ) = 2zh

∫
d2kT d

2pT δ
2(pT + kT − qT )

{

− gµν⊥

[
gV

(
f1D1 + g1sG1s +

ερσ⊥ k⊥ρSh⊥σ
Mh

f1D
⊥
1T −

ερσ⊥ p⊥ρS⊥σ
M

f⊥1TD1

)
− gA

(
f1G1s + g1sD1 +

ερσ⊥ k⊥ρSh⊥σ
Mh

g1sD
⊥
1T −

ερσ⊥ p⊥ρS⊥σ
M

f⊥1TG1s

)
− gV

p⊥ ·k⊥ S⊥ ·Sh⊥ − p⊥ ·Sh⊥ k⊥ ·S⊥

MMh
f⊥1TD

⊥
1T

]
− (S

{µ
⊥ S

ν}
h⊥ + gµν⊥ S⊥ ·Sh⊥ )gV h1TH1T

−
k
{µ
⊥ p

ν}
⊥ + gµν⊥ k⊥ ·p⊥
MMh

[
gV (h⊥1sH

⊥
1s + h⊥1 H

⊥
1 )− i gA(h⊥1sH

⊥
1 − h⊥1 H⊥1s)

]
−
p
{µ
⊥ S

ν}
h⊥ + gµν⊥ p⊥ ·Sh⊥

M
(gV h

⊥
1sH1T + i gAh

⊥
1 H1T )

−
k
{µ
⊥ S

ν}
⊥ + gµν⊥ k⊥ ·S⊥

Mh
(gV h1TH

⊥
1s − i gAh1TH

⊥
1 )

−
k
{µ
⊥ ε

ν}ρ
⊥ p⊥ρ + p

{µ
⊥ ε

ν}ρ
⊥ k⊥ρ

2MMh

[
gV
(
h⊥1sH

⊥
1 − h⊥1 H⊥1s

)
+ i gA

(
h⊥1sH

⊥
1s + h⊥1 H

⊥
1

) ]
+
p
{µ
⊥ ε

ν}ρ
⊥ Sh⊥ρ + S

{µ
h⊥ε

ν}ρ
⊥ p⊥ρ

2M

(
gV h

⊥
1 H1T − i gAh⊥1sH1T

)
−
k
{µ
⊥ ε

ν}ρ
⊥ S⊥ρ + S

{µ
⊥ ε

ν}ρ
⊥ k⊥ρ

2Mh

(
gV h1TH

⊥
1 + i gAh1TH

⊥
1s

)
− i gA

S
{µ
h⊥ε

ν}ρ
⊥ S⊥ρ + S

{µ
⊥ ε

ν}ρ
⊥ Sh⊥ρ

2
h1TH1T

}
(7.120)

2M W µν
A(Zγ) = 2zh

∫
d2kT d

2pT δ
2(pT + kT − qT )

{

+ i εµν⊥

[
+ gV (f1G1s + g1sD1)− gA(f1D1 + g1sG1s)

+ gA
p⊥ ·k⊥ S⊥ ·Sh⊥ − p⊥ ·Sh⊥ k⊥ ·S⊥

MMh
f⊥1TD

⊥
1T

]

− i
p

[µ
⊥S

ν]
⊥

M
(gV f

⊥
1TG1s − gAf⊥1TD1) + i

k
[µ
⊥S

ν]
h⊥

Mh
(gV g1sD

⊥
1T − gAf1D

⊥
1T )

}
(7.121)

note: for the interference of γ and Z exchange there are the simple relations for the symmetric (S) and
anti-symmetric (A) parts

Wµν
S(γZ) =

(
Wµν
S(Zγ)

)∗
and Wµν

A(γZ) = −
(
Wµν
A(Zγ)

)∗
(7.122)
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2M W µν
(ZZ) =

∫
dp−dk+d2pTd

2kT δ
2(pT + kT − qT )

×Tr

[
Φ(p) (gV + gAγ5) γµ∆(k) (gV + gAγ5) γν

]
(7.123)

2M W µν
S(ZZ) = 2zh

∫
d2kT d

2pT δ
2(pT + kT − qT )

{

− gµν⊥

[
(g2
V + g2

A)

(
f1D1 + g1sG1s +

ερσ⊥ p⊥ρS⊥σ
M

f⊥1TD1 −
ερσ⊥ k⊥ρSh⊥σ

Mh
f1D

⊥
1T

+
p⊥ ·k⊥ S⊥ ·Sh⊥ − p⊥ ·Sh⊥ k⊥ ·S⊥

MMh
f⊥1TD

⊥
1T

)
+ 2gV gA

(
f1G1s + g1sD1 +

ερσ⊥ k⊥ρSh⊥σ
Mh

g1sD
⊥
1T −

ερσ⊥ p⊥ρS⊥σ
M

f⊥1TG1s

)]

+ (g2
V − g2

A)

[
− (S

{µ
⊥ S

ν}
h⊥ + gµν⊥ S⊥ ·Sh⊥ )h1TH1T −

k
{µ
⊥ p

ν}
⊥ + gµν⊥ k⊥ ·p⊥
MMh

(
h⊥1sH

⊥
1s + h⊥1 H

⊥
1

)
−
p
{µ
⊥ S

ν}
h⊥ + gµν⊥ p⊥ ·Sh⊥

M
h⊥1sH1T −

k
{µ
⊥ S

ν}
⊥ + gµν⊥ k⊥ ·S⊥

Mh
h1TH

⊥
1s

−
k
{µ
⊥ ε

ν}ρ
⊥ p⊥ρ + p

{µ
⊥ ε

ν}ρ
⊥ k⊥ρ

2MMh

(
h⊥1sH

⊥
1 − h⊥1 H⊥1s

)
+
p
{µ
⊥ ε

ν}ρ
⊥ Sh⊥ρ + S

{µ
h⊥ε

ν}ρ
⊥ p⊥ρ

2M
h⊥1 H1T −

k
{µ
⊥ ε

ν}ρ
⊥ S⊥ρ + S

{µ
⊥ ε

ν}ρ
⊥ k⊥ρ

2Mh
h1TH

⊥
1

]}
(7.124)

2M W µν
A(ZZ) = 2zh

∫
d2kT d

2pT δ
2(pT + kT − qT )

{

i εµν⊥

[
− 2gV gA

(
f1D1 + g1sG1s −

p⊥ ·k⊥ S⊥ ·Sh⊥ − p⊥ ·Sh⊥ k⊥ ·S⊥

MMh
f⊥1TD

⊥
1T

)

+ (g2
V + g2

A) (f1G1s + g1sD1)

]

+ i
p

[µ
⊥S

ν]
⊥

M

[
+ 2gV gAf

⊥
1TD1 − (g2

V + g2
A)f⊥1TG1s

]
− i

k
[µ
⊥S

ν]
h⊥

Mh

[
+ 2gV gAf1D

⊥
1T − (g2

V + g2
A)g1sD

⊥
1T

]}
(7.125)



Chapter 8

Calculations of distribution and
fragmentation functions

8.1 Quark distribution functions in the bag model

The starting point is the calculation of the lightcone correlation function for a target at rest P = (M,0),
expressed as a spatial integral,

Φ[Γ](x,kT ) =
1

2(2π)3

∫
da− d2aT exp

(
−ixMa−/

√
2 + ikT · aT

)
〈P |ψ(a)Γψ(0)|P 〉

∣∣
a+=0

=
1

(2π)3
√

2

∫
d3a exp (ixMaz + ikT · aT ) 〈P |ψ(−az,a)Γψ(0)|P 〉

=
1

(2π)3
√

2

∫
d3a exp (ixMaz + ikT · aT ) 〈P |ψ(−az,a)Γψ(0)|P 〉. (8.1)

The kT -integrated distribution functions become

Φ[Γ](x) =
1

2π
√

2

∫
da exp (ixMa) 〈P |ψ(−a, 0, 0, a)Γψ(0)|P 〉. (8.2)

In the bag model one can consider the bag as a wave packet, i.e. a superposition of plane waves centered
around P = 0. The forward scattering off a bag gives the distribution function,

Φ
[Γ]
bag(x,kT ) =

2M

(2π)3
√

2

∫
d3a exp (ixMaz + ikT · aT )∫

bag

d3r 〈bag|ψ(−az, r + a)Γψ(r)|bag〉. (8.3)

Assuming that all quarks in the bag are in the lowest eigenmode, i.e. ψ(x) =
∑
n ψn(x) an is restricted to

one mode,
ψ0(t, r) = ψ0(r) e−iωt/R, (8.4)

with for massless quarks ω being the solution of j0(ω) = j1(ω), i.e. ω ≈ 2.043, one obtains

Φ
[Γ]
bag(x,kT ) =

2M

(2π)3
√

2

∫
d3a exp (ik · a)

∫
bag

d3r ψ0(r + a)Γψ0(r), (8.5)

where k ≡ (kT , (xMR− ω)/R). This can be rewritten as

Φ
[Γ]
bag(x,kT ) =

2M

(2π)3
ψ0(k)

Γ√
2
ψ0(k)

∣∣∣∣
kz=(xMR−ω)/R

, (8.6)

where

ψ0(k) =

∫
bag

d3r exp (−ik · r) ψ0(r). (8.7)

801
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8.2 Quark distribution functions in the spectator model

To illustrate the calculation we will consider a simple nucleon-quark-diquark vertex connecting a nucleon
with momentum P and mass M , a quark with momentum k and mass m and a scalar diquark. The
essence of the model is that the diquark will be considered as an on-mass-shell spectator, i.e. (P − k)2

= M2
diquark. The quark-quark correlation function is then obtained as the product of the tree graph for

N → q + diquark.
The matrix element of a quark field interpolating between the nucleon state and a diquark state is

〈X|ψi(0)|P, S〉 =
i

k2 +m2 + iε
(/k +m)ik Υkl Ul(P, S). (8.8)

For a scalar diquark (with mass Ms), the vertex will be taken

Υs
ij(P, k, P − k) = (1)ij gs(k

2) (8.9)

(to be discussed later). The quark-quark correlation function for a scalar diquark becomes

Φs ij(k) =
1

(2π)4

∫
d4x e−ik·x〈PS|ψj(x)ψi(0)|PS〉

=
1

(2π)4

(/k +m)ik
k2 −m2

Υkk′Uk′(P, S) (2π) δ
(
(P − k)2 −M2

s

)
U l′(P, S)(γ0Υ†γ0)l′l

(/k +m)lj
k2 −m2

=

[
(/k +m)(/P +M)

(1 + γ5/S)

2
(/k +m)

]
ij

1

(2π)3

g2(k2)

(k2 −m2)2
δ
(
(P − k)2 −M2

s

)
S=0
= [(/k +m)(/P +M)(/k +m)]ij

1

2(2π)3

g2(k2)

(k2 −m2)2
δ
(
(P − k)2 −M2

s

)
, (8.10)

which gives for an unpolarized nucleon

Φs(k) =
1

2(2π)3

g2(k2)

(k2 −m2)2
δ
(
(P − k)2 −M2

s

)
×

{(
mM2 +m2M −mM2

s + (M +m)k2
)

−
(
k2 −m2

)
/P +

(
(M +m)2 −M2

s + k2 −m2
)

/k

}
. (8.11)

The result for Φs(k) can be used to calculate the projections

Φ[Γ]
s (x,kT ) =

1

2

∫
dk−Tr(ΓΦs)

∣∣∣∣
k+=xP+

, (8.12)

which depend on x = k+/P+ and k2
T . The integration over k− can be rewritten in covariant form as

Φ[Γ]
s (x,kT ) =

∫
d(2k · P ) dk2 δ

(
2x k · P − x2M2 − k2

T − k2
) Tr(ΓΦs)

4P+

=

∫
dP 2

s dk
2 δ
(
x(1− x)M2 − k2

T − (1− x) k2 − xP 2
s

) Tr(ΓΦs)

4P+
, (8.13)

where Ps = P − k and the latter form is suitable in the spectator model where one has the delta function
δ(P 2

s −M2
s ) in the integrand. For the kT -integrated functions,

Φ[Γ]
s (x) =

π

2

∫
dk− dk2

T Tr(ΓΦs)

∣∣∣∣
k+=xP+

, (8.14)

one has

Φ[Γ]
s (x) = π

∫
dP 2

s dk
2 θ
(
x(1− x)M2 − (1− x) k2 − xP 2

s

) Tr(ΓΦs)

4P+

= π

∫ ∞
P 2
s (min)

dP 2
s

∫ xM2− x
1−x P

2
s

−∞
dk2 Tr(ΓΦs)

4P+
, (8.15)
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where P 2
s (min) is the minimum mass contributing in the antiquark-nucleon spectral function, which is

larger than (M −m)2 in order to render the nucleon stable.
Writing

Φs(k) = Φ̃s(k) δ(P 2
s −M2

s ), (8.16)

we get the ’spectator model’ results

Φ[Γ]
s (x,kT ) =

∫
dk2 δ

(
x(1− x)M2 − k2

T − (1− x) k2 − xM2
s

) Tr(ΓΦ̃s)

4P+

=
Tr(ΓΦ̃s)

4 (1− x)P+

∣∣∣∣∣
k2 = k2(x,k2

T )

, (8.17)

with

−k2(x,k2
T ) =

k2
T

1− x
+

x

1− x
M2
s − xM2. (8.18)

The kT -integrated result is

Φ[Γ]
s (x) = π

∫ ∞
0

dk2
T

Tr(ΓΦ̃s)

4 (1− x)P+

∣∣∣∣∣
k2 = k2(x,k2

T )

= π

∫ ∞
x

1−x M
2
s−xM2

d(−k2)
Tr(ΓΦ̃s)

4P+
. (8.19)

For the practical calculations it is convenient to introduce the quantities

µ2
s(x) = m2(1− x) + xM2

s − x(1− x)M2, (8.20)

λ2
s(x) = Λ2(1− x) + xM2

s − x(1− x)M2, (8.21)

such that we have for the often appearing denominators,

m2 − k2 =
k2
T + µ2(x)

1− x
, (8.22)

Λ2 − k2 =
k2
T + λ2(x)

1− x
. (8.23)

The function µ2
s(x) has endpoints µ2(0) = m2 and µ2(1) = M2

s , acquiring a minimum at the point
x0 = (M2 +m2 −M2

s )/2M2 with the value

µ2(x0) =

(
(m+Ms)

2 −M2
) (
M2 − (m−Ms)

2
)

4M2
, (8.24)

which should be positive to avoid problems, i.e. |M −m| ≤ Ms ≤ M +m and |M −Ms| ≤ m ≤ M +Ms,
at least if 0 ≤ x0 ≤ 1, implying |M2

s −m2| ≤ M2. The condition for a valid application of the spectator
approach for distribution functions becomes

Ms ≥M −m, (8.25)

Ms ≥M − Λ. (8.26)

The condition on the quark mass m is only relevant if the ’quark propagator’ pole is kept. In many cases
it is convenient to cancel it by the choice of the vertex function g(k2).

8.3 Quark-hadron vertices

The simplest way to construct valid quark-hadron vertices is to start with nonrelativistic (two-component)
spinors and replace them by a (rest frame) Dirac spinor multiplied with the appropriate projection operator.
Furthermore, to get the correct charge conjugation behavior, it is safest to start with the charge conjugation
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operator acting on positive energy spinors. Thirdly, one starts writing down everything in the hadron rest
frame. Technically, the ingredients are for the (renormalized) spinors (in the rest frame),

u(1) =


1
0
0
0

 , u(2) =


0
1
0
0

 , v(1) =


0
0
1
0

 , v(2) =


0
0
0
1

 , (8.27)

and for the charge conjugated u-spinors with C = iγ2γ0,

C u(1) = v(2), C u(2) = −v(1). (8.28)

Projection operators involving these spinors are in the hadron rest frame given by

2∑
α=1

u(α)u(α) =
1 + γ0

2
=

/P +M

2M
, (8.29)

2∑
α=1

v(α)v(α) =
γ0 − 1

2
=

/P −M
2M

, (8.30)

2∑
α=1

u(α)v(α) = − (1 + γ0)γ5

2
= − (/P +M)γ5

2M
, (8.31)

2∑
α=1

v(α)u(α) =
(1− γ0)γ5

2
= − (/P −M)γ5

2M
. (8.32)

For spin 1, the rest-system spin states are ε+ = −(εx + iεy)/
√

2, ε0 = εz and ε− = (εx − iεy)/
√

2, or
explicitly

ε+ =
1√
2

 −1
−i

0

 , ε0 =

 0
0
1

 , ε− =
1√
2

 1
−i

0

 , (8.33)

and the summation over states is ∑
α

ε(α)
µ ε(α)∗

ν = −gµν +
PµPν
M2

. (8.34)

The pion → quark-antiquark spin-space vertex is e.g. obtained by constructing a spin zero quark-
antiquark combination,

Υ(π)ij =
1√
2

(
u

(1)
i (C u(2))Tj − u

(2)
i (C u(1))Tj

)
=

1√
2

(
u

(1)
i v

(1)
j + u

(2)
i v

(2)
j

)
, (8.35)

i.e.

Υ(π) ∝ − 1√
2

(/Pπ +Mπ)

2Mπ
γ5 =

1√
2
γ5

(/Pπ −Mπ)

2Mπ
, (8.36)

γ0Υ†(π)γ0 ∝ 1√
2
γ5

(/Pπ +Mπ)

2Mπ
= − 1√

2

(/Pπ −Mπ)

2Mπ
γ5. (8.37)

The expression for Φ(k) is similar as for the nucleon with scalar diquark case with the expression between
square brackets,

−1

2

[
(/k +m)

(/P +M)

2M
γ5 (/P −M) γ5

(/P +M)

2M
(/k +m)

]
=

1

2
[(/k +m) (/P +M) (/k +m)] . (8.38)

In this expression the ’spectator-antiquark’ sum is taken to be /P −M .
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Combining the spinors to spin 1 one obtains the ρ → quark-antiquark spin-space vertex, e.g. for the
spin 0 component one has

Υij(ρ;Sz = 0) =
1√
2

(
u

(1)
i (C u(2))Tj + u

(2)
i (C u(1))Tj

)
=

1√
2

(
u

(1)
i v

(1)
j − u

(2)
i v

(2)
j

)
=

1√
2

((
σzu

(1)
)
i
v

(1)
j +

(
σzu

(2)
)
i
v

(2)
j

)
, (8.39)

which using that σzu = γzγ5((1 + γ0)/2)u gives the vertex for a vector meson,

Υµ(ρ) ∝ 1√
2
γµ

(/Pρ −Mρ)

2Mρ
, (8.40)

γ0Υµ†(ρ)γ0 ∝ 1√
2

(/Pρ −Mρ)

2Mρ
γµ. (8.41)

The ’spin’ part in Φ(k) becomes (for an unpolarized ρ-meson)

1

2

[
(/k +m) γµ

(/P −M)

2M
(/P −M)

(/P +M)

2M
γν (/k +m)

] (
−gµν +

PµP ν

M2

)
=

1

2
[(/k +m) (/P +M) (/k +m)] . (8.42)

In this expression the ’spectator-antiquark’ sum is taken to be −/P +M .
In order to find the baryon → quark-diquark vertex it is useful to first build a nucleon spinor either

from a quark and a diquark with spin zero,

U
(1)
i = u

(1)
i , (8.43)

or to build a nucleon spinor from a quark and a diquark with spin one, e.g.

U
(1)
i = −

√
1

3
ε0 u

(1)
i +

√
2

3
ε+ u

(2)
i

= −
√

1

3
ε0

(
σzu

(1)
)
i
+

√
1

6
ε+

(
σ−u

(1)
)
i

= −
√

1

3

(
σ · εu(1)

)
i
, (8.44)

from which one obtains the vertices

Υs(N) ∝ 1, (8.45)

Υaµ(N) ∝ 1√
3

(
γνγ5

(/P +M)

2M

) (
−gµν +

PµP ν

M2

)
∝ 1√

3
γ5

(
γµ +

Pµ

M

)
, (8.46)

γ0Υaµ†(N)γ0 ∝ − 1√
3

(
γµ +

Pµ

M

)
γ5. (8.47)

For obtaining the short expressions note that a projection operator /P +M on the ’nucleon side’, i.e. left
side, becomes irrelevant. From the symmetric SU(6) wave function one deduces that one (with the above
factor in Υa) need both vertices Υs and Υa with equal relative strength. For the axial-vector diquark
contribution to Φ(k) the part between brackets in the scalar diquark case is replaced by

−1

3

[
(/k +m) γµ γ5

(/P +M)

2M
(/P +M)

1 + γ5 /S

2

(/P +M)

2M
γ5 γν (/k +m)

] (
−gµν +

PµP ν

M2

)
=

[
(/k +m) (/P +M)

(
1

2
− 1

6
γ5 /S

)
(/k +m)

]
. (8.48)

In this expression the spin-sum for the axial vector diquark is taken to be −gµν + PµP ν/M2.
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8.4 Quark fragmentation functions in the spectator model

To illustrate this calculation we will also consider the simple nucleon-quark-diquark vertex connecting a
nucleon with momentum P and mass M , a quark with momentum k and mass m and a scalar diquark.
The essence again is that the diquark will be considered as an on-mass-shell spectator, i.e. (k − Ph)2

= M2
diquark. The quark-quark correlation function is then obtained as the product of the tree graph for

q → N + diquark.
For a scalar diquark (with mass Ms), the vertex is as for the distribution functions,

Υs
ij(P, k, P − k) = (1)ij gs(k

2), (8.49)

The correlation function that is the starting point for the calculation of the fragmentation functions is

∆s ij(k) =
1

(2π)4

∫
d4x eik·x〈0|ψi(x)a†hahψj(0)|0〉

=
1

(2π)4

(/k +m)ik
k2 −m2

Υ†kk′ Uk′(Ph, Sh) (2π) δ
(
(k − Ph)2 −M2

s

)
U l′(Ph, Sh) γ0Υl′lγ0

(/k +m)lj
k2 −m2

=

[
(/k +m)(/Ph +Mh)

(1 + γ5/Sh)

2
(/k +m)

]
ij

1

(2π)3

g2(k2)

(k2 −m2)2
δ
(
(k − Ph)2 −M2

s

)
Sh=0

= [(/k +m)(/Ph +Mh)(/k +m)]ij
1

2(2π)3

g2(k2)

(k2 −m2)2
δ
(
(k − Ph)2 −M2

s

)
, (8.50)

which is the same expression as for the distribution function and gives for the production of an unpolarized
nucleon

∆s(k) =
1

2(2π)3

g2(k2)

(k2 −m2)2
δ
(
(k − Ph)2 −M2

s

)
×

{(
mM2

h +m2Mh −mM2
s + (Mh +m)k2

)
−
(
k2 −m2

)
/Ph +

(
(Mh +m)2 −M2

s + k2 −m2
)

/k

}
. (8.51)

The result for ∆s(k) can be used to calculate the projections

∆[Γ]
s (z,P h⊥) =

1

4z

∫
dk+ Tr(Γ∆s)

∣∣∣∣
k−=P−h /z; kT=−P h⊥/z

, (8.52)

which depend on z = P−h /k
− and P 2

h⊥ or k2
T . The integration over k+ can be rewritten in covariant form

as

∆[Γ]
s (z,P h⊥) =

1

2z

∫
d(2k · Ph) dk2 δ

(
2 k · Ph
z

− M2
h

z2
− k2

T − k2

)
Tr(Γ∆s)

4P−h

∣∣∣∣
kT=−P h⊥/z

=
1

2z

∫
dP 2

s dk
2 δ

(
(1− z) k2

z
− (1− z)M2

h

z2
− k2

T −
P 2
s

z

)
Tr(Γ∆s)

4P−h

∣∣∣∣
kT=−P h⊥/z

=
1

2z
Φ[Γ]
s (1/z,−P h⊥/z), (8.53)

where Ps = k−Ph and the second form is suitable in the spectator model where one has the delta function
δ(P 2

s −M2
s ) in the integrand.

For the P h⊥-integrated functions,

∆[Γ]
s (z) =

π z2

2

∫
dk+ dk2

T Tr(Γ∆s)

∣∣∣∣
k−=P−h /z

, (8.54)

one has

∆[Γ]
s (z) =

π z

2

∫
dP 2

s dk
2 θ

(
(1− z) k2

z
− (1− z)M2

h

z2
− P 2

s

z

)
Tr(Γ∆s)

4P−h

=
π z

2

∫ ∞
P 2
s (min)

dP 2
s

∫ ∞
M2
h
z + 1

1−z P
2
s

dk2 Tr(Γ∆s)

4P−h
=

1

2
zΦ[Γ]

s (1/z), (8.55)
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where P 2
s (min) is the minimum mass contributing in the antiquark-nucleon spectral function, which is

larger than (Mh −m)2 in order to render the hadron h stable.
Writing

∆s(k) = ∆̃s(k) δ(P 2
s −M2

s ), (8.56)

we get the ’spectator model’ results

∆[Γ]
s (z,P h⊥) =

1

2z

∫
dk2 δ

(
1− z
z

k2 − (1− z)M2
h

z2
− k2

T −
M2
s

z

)
Tr(Γ∆̃s)

4P−h

∣∣∣∣∣
kT=−P h⊥/z

=
1

2(1− z)
Tr(Γ∆̃s)

4P−h

∣∣∣∣∣
k2 = k2(z,k2

T )

, (8.57)

with

k2(z,k2
T ) =

z

1− z
k2
T +

M2
s

1− z
+
M2
h

z
. (8.58)

The P h⊥-integrated result is

∆[Γ]
s (z) =

π z2

2(1− z)

∫ ∞
0

dk2
T

Tr(Γ∆̃s)

4P−h

∣∣∣∣∣
k2 = k2(z,k2

T )

=
π z

2

∫ ∞
1

1−z M
2
s+ 1

z M
2
h

dk2 Tr(Γ∆̃s)

4P−h
. (8.59)

For the practical calculations it is convenient to use the functions also encountered for the distribution
functions,

µ2
s(1/z) =

1− z
z2

M2
h +

M2
s

z
− 1− z

z
m2, (8.60)

λ2
s(1/z) =

1− z
z2

M2
h +

M2
s

z
− 1− z

z
Λ2, (8.61)

such that we have for the often appearing denominators,

k2 −m2 =
z

1− z
(
k2
T + µ2(1/z)

)
, (8.62)

k2 − Λ2 =
z

1− z
(
k2
T + λ2(1/z)

)
. (8.63)

With the argument 1/z and 0 ≤ z ≤ 1, the function µ2
s(1/z) has endpoints µ2(1/z) → M2

h/z for z → 0
and µ2(1) = M2

s , acquiring a minimum at the point z0 = 2M2
h/(M

2
h +m2 −M2

s ) with the value

µ2(1/z0) =

(
(m+Ms)

2 −M2
h

) (
M2
h − (m−Ms)

2
)

4M2
h

, (8.64)

which should be positive to avoid problems, i.e |Mh−m| ≤Ms ≤Mh+m and |Mh−Ms| ≤ m ≤Mh+Ms,
at least if 0 ≤ z0 ≤ 1, implying m2 −M2

s ≥ M2
h . This implies the following condition for employment of

the spectator model,

Ms ≥ m−Mh, (8.65)

Ms ≥ Λ−Mh. (8.66)

The first condition on the quark mass is not relevant if the pole in the quark propagator is cancelled by a
special choice of g(k2).



Chapter 9

Perturbative corrections

9.1 Inclusive leptoproduction

In order to illustrate the inclusion of perturbative QCD corrections, we start with inclusive lepton-hadron
scattering, for which the tree level result, corresponding to γ∗(q) + q(p)→ q(k) with k = p+ q in leading
order in 1/Q is given by

2MWµν(P, q) =

∫
dp−dp+d2p⊥ Tr (Φ(p) γµ (/p+ /q +m) γν) δ

(
(p+ q)2 −m2

)
≈

∫
dp−d2p⊥ Tr

(
Φ(p) γµ

/q

2q−
γν
)

≈ 1

4
f1(xB) Tr

(
γ− γµ γ+ γν

)
= −gµν⊥ f1(xB) (9.1)

(Note that gµνT = gµν⊥ in this case as qT = 0).
Perturbative corrections to this result for the nonsinglet structure functions come from the process

γ∗(q)+q(p)→ q(k)+G(l). This leads (omitting mass and vertex corrections) to the following contributions
at leading order in 1/Q,

2MWµν(P, q) =

∫
dp−d2p⊥ θ(µ

2 − p2
⊥) Tr

(
Φ(p) γµ

/q

2q−
γν
)

+
g2 CF
(2π)3

∫
d4p d4k d4l δ(l2) δ(k2) δ4(p+ q − k − l) dαβ(l)

×
{
θ
(
p′2⊥ − µ2

)
Tr[Φ(p)γα/ktγ

µ/kγν/ktγ
β ]/t̂2

+ Tr[Φ(p)γµ/ksγ
α/kγν/ktγ

β ]/ŝt̂

+ Tr[Φ(p)γα/ktγ
µ/kγβ/ksγ

ν ]/ŝt̂

+ Tr[Φ(p)γµ/ksγ
α/kγβ/ksγ

ν ]/ŝ2
}
, (9.2)

where p′⊥ = p⊥ − l⊥ and where dαβ(l) is the gluon summation in the final state. This depends on the
choice of gauge. For this a convenient choice is the axial gauge q̂ ·A = 0, in which case one has

dαβ(l) = −gαβ +
lαqβ + qαlβ

l · q
− q2 lα lβ

(l · q)2
. (9.3)

For any gluon field linked to a matrix element or constituting a final state (which means essentially on-
mass-shell compared to Q2), the above gauge choice implies a polarization summation that is equivalent
to the gauge choice nl ·A = 0, where nl is the lightlike vector constructed from l and q,

nl =
xp
√

2

Q

(
l +

2 l · q
Q2

q

)
. (9.4)

As we have seen that gauge choice is important for a parton inpretation of the correlation functions. The
theta functions cutting off or taking into account the first rung of the ladder contribution avoids double
counting. Transverse momenta larger than µ2 are not included in the soft part.

901
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Implementing the energy-momentum conservation to eliminate integration over p+, k− and l⊥, using
δ(l2) to eliminate the integration over l+, introducing

f1(x, µ2) =

∫
d2p⊥ θ(µ

2 − p2
⊥) f1(x,p2

⊥) (9.5)

and going to components (assuming P and q to have no perpendicular components) one finds

2MWµν(P, q) = −gµν⊥ f1(xB, µ
2)

+
g2 CF
(2π)3

∫
dp−dk+d2p⊥ d

2k⊥
dl−

2l−
δ(k2) dαβ(l)

×
{
θ
(
k2
⊥ − µ2

)
Tr[Φ(p)γα/ktγ

µ/kγν/ktγ
β ]/t̂2

+ Tr[Φ(p)γµ/ksγ
α/kγν/ktγ

β ]/ŝt̂

+ Tr[Φ(p)γα/ktγ
µ/kγβ/ksγ

ν ]/ŝt̂

+ Tr[Φ(p)γµ/ksγ
α/kγβ/ksγ

ν ]/ŝ2
}
. (9.6)

After this step we can parametrize the momenta

k =

[
zk

Q√
2
,

(1− zk)(1− xp)
xp

Q√
2
,k⊥

]
, (9.7)

l =

[
(1− zk)

Q√
2
,
zk(1− xp)

xp

Q√
2
,p⊥ − k⊥

]
, (9.8)

q =

[
Q√

2
,− Q√

2
,0⊥

]
, (9.9)

p =

[
p−,

Q

xp
√

2
,p⊥

]
, (9.10)

and rewrite the integration for the O(g2) correction as

g2 CF
(2π)3

Q

2
√

2

∫
dxp
x2
p

∫
dzk

∫
d2k⊥ δ

(
k2
⊥ −

zk(1− zk)(1− xp)
xp

Q2

)∫
dp− d2p⊥ . . . . (9.11)

The transverse momentum of the outgoing quark thus satisfies

k2
⊥
Q2

=
zk(1− zk)(1− xp)

xp
. (9.12)

Positivity of k2
⊥ restricts the domain for zk and xp to the regions 0 ≤ zk ≤ 1 and 0 ≤ xp ≤ 1, while the

theta function provides (in the first term) a regularization near the endpoints, for xp not too close to unity

xp
1− xp

µ2

Q2
≤ zk ≤ 1− xp

1− xp
µ2

Q2
. (9.13)

It is useful to have explicit expressions for the vectors

ks = p+ q = k + l =

[
Q√

2
,

1− xp
xp

Q√
2
,p⊥

]
, (9.14)

kt = p− l = k − q =

[
−(1− zk)

Q√
2
,

1− zk + xpzk
xp

Q√
2
,k⊥

]
, (9.15)

ku = k − p = q − l =

[
zk

Q√
2
,−xp + zk − xpzk

xp

Q√
2
,k⊥ − p⊥

]
. (9.16)

The Mandelstam variables for the subprocess are

ŝ = k2
s =

1− xp
xp

Q2, (9.17)

t̂ = k2
t = −1− zk

xp
Q2, (9.18)

û = k2
u = − zk

xp
Q2, (9.19)
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satisfying ŝ+ t̂+ û+Q2 = 0 and the inverse relations are:

xp =
Q2

ŝ+Q2
, (9.20)

zk = − û

ŝ+Q2
. (9.21)

Useful inner products are:

2 p · q = ŝ+Q2 =
1

xp
Q2 = −(û+ t̂),

2 k · q = −(t̂+Q2) = −xp + zk − 1

xp
Q2 = ŝ+ û,

2 l · q = −(û+Q2) =
zk − xp
xp

Q2 = ŝ+ t̂, (9.22)

The vectors p̂ ∝ xp p
√

2/Q, k̂ ∝ xp k
√

2/Q and l̂ ∝ xp l
√

2/Q are lightlike vectors, e.g. p̂ ∝ n+.
For the transverse and longitudinal structure function in

2MWµν(P, q) = −2FT (xB, Q
2) gµν⊥ + 2FL(xB, Q

2)
P̃µP̃ ν

P̃ 2
(9.23)

(Note FT = F1 = MWT = MW1 and 2FL = F2/xB − 2F1) we then obtain the results

2FT (xB, Q
2) = f1(xB, µ

2)

+
g2 CF
(2π)3

∫ 1

xB

dxp
xp

∫ 1

0

dzk

∫
d2k⊥ δ

(
k2
⊥ −

zk(1− zk)(1− xp)
xp

Q2

)
1

(xp − zk)2
f1

(
xB
xp

)
×

{
(1− xp) (x2

p − 2xpzk − 2x2
pzk + 3z2

k + 6xpz
2
k + 2x2

pz
2
k − 4z3

k − 4xpz
3
k + 2z4

k)

1− zk
θ
(
k2
⊥ − µ2

)
− 2 zk (xp + zk + xpzk − z2

k) +
(1− zk) (x2

p + z2
k)

1− xp

}
= f1(xB, µ

2)

+
g2 CF
(2π)3

∫ 1

xB

dxp
xp

∫ 1

0

dzk

∫
d2k⊥ δ

(
k2
⊥ −

zk(1− zk)(1− xp)
xp

Q2

)
f1

(
xB
xp

)
θ
(
k2
⊥ − µ2

)
×

2− 2xp + x2
p − 2zk + 4xpzk − 2x2

pzk + z2
k − 2xpz

2
k + 2x2

pz
2
k

(1− xp)(1− zk)

= f1(xB, µ
2)

+
g2 CF
(2π)3

∫ 1

xB

dxp
xp

∫ 1

0

dzk θ

(
zk(1− zk)(1− xp)

xp
Q2 − µ2

)
f1

(
xB
xp

)
×

{
1 + x2

p

(1− xp) (1− zk)
+

1− zk − 2xp + 2zkxp − 2zkx
2
p

1− xp

}
(9.24)

2FL(xB, Q
2) =

g2 CF
(2π)3

∫ 1

xB

dxp
xp

∫ 1

0

dzkd
2k⊥ δ

(
k2
⊥ −

zk(1− zk)(1− xp)
xp

Q2

)
4xpzk f1

(
xB
xp

)
. (9.25)

The lower limit in the xp integration comes from the support property of Φ(p), namely P+ − p+ ≥ 0 or
p+/P+ = xB/xp ≤ 1. We note a singular part ∝ 1/(1 − zk) in FT coming from the first term in the
calculation. This is a collinear singularity (k2

⊥ → 0) which is regulated by the theta function.
In order to perform the integration over zk one notes that∫ 1−δ

0

dzk
f(zk)

1− zk
=

∫ 1

0

dzk
f(zk)− f(1)

1− zk
− f(1) ln(δ)

=

∫ 1

0

dzk
f(zk)

(1− zk)+
− f(1) ln(δ), (9.26)
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or in a functional sense
1

1− zk
=

1

(1− zk)+
− δ(1− zk) ln δ. (9.27)

One obtains

2FT (xB, Q
2) = f1(xB;µ2) +

g2 CF
8π2

∫ 1

xB

dxp
xp

f1

(
xB
xp

) {
1 + x2

p

1− xp
ln

(
Q2

µ2

)

+
1 + x2

p

1− xp
ln

(
1− xp
xp

)
+

1− 2xp − 2x2
p

2(1− xp)

}
, (9.28)

2FL(xB, Q
2) =

g2 CF
8π2

∫ 1

xB

dxp 2xp f1

(
xB
xp

)
=

αs
2π

∫ 1

xB

dy

y
2CF

xB
y
f1(y). (9.29)

The first expressions gives the scale dependence of f1(x;µ2), the second the perturbative result for the
longitudinal structure function. The scale dependence of the structure function is determined by the
singular term and requires an appropriate treatment of the singularities near xp = 1.

f1(xB;Q2) = f1(xB;µ2) +
αs
2π

∫ 1

xB

dy

y
Pqq

(
xB
y

)
f1(y) ln

(
Q2

µ2

)
, (9.30)

where

Pqq(z) = CF

[
1 + z2

(1− z)+
+

3

2
δ(1− z)

]
. (9.31)

Since the singular piece only comes from the first of the four terms in the calculation, it is possible to obtain
the evolution without considering the full process and only consider the gluon ladder graph contribution
in the quark-quark correlation function. Implicitly here is of course the use in a hard scattering process
with a large momentum scale, which defines the lightlike direction n−. Requiring that k+ = xP+ and
implementing momentum conservation, the momenta for q(p)→ q(k) +G(l) can be parametrized as

k =

[
p− − xp

1− xp
(k⊥ − p⊥)2

2xP+
, xP+, k⊥

]
,

l =

[
xp

1− xp
(k⊥ − p⊥)2

2xP+
,

1− xp
xp

xP+, p⊥ − k⊥
]
,

p =

[
p−,

x

xp
P+, p⊥

]
. (9.32)

The quantities k2, 2k · P and (P − k)2 then can be expressed in k2
T and xp,

τ = k2 = 2k+p− − xp
1− xp

(p2
⊥ − 2k⊥ · p⊥)− k2

⊥
1− xp

≈ − k2
⊥

1− xp
. (9.33)

σ = 2k · P = − xp
1− xp

k2
T

x
+ xM2. (9.34)

M2
R = (P − k)2 ≈

(xp
x
− 1
) k2

T

x
. (9.35)

In Fig. 9.1 we show the region limited by x ≤ xp ≤ 1 and k2
T ≤ µ2, which is described in the perturbative

calculation. Using the ’large’ (Q2 � k2
⊥) vector

q =

[
Q2

2xP+
, −xP+, 0⊥

]
(9.36)
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2

2

M 2

k

M

τ = 

2
M

σ = 

2
= (k-P)   

2 k.P

R

R

0

x  = 1/2p

p

M =

x  = 3/4

= µk
T
2 2

x = 1/2

Figure 9.1: The (dark-shaded) region k2
T ≥ µ2 and x ≤ xp ≤ 1 for x = 1/2 which is described by the

ladder diagram.

for the choice of gauge, one obtains

Φ[γ+](x,k⊥) = θ(µ2 − k2
⊥) Φ[γ+](x,k⊥)

+ θ(k2
⊥ − µ2)

g2 CF
(2π)3

1

2

∫
dk−

∫
dl−dl+d2l⊥ δ(l

2) dαβ(l)
Tr[Φ(p)γα/kγ+/kγβ ]

(k2)2

= θ(µ2 − k2
⊥) Φ[γ+](x,k⊥)

+ θ(k2
⊥ − µ2)

g2 CF
(2π)3

1

2

∫
dl+

2l+
dαβ(l)

∫
dp−d2p⊥Tr[Φ(p)γα/kγ+/kγβ ]

(k2)2

= θ(µ2 − k2
⊥) Φ[γ+](x,k⊥)

+ θ(k2
⊥ − µ2)

g2 CF
(2π)3

1

4

∫
dxp
x2
p

xp
1− xp

dαβ(l)

∫
dp−d2p⊥Tr[Φ(p)γα/kγ+/kγβ ]

(k2)2

or

f1(x,k2
⊥) = θ(µ2 − k2

⊥) f1(x,k2
⊥) + θ(k2

⊥ − µ2)
αs CF

2π

1

π k2
⊥

∫
dxp

1− xp
xp

f1

(
x

xp

)
×
Q4 (1 + x2

p) (1− xp)2 + 2Q2 k2
⊥ x

3
p (1− xp) + k4

⊥ x
4
p(

Q2 (1− xp)2 − k2
⊥ x

2
p

)2 + . . .

= θ(µ2 − k2
⊥) f1(x,k2

⊥) + θ(k2
⊥ − µ2)

αs(µ
2)

2π

1

π k2
⊥

∫ 1

x

dy

y
Pqq

(
x

y

)
f1(y, µ2) + . . . ,(9.37)

where the last step includes the iteration of ladder graphs. The splitting function Pqq(z) is as given above.
The appropriate coefficient of the δ function δ(1 − z) is easily found by using the result for f1(x,k⊥) for
a free quark. This requires that

∫
dz Pqq(z) = 0.
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9.2 Semi-inclusive leptoproduction

For 1-particle inclusive lepton-hadron scattering the tree-level result is given by

2M W µν(q, P, Ph) =

∫
d4p d4k δ4(p+ q − k) Tr (Φ(p) γµ ∆(k) γν) θ

(
µ2 − p2

T

)
θ
(
µ2 − k2

T

)
=

∫
d2pT θ

(
µ2 − p2

T

) ∫
d2kT θ

(
µ2 − k2

T

)
δ2(pT + qT − kT )∫

dp−
∫
dk+ Tr [Φ(p) γµ ∆(k) γν ] . (9.38)

The natural frame to work in is the one in which the two hadrons do not have transverse components
(frame II). The momenta of the photon and the hadrons can be parametrized

Ph =

[
z̄h

Q̃√
2
,

M2
h

z̄hQ̃
√

2
,0T

]
, (9.39)

q =

[
Q̃√

2
,− Q̃√

2
, qT

]
, (9.40)

P =

[
x̄BM

2

Q̃
√

2
,

1

x̄B

Q̃√
2
,0T

]
. (9.41)

We note that Q2 = Q̃2 + Q2
T , where Q2

T = q2
T = gµνT qµqν . We do not assume that Q2

T is small at this
point. Up to O(1/Q2) corrections one has

x̄B = − q
+

P+
= − Ph · q

Ph · P
, (9.42)

z̄h =
P−h
q−

=
P · Ph
P · q

(9.43)

while the usual scaling variables become

xB =
Q2

2P · q
= x̄B

Q2

Q̃2
= x̄B

(
1− Q2

T

Q2

)−1

, (9.44)

zh = −2Ph · q
Q2

= z̄h
Q̃2

Q2
= z̄h

(
1− Q2

T

Q2

)
. (9.45)

The quark momenta are parametrized as

k =

[
zk

Q̃√
2
, k+,kT

]
, (9.46)

p =

[
p−,

1

xp

Q̃√
2
,pT

]
, (9.47)

with for the tree-level calculation after implementing energy-momentum conservation zk = xp = 1. This
condition must be dropped when one considers perturbative corrections, in which case one obtains the
additional contribution

2M W µν(q, P, Ph) = . . .

+
g2 CF
(2π)3

∫
d4p d4k d4l δ4(p+ q − k − l) δ(l2) dαβ(l)

×
{
θ(p′2T − µ2) θ(µ2 − k2

T ) Tr[Φ(p)γα/ktγ
µ∆(k)γν/ktγ

β ]/t̂2

+ θ(µ2 − p2
T ) θ(µ2 − k2

T ) Tr[Φ(p)γµ/ksγ
α∆(k)γν/ktγ

β ]/ŝt̂

+ θ(µ2 − p2
T ) θ(µ2 − k2

T ) Tr[Φ(p)γα/ktγ
µ∆(k)γβ/ksγ

ν ]/ŝt̂

+ θ(µ2 − p2
T ) θ(k′2T − µ2) Tr[Φ(p)γµ/ksγ

α∆(k)γβ/ksγ
ν ]/ŝ2

}
, (9.48)
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where p′T = pT − lT and k′T = kT + lT . Implementing energy-momentum conservation we get

2M W µν(q, P, Ph) = . . .

+
g2 CF
(2π)3

∫
dp− dk+ d2pT d

2kT dl
− dl+ d2lT δ2(pT + qT − kT − lT ) δ(l2) dαβ(l)

×
{
θ(p′2T − µ2) θ(µ2 − k2

T ) Tr[Φ(p)γα/ktγ
µ∆(k)γν/ktγ

β ]/t̂2

+ θ(µ2 − p2
T ) θ(µ2 − k2

T ) Tr[Φ(p)γµ/ksγ
α∆(k)γν/ktγ

β ]/ŝt̂

+ θ(µ2 − p2
T ) θ(µ2 − k2

T ) Tr[Φ(p)γα/ktγ
µ∆(k)γβ/ksγ

ν ]/ŝt̂

+ θ(µ2 − p2
T ) θ(k′2T − µ2) Tr[Φ(p)γµ/ksγ

α∆(k)γβ/ksγ
ν ]/ŝ2

}
, (9.49)

and the appropriate parametrization for the gluon momentum l is

l =

[
(1− zk)

Q̃√
2
,

1− xp
xp

Q̃√
2
, lT

]
, (9.50)

First we consider the Mandelstam variables starting with

ks = p+ q = k + l =

[
Q̃√

2
,

1− xp
xp

Q̃√
2
,k′T

]
, (9.51)

kt = p− l = k − q =

[
−(1− zk)

Q̃√
2
,
Q̃√

2
,p′T

]
, (9.52)

ku = p− k = l − q =

[
−zk

Q̃√
2
,

1

xp

Q̃√
2
,pT − kT

]
. (9.53)

The Mandelstam variables for the subprocess are

ŝ = k2
s =

1− xp
xp

Q̃2 − 2kT · lT =
1− xp
xp

Q2 − Q2
T

xp
− 2pT · qT , (9.54)

t̂ = k2
t = −1− zk

xp
Q̃2 + 2pT · lT = −(1− zk)Q2 − zkQ2

T + 2kT · qT , (9.55)

û = k2
u = − zk

xp
Q̃2 = − zk

xp
(Q2 −Q2

T ), (9.56)

satisfying ŝ+ t̂+ û+Q2 = 0 and the inverse relations are:

xp =
Q̃2

ŝ+Q2 + 2pT · qT
, (9.57)

zk = − t̂+Q2 − 2kT · qT
Q̃2

. (9.58)

The implementation of the l-integration and δ(l2) depends on which of the four terms one considers. For
the first term,

in term 1:

∫
dl− dl+ d2lT δ(l2) =

∫
dl+

2l+

∫
d2p′T =

1

2

∫ 1

x̄B

dxp
xp

1

1− xp

∫
d2p′T , (9.59)

(the range in xp coming from the support of Φ(p)) leading to the contribution

. . . +

∫
d2p′T θ(p

′2
T − µ2) d2kT θ(µ

2 − k2
T ) δ2(p′T + qT − kT )

g2 CF
(2π)3

1

2

∫ 1

x̄B

dxp
xp

1

1− xp

×
∫
dp− d2pT

∫
dk+ dαβ(l) Tr[Φ(p)γα/ktγ

µ∆(k)γν/ktγ
β ]/t̂2 (9.60)

with

in term 1: 1− zk =
xp

1− xp
l2T
Q̃2

=
xp

1− xp
(p′T − pT )2

Q̃2
. (9.61)
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For the fourth term we rewrite

in term 4: dl− dl+ d2lT δ(l2) =

∫
dl−

2l−
d2k′T =

1

2

∫ 1

z̄h

dzk
1

1− zk

∫
d2k′T , (9.62)

(the support in zk coming from the support of ∆(k)) and obtain

. . . +

∫
d2pT θ(µ

2 − p2
T ) d2k′T θ(k

′2
T − µ2) δ2(pT + qT − k

′
T )

g2 CF
(2π)3

1

2

∫ 1

z̄h

dzk
1

1− zk

×
∫
dp−

∫
dk+ d2kT dαβ(l) Tr[Φ(p)γµ/ksγ

α∆(k)γβ/ksγ
ν ]/ŝ2 (9.63)

with

in term 4:
1− xp
xp

=
1

xp
− 1 =

1

1− zk
l2T
Q̃2

=
1

1− zk
(k′T − kT )2

Q̃2
. (9.64)

For the other two terms we use

in term 2 & 3:

∫
dl− dl+ d2lT δ(l2) =

1

2

∫ 1

z̄h

dzk

∫ 1

x̄B

dxp
x2
p

∫
d2lT δ

(
l2T
Q̃2
− (1− zk)(1− xp)

xp

)
, (9.65)

leading to the contribution

. . . +
g2 CF
(2π)3

∫
d2pT θ(µ

2 − p2
T ) d2kT θ(µ

2 − k2
T )

×1

2

∫ 1

zh

dzk

∫ 1

x̄B

dxp
xp

1

1− xp

∫
d2lT δ

(
l2T
Q̃2
− (1− zk)(1− xp)

xp

)
,

×
∫
dp−

∫
dk+ dαβ(l)

{
Tr[Φ(p)γµ/ksγ

α∆(k)γν/ktγ
β ]/ŝt̂

+ Tr[Φ(p)γα/ktγ
µ∆(k)γβ/ksγ

ν ]/ŝt̂
}
, (9.66)

in which to use lT = pT + qT − kT and consequently p′T = kT − qT and k′T = pT + qT .
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9.3 Ordering the transverse momentum dependence

We make an angular expansion of a quark or gluon correlator in field space, only making the angular
structure of pT explicit. We write

Φ(x, pT ) = Φ(x, p2
T ) + piT Φi(x, p

2
T ) + pijT Φij(x, p

2
T ) + . . . (9.67)

We make a table with in the columns all possible TMD functions of the type Φ(x, pT ), piT Φ(x, pT ), etc.
We use abbreviations Φ(n)(x, p2

T ) ≡ (−p2
T/2)n Φ(x, p2

T ).

Symmetry in pT

TMDs rank 0 rank 1 rank 2

Φ(x, p2
T ) Φ – –

pαT Φ – pαT Φ –

pαβT Φ – – pαβT Φ

piT Φi(x, p
2
T ) – piT Φi –

pαT p
i
T Φi Φ(1)α – pαiT Φi

pαβT piT Φi – − 1
2 p
{α
T Φ(1)β} –

+ 1
2 g

αβ
T piT Φ

(1)
i

pijT Φij(x, p
2
T ) – – pijT Φij

pαT p
ij
T Φij – −piTΦ

(1)α
i –

pαβT pijT Φij Φ(2)αβ – − 2
3 p

i{α
T Φ

(1)β}
i

+ 2
3 g

αβ
T pijT Φ

(1)
ij

pijkT Φijk(x, p2
T ) – – –

pαT p
ijk
T Φijk – – −pijT Φ

(1)α
ij

pαβT pijkT Φijk – . . . –

Symmetry in ∂T

TMDs rank 0 rank 1 rank 2

Φ(x, pT ) Φ – –

pαT Φ – Φ̃α∂ –

pαβT Φ π2 CGG ΦαβGG – Φ̃αβ∂∂

Φ(x, pT ) – – –

pαT Φ π CG ΦαG – –

pαβT Φ – π
2 CG

(
Φ̃
{αβ}
∂G + Φ̃

{αβ}
G∂

)
–

−π2 CG g
αβ
T

(
Φ̃iiG∂ + Φ̃ii∂G

)
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9.4 Evolution and transverse momentum dependence

In order to investigate generally the high pT -tails of the distribution and fragmentation functions, we
separate the transverse momentum dependence and Lorentz structure, relevant to determine the leading
or subleading character of the correlation functions from the Dirac and target spin structure. Using pαT
and

pαβT = pαT p
β
T −

1

2
p2
T g

αβ
T , (9.68)

in order to make an angular expansion in the transverse momenta, we write (we use γ+ = /n and γ− = /P
with a dimensionful n-vector, satisfying P · n = 1)

Φ(x, pT ) =
[
Φ2(x, p2

T ) +
(pT α
M

)
Φα2 (x, p2

T ) +
(pT αβ
M2

)
Φαβ2 (x, p2

T ) + . . .
]

/P

+M
[
Φ3(x, p2

T ) +
(pT α
M

)
Φα3 (x, p2

T ) + . . .
]

+M2
[
Φ4(x, p2

T ) +
(pT α
M

)
Φα4 (x, p2

T ) + . . .
]

/n

+ . . . (9.69)

where the quantities Φα...t (x, p2
T ) are symmetric and traceless in the transverse indices (α . . .) and depend

on the arguments x and p2
T and get the (transverse) Lorentz structure from the Dirac gamma-matrices

and the spin vectors. The integrated and pT -weighted quantities are given by

Φ(x) =

∫
d2pT Φ(x, pT ) = Φ2(x) /P +M Φ3(x) +M2 Φ4(x) /n (9.70)

1

M
Φα∂ (x) =

∫
d2pT

(
pαT
M

)
Φ(x, pT ) = Φ

α(1)
2 (x) /P +M Φ

α(1)
3 (x) + . . . (9.71)

1

M2
Φαβ∂∂ (x) =

∫
d2pT

(pT αβ
M2

)
Φ(x, p2

T ) = Φ
αβ(2)
2 (x) /P + . . . , (9.72)

with the transverse moments defined as

Φ
α...(n)
t (x, p2

T ) ≡
(
−p2

T

2M2

)n
Φα...t (x, p2

T ). (9.73)

Similarly we have the (integrated) quark-quark-gluon correlation functions

ΦαA(x, x1) = M ΦαA;3(x, x1) /P +M2 ΦαA;4(x, x1) + . . . , (9.74)

ΦαβAA(x, x1, x2) = M2 ΦαβAA;4(x, x1, x2) /P + . . . , (9.75)

and similarly ΦαD(x, x1), etc. Of course, the non-integrated correlation functions can be expanded in the
transverse momenta as done above. Some parts of ΦαA(x, x1) can after integration over one of the arguments
be related to the (twist-three) quark-quark correlation functions Φ3(x) via the QCD equations of motion.
In the above parametrization, the functions on the right-hand side depending on x and p2

T have canonical
dimension -2, while functions depending on x are dimensionless. Graphically represented we have

T
, kx

P P

k
k The quantity Φ(x, kT ) =

∫
dk · P Φ(k;P, S) with canonical di-

mension -1 or after further integration the quantities Φ(x) and
1
M Φα∂ (x).

1
x, x

P P

k
k k−k1 1

ΦαA(x, x1)

1 2
x   x    x

P P

k
k 1

ΦαβAA(x, x1, x2)
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A hard part can be connected to the soft parts via an integration over the momenta of the soft part,∫
d4k d4k1 . . . Taking the dimensions following from this integration into account we get for the simplest

kernel, starting with two quarks with the relevant momentum components being y and kT and leaving two
quarks with non-integrated momentum components x and pT∫

d4k . . .H(p; k) =

αs
p2
T

∫
dy d2kT . . .

{
/nH2,2(y;x) /P +H3,3(y;x) + /P H4,4(y;x) /n

}
+
αs
p2
T

1

p2
T

∫
dy d2kT . . . /P H4,2(y, x) /P

+
αs
p2
T

pT ij
p2
T

∫
dy d2kT . . .

{
/nHij

2,2(y, x) /P +Hij
3,3(y, x) + /P Hij

4,4(y, x) /n
}

+
αs
p2
T

1

p2
T

∫
dy d2kT . . .

{
kT ij /nH ′ ij2,2 (y, x) /P + kT ij H

′ ij
3,3 (y, x) + kT ij /PH ′ ij4,4 (y, x) /n

}
+
αs
p2
T

pT i
p2
T

∫
dy d2kT . . .

{
kTj /nH ′′ j,i2,2 (y, x) /P + kTj H

′′ j,i
3,3 (y, x) + kTj /PH ′′ j,i4,4 (y, x) /n

}
+
αs
p2
T

pT i
p2
T

∫
dy d2kT . . .

{
Hi

3,2(y, x)/P + /PHi
4,3(y, x)

}
+
αs
p2
T

1

p2
T

∫
dy d2kT . . .

{
kT iH

i
3,2(y, x) /P + kT i /PHi

4,3(y, x)
}

+
αs
p2
T

pT i

∫
dy d2kT . . .

{
/nHi

2,3(y, x) +Hi
3,4(y, x)/n

}
+
αs
p2
T

∫
dy d2kT . . .

{
kT i /nH ′i2,3(y, x) + kT iH

′i
3,4(y, x)/n

}
+ . . . (9.76)

(the Dirac structure preceding H refers to the fermions with momentum k, the structure following H
to the fermions with momentum p). The kernel connecting the soft quark-quark-gluon correlator to a
quark-quark correlator can be analyzed to contain (we now make the kT dependence implicit)∫

d4k d4k1 . . . H
α
A(p; k, k1) =

αs
p2
T

1

p2
T

∫
dy dy1 . . .

{
Hα
A;4,2(y, y1;x)/P + /PHα

A;5,3(y, y1;x)
}

+
αs
p2
T

pT i
p2
T

∫
dy dy1 . . .

{
/nHα;i

A;3,2(y, y1;x)/P +Hα;i
A;4,3(y, y1;x) + /PHα;i

A;5,4(y, y1;x)/n
}

+
αs
p2
T

1

p2
T

∫
dy dy1 . . .

{
kT i /nH ′α;i

A;3,2(y, y1;x)/P + kT iH
′α;i
A;4,3(y, y1;x) + kT i /PH ′α;i

A;5,4(y, y1;x)/n
}

+
αs
p2
T

∫
dy dy1 . . .

{
/nHα

A;3,3(y, y1;x) +Hα
A;4,4(y, y1;x)/n

}
+
αs
p2
T

pT ij
p2
T

∫
dy dy1 . . .

{
/nHα;ij

A;3,3(y, y1;x) +Hα;ij
A;4,4(y, y1;x)/n

}
+
αs
p2
T

1

p2
T

∫
dy dy1 . . .

{
kT ij /nH ′α;ij

A;3,3(y, y1;x) + kT ij H
′α;ij
A;4,4(y, y1;x)/n

}
+
αs
p2
T

pT i
p2
T

∫
dy dy1 . . .

{
kTj /nH ′′α;j,i

A;3,3 (y, y1;x) + kTj H
′′α;j,i
A;4,4 (y, y1;x)/n

}
+
αs
p2
T

pT i

∫
dy dy1 . . . /nH

α;i
A;3,4(y, y1;x)/n

+
αs
p2
T

∫
dy dy1 . . . kT i /nH ′α;i

A;3,4(y, y1;x)/n

+ . . . (9.77)
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To include the qqGG soft contributions we need∫
d4k d4k1 d

4k2 . . . H
αβ
AA(p; k, k1, k2) =

αs
p2
T

∫
dy dy1 dy2 . . . /nH

αβ
AA;4,4(y, y1, y2;x)/n

+
αs
p2
T

1

p2
T

∫
dy dy1 dy2 . . .

{
/nHαβ

AA;4,2(y, y1, y2;x)/P +Hαβ
AA;5,3(y, y1, y2;x) + /PHαβ

AA;6,4(y, y1, y2;x)/n
}

+
αs
p2
T

pT i
p2
T

∫
dy dy1 dy2 . . .

{
/nHαβ;i

AA;4,3(y, y1, y2;x) +Hαβ;i
AA;5,4(y, y1, y2;x)/n

}
+
αs
p2
T

1

p2
T

∫
dy dy1 dy2 . . .

{
kT i /nH ′αβ;i

AA;4,3(y, y1, y2;x) + kT iH
′αβ;i
AA;5,4(y, y1, y2;x)/n

}
+
αs
p2
T

pT ij
p2
T

∫
dy dy1 dy2 . . . /nH

αβ;ij
AA;4,4(y, y1, y2;x)/n

+
αs
p2
T

1

p2
T

∫
dy dy1 dy2 . . . kT ij /nH ′αβ;ij

AA;4,4(y, y1, y2;x)/n

+
αs
p2
T

pT i
p2
T

∫
dy dy1 dy2 . . . kTj /nH ′′αβ;j,i

AA;4,4 (y, y1, y2;x)/n

+ . . . (9.78)

Graphically the kernels are represented by

T
x , p

, k
T

y

k

p

k

p

∫
d4k . . .H(p; k)

T
x , p

1
y, y

1
k k

pp

k−k1

∫
d4k d4k1 . . . H

α
A(p; k, k1)

T
x , p

1 2
y    y    y

1
k k

pp

∫
d4k d4k1 d

4k2 . . . H
αβ
AA(p; k, k1, k2)

Combining the contributions we can extract the large-pT -behavior For instance, for the corrections to Φ2

we find leading contributions proportional to αs/p
2
T . Collecting these and similarly for other quark-quark
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correlators, we get

∆Φ2(x, p2
T ) =

αs
p2
T

∫
dy Φ2(y)/P/nH2,2(y;x) (9.79)

∆Φi2(x, p2
T ) =

αs
p2
T

M2

p2
T

[∫
dy Φ

(1)
2 j (y)H ′′ j,i2,2 (y;x) +

∫
dy Φ3(y)Hi

3,2(y;x)

+

∫
dy dy1 ΦAα;3(y, y1)/P/nHα;i

A;3,2(y, y1;x)
]

(9.80)

∆Φij2 (x, p2
T ) =

αs
p2
T

M2

p2
T

∫
dy Φ2(y)/P/nHij

2,2(y;x) (9.81)

∆Φ3(x, p2
T ) =

αs
p2
T

[∫
dy Φ3(y)H3,3(y;x) +

∫
dy Φ

(1)
2 i (y)/P/nH ′ i2,3(y;x)

+

∫
dy dy1 ΦAα;3(y, y1)/P/nHα

A;3,3(y, y1;x)
]

(9.82)

∆Φi3(x, p2
T ) =

αs
p2
T

∫
dy Φ2(y)/P/nHi

2,3(y;x)

+
αs
p2
T

M2

p2
T

[∫
dy Φ

(1)
3 j (y)H ′′;j,i3,3 (y;x) +

∫
dy Φ4(y)/n/PHi

4,3(y;x)

+

∫
dy dy1 ΦAα;4(y, y1)Hα;i

A;4,3(y, y1;x)

+

∫
dy dy1 Φ

(1)
Aα;3 j(y, y1)/P/nH ′′α;j,i

A;3,3 (y, y1;x)

+

∫
dy dy1 dy2 ΦAAαβ;4(y, y1, y2)/P/nHαβ;i

AA;4,3(y, y1, y2;x)
]]

(9.83)

∆Φij3 (x, p2
T ) =

αs
p2
T

M2

p2
T

[∫
dy Φ3(y)Hij

3,3(y;x)

+

∫
dy ΦAα;3(y, y1)/P/nHα;ij

A;3,3(y, y1;x)
]

(9.84)

∆Φ4(x, p2
T ) =

αs
p2
T

[∫
dy Φ4(y)/n/PH4,4(y;x) +

∫
dy Φ

(1)
3 i (y)/P/nH ′ i3,4(y;x)

+

∫
dy dy1 ΦAα;4(y, y1)Hα

A;4,4(y, y1;x)

+

∫
dy dy1 Φ

(1)
Aα;3 i(y, y1)/P/nH ′α;i

A;3,4(y, y1;x)

+

∫
dy dy1 dy2 ΦAAαβ;4(y, y1, y2)/P/nHαβ

AA;4,4(y, y1, y2;x)
]

(9.85)

∆Φi4(x, p2
T ) =

αs
p2
T

[∫
dy Φ3(y)Hi

3,4(y;x)

+

∫
dy dy1 ΦAα;3(y, y1)/P/nHα;i

A;3,4(y, y1;x)
]

(9.86)

∆Φij4 (x, p2
T ) =

αs
p2
T

[∫
dy Φ4(y)/n/PHij

4,4(y;x)

+

∫
dy dy1 ΦAα;4(y, y1)Hα;ij

A;4,4(y, y1;x)

+

∫
dy dy1 dy2 ΦAAαβ;4(y, y1, y2)/P/nHαβ;ij

AA;4,4(y, y1, y2;x)
]

(9.87)
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9.5 Equations of motion for various parts

For the matrix elements we write

Φ = γ−Φ2 +
M

P+
Φ3 +

(
M

P+

)2

γ+ Φ4 (9.88)

=
1

2
γ−γ+

[
γ−Φ2 +

M

P+
Φ3

]
+

1

2
γ+γ−

[
M

P+
Φ3 +

(
M

P+

)2

γ+ Φ4

]
, (9.89)

γ+ Φ =
1

2
γ+γ−

[
2 Φ2 +

M

P+
γ+ Φ3

]
, (9.90)

γ−Φ =
1

2
γ−γ+

[
M

P+
γ− Φ3 + 2

(
M

P+

)2

Φ4

]
, (9.91)

1

M
ΦαD = γ−ΦαD,3 +

M

P+
ΦαD,4 +

(
M

P+

)2

γ+ ΦαD,5 (9.92)

=
1

2
γ−γ+

[
γ−ΦαD,3 +

M

P+
ΦαD,4

]
+

1

2
γ+γ−

[
M

P+
ΦαD,4 +

(
M

P+

)2

γ+ ΦαD,5

]
. (9.93)

The equations of motion imply:

γ+ iD−ψ + γ− iD+ψ + γα iDαψ −mψ = 0. (9.94)

Multiplying with a good projector γ−γ+/2, we get for the matrix elements

1

2
γ−γ+

[
γ−Φ+

D + γα ΦαD −mΦ
]

=
1

2
γ−γ+

[
xP+ γ−Φ + γα ΦαD −mΦ

]
= 0 (9.95)

or for the leading (twist-3) part in the expansion

γα ΦαD,3 = xΦ3 −
m

M
Φ2. (9.96)

9.6 The unpolarized case

The quark-quark correlation function depending on k+ = xP+ and kT is for a spin 0 or unpolarized
hadron, including only leading (M/P+)0 and subleading (M/P+)1 contributions, given by

Φ(x,kT ) =
1

2

{
f1(x,kT ) + i h⊥1 (x,kT )

/kT
M

}
γ−

+
M

2P+

{
e(x,kT ) + f⊥(x,kT )

/kT
M

+ i h(x,kT )
[γ−, γ+]

2

}
(9.97)

The kT -integrated results are

Φ(x) =
1

2
f1(x) γ−

+
M

2P+

{
e(x) + i h(x)

[γ−, γ+]

2

}
, (9.98)

1

M
Φα∂ (x) =

1

2
i h
⊥(1)
1 (x) γαT γ

−

+
M

2P+
f⊥(1)(x) γαT . (9.99)
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The relevant projections are (we do use the tensor σ+− = (i/2)[γ+, γ−] but we use γαT γ
+ instead of the

tensor σα+ = iγαT γ
+),

Φ[γ+](x,kT ) = f1(x,kT ), (9.100)

Φ[1](x,kT ) =
M

P+
e(x,kT ), (9.101)

Φ[σ+−](x,kT ) =
M

P+
i h(x,kT ) (9.102)

Φ[γαT γ
+](x,kT ) = −i kαT h⊥1 (x,kT ), and Φ

α[γβγ+]
∂ (x) = −i gαβT h

⊥(1)
1 (x), (9.103)

Φ[γαT ](x,kT ) =
M

P+
kαT f

⊥(x,kT ). and Φ
α[γβ ]
∂ (x) = gαβT

M

P+
f⊥(1)(x). (9.104)

For the ψ(0) iDα
Tψ(x) correlation function (bilocal, i.e. integrated over d4k1) one obtains from the

equations of motion

1

M
Φ
α[γ+]
D (x,kT ) =

kαT
M

(
x f⊥ + i

m

M
h⊥1

)
(9.105)

1

M
Φ

[γαT γ
+]

Dα (x,kT ) = (x e−mf1 − i x h) (9.106)

Using the quark-quark correlations multiplied with kαT ,

kαT
M

Φ[γ+](x,kT ) =
kαT
M

f1(x,kT ), (9.107)

kTα
M

Φ[γαT γ
+](x,kT ) =

1

M
Φ

[γαT γ
+]

∂α (x,kT ) = 2i h
⊥(1)
1 (x,kT ), (9.108)

the difference ΦαA = ΦαD − kαT Φ is given by

1

M
Φ
α[γ+]
A (x,kT ) =

kαT
M

(
xf⊥ − f1︸ ︷︷ ︸

xf̃⊥

+i
m

M
h⊥1

)
(9.109)

1

M
Φ

[σα+]
Aα (x,kT ) = x e− m

M
f1︸ ︷︷ ︸

xẽ

−i x h− 2i h
⊥(1)
1︸ ︷︷ ︸

−ixh̃

(9.110)

The most general form of quark-quark-gluon correlation functions integrated over all transverse mo-
menta but not integrated over x1 are

ΦαD(x, x1) =
M

2P+
ED(x, x1)γαT γ

−, (9.111)

from which one finds that

1

M
ΦαD(x) =

∫
dx1 ED(x, x1) γαT γ

− (9.112)

(similarly for ΦA(x, x1)). The projections are

Φ
[γαT γ

+]
Dα (x, x1) = 2

M

P+
ED(x, x1) (9.113)

1

M
Φ

[γαT γ
+]

Dα (x) = 2

∫
dx1 ED(x, x1). (9.114)

9.7 Sample calculations

9.7.1 The fermion propagator

We will demonstrate perturbative calculations, in particular when one uses a lightcone gauge in detail for
the example of the self-energy contribution to Γ(2)(p). Writing the (truncated) Green’s function as

Γ(2)(k) = −i (SF )−1(k) = −i[/k −m0 − Σ(k)], (9.115)
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one has the expansion

SF (k) =
1

/k −m0
+

1

/k −m0
Σ(k)

1

/k −m0
+ . . . . (9.116)

The contribution of the one-loop diagram,

l

k

k-l

to the self-energy in the lightcone gauge is given by

Σ(k) = −ig2 CF

∫
d4l

(2π)4

γα(/k − /l +m0)γβ dαβ(l)

(l2 + iε) ((k − l)2 −m2
0 + iε)

, (9.117)

with

dαβ(l) = gαβ −
lαnβ− + nα−l

β

l+
. (9.118)

The numerator can be written as

numerator = −2(/k − /l) + 4m0 + γ+ (/k − /l +m0)/l

l+
+

/l(/k − /l +m0)

l+
γ+.

Because of the expansion around the zeroth order result, it is convenient to rewrite /l as (/k−m0)−(/k−/l−m0),
leading for the numerator to

numerator = −2(/k − /l) + 4m0

−γ+ (/k − /l +m0)(/k −m0)

l+
− (/k −m0)(/k − /l +m0)

l+
γ+

+γ+ (/k − /l +m0)(/k − /l −m0)

l+
+

(/k − /l −m0)(/k − /l +m0)

l+
γ+.

We consider the case kT ≈ k− ≈ 0 and k+ = xP+, while l− = α l2T/2P
+ and l+ = y P+. We need the

following integrals1

Σ1(k) ≡ −i g2

(2π)4

∫
d4l

1

(l2 + iε) ((k − l)2 −m2
0 + iε)

=
αs
4π2

∫
d2lT

l2T

∫
dy

∫
dα

2π i

1

(αy − 1 + iε)(α(y − x)− 1 + iε)

=
αs
4π2

∫
d2lT

l2T

∫
dy Θ0

11(y, y − x)

=
αs
4π2

∫
d2lT

l2T

=
αs
4π

ln Λ2, (9.119)

Σ2(k) ≡ −i g2

(2π)4

∫
d4l

k+

(l2 + iε) ((k − l)2 −m2
0 + iε) l+

=
αs
4π2

∫
d2lT

l2T

∫
dy

x

y

∫
dα

2π i

1

(αy − 1 + iε)(α(y − x)− 1 + iε)

=
αs
4π2

∫
d2lT

l2T

∫
dy

x

y
Θ0

11(y, y − x)

= Σ1

∫
dy

y
xΘ0

11(y, y − x). (9.120)

1reminder: Θ0
11(y, y − x) = 1

x
[θ(y) θ(x− y)− θ(−y) θ(y − x)], thus one has for the y-integration (for positive x)

∫ x
0 dy
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We also need the integral

−i g2

(2π)4

∫
d4l

l+

(l2 + iε) ((k − l)2 −m2
0 + iε) k+

=
αs
4π2

∫
d2lT

l2T

∫
dy

y

x

∫
dα

2π i

1

(αy − 1 + iε)(α(y − x)− 1 + iε)

=
αs
4π2

∫
d2lT

l2T

∫
dy

y

x
Θ0

11(y, y − x)

=
1

2
Σ1. (9.121)

It is useful to have the following integrals

/L1(k) ≡ −i g2

(2π)4

∫
d4l

/l

(l2 + iε) ((k − l)2 −m2
0 + iε)

=
1

2
/kΣ1 (9.122)

/L2(k) ≡ −i g2

(2π)4

∫
d4l

/k − /l −m0

(l2 + iε) ((k − l)2 −m2
0 + iε)

=
1

2
/kΣ1 −m0 Σ1, (9.123)

/R1(k) ≡ −i g2

(2π)4

∫
d4l

/k − /l −m0

(l2 + iε) ((k − l)2 −m2
0 + iε) l+

=
1

k+

[
/k (Σ2 − Σ1)︸ ︷︷ ︸

Σ3

−m0 Σ2

]
, (9.124)

/R2(k) ≡ −i g2

(2π)4

∫
d4l

/k − /l +m0

(l2 + iε) ((k − l)2 −m2
0 + iε) l+

=
1

k+

[
/k (Σ2 − Σ1)︸ ︷︷ ︸

Σ3

+m0 Σ2

]
= /R1(k) +

2m0

k+
Σ2, (9.125)

where one should realize that the only nonvanishing contribution in /l is /l = l+γ− = l+

k+ /k. Note that
γ+/R2(k) = 2Σ3 − /R1(k)γ+ and /R2(k)γ+ = 2Σ3 − γ+/R1(k). It is now straightforward to find the result

Σ(k) = −/kΣ1 + 4m0 Σ1 − (/k −m0) /R2(k)γ+ − γ+/R2(k) (/k −m0)

= −(/k −m0) Σ1 + 3m0 Σ1 − 4Σ3 (/k −m0) + (/k −m0) γ+/R1(k) + /R1(k)γ+ (/k −m0)

. (9.126)

Inserting in the expansion for SF (k) one obtains

SF (k) =
(1− Σ1)

(/k −m0)
+

1

(/k −m0)
3m0 Σ1

1

(/k −m0)

− 1

(/k −m0)
γ+/R2(k)− /R2(k)γ+ 1

(/k −m0)

=
(
1− /R2(k)γ+

)︸ ︷︷ ︸
U−1

2 (k)

(1− Σ1)

(/k −m0(1 + 3Σ1))

(
1− γ+/R2(k)

)︸ ︷︷ ︸
U1(k)

= U−1
2 (k)

(1− Σ1)

(/k −m)
U1(k) (9.127)
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with m = m0(1 + 3Σ1) and up to the required (first order) precision

U1(k) = 1− γ+/R2(k) = 1− 2Σ3 + /R1(k)γ+

= 1− 1

k+
Σ3(k) γ+ /k − m

k+
Σ2(k) γ+ (9.128)

U2(k) = 1 + /R2(k)γ+ = 1 + 2Σ3 − γ+/R1(k)

= 1 +
1

k+
Σ3(k) /k γ+ +

m

k+
Σ2(k) γ+. (9.129)

9.8 Evolution of f1(x)

The tree level contribution is given by

f
[α0
s]

1 (x) =
1

4
f1(x) Tr

[
γ−γ+

]
(9.130)

= f1(x). (9.131)

The ladder graph gives using

k =
[α

2
k2
T , x, kT

]
, (9.132)

l =
[α

2
k2
T , x− y, kT

]
, (9.133)

p = [0, y, 0T ] , (9.134)

and the trace

Tr
[
γ−γα/kγ+/kγβ

]
dαβ(l) = −8k2

T − 32
(k+)2 l−

l+
+ 16

k+ kT · lT
l+

= k2
T

[
−8− 16α

x2

(x− y)
+ 16

x

(x− y)

]
= k2

T

[8(x+ y)− 16αx2]

(x− y)
(9.135)

the result

f
[α1
s,ladder]

1 (x) = −iπ g
2 CF

(2π)4

∫
dy dα

2

d2kT

k2
T

[2(x+ y)− 4x2 α]

(x− y) [α(x− y)− 1 + iε] [αx− 1 + iε]2
f1(y)

=
αs
2π2

CF

∫
d2kT

k2
T

∫
dy

[
(x+ y)

(x− y)
Θ0

21(x, x− y)− 2x2

(x− y)
Θ1

21(x, x− y)

]
f1(y)

=
αs
2π2

CF

∫
d2kT

k2
T

∫
dy

[
(y2 + x2)

y(y − x)
Θ0

11(x, x− y) +
x

y
δ(x)

]
f1(y)

=
αs
2π2

CF

∫
d2kT

k2
T

∫
dy

(y2 + x2)

y(y − x)
Θ0

11(x, x− y)f1(y)

=
αs
2π2

CF

∫
d2kT

k2
T

∫ ∞
x

dy

y

(y2 + x2)

y(y − x)
f1(y) (9.136)

(note that the support of f1(y) is −1 ≤ y ≤ 1). For the self-energy graphs on the two fermion legs we need
the traces

Tr

[
γ−γ+ 1

/k
Σ(k)

]
= Tr

[
γ−γ+ 1

/k

(
−/kΣ1 + /k/R(k)γ+ + γ+/R(k)/k

)]
= Tr

[
γ−γ+ 1

/k

(
−/kΣ1 − /k/k

γ+

k+
Σ3 −

γ+

k+
/k/kΣ3

)]
= −4 Σ1 − 16 Σ3 = 4(3 Σ1 − 4 Σ2), (9.137)

Tr

[
γ−Σ(k)γ+ 1

/k

]
= 4(3 Σ1 − 4 Σ2). (9.138)
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Then (taking into account a factor 1/2)

f
[α1
s,self]

1 (x) = (−Σ1 − 4Σ3) f1(x) = (3 Σ1 − 4 Σ2) f1(x) (9.139)

= Σ1

(
3− 4

∫
dy

y
xΘ0

11(y, y − x)

)
f1(x)

=
αs
2π2

CF

∫
d2kT

k2
T

{
3

2
f1(x)− 2 f1(x)

∫
dy

x

x− y
Θ0

11(y, y − x)

}
(9.140)

Using ∫
dy

x

x− y
[
Θ0

11(y, y − x) + Θ0
11(x, x− y)

]
= 0. (9.141)

the total result becomes

f
[α1
s]

1 (x) =
αs
2π2

CF

∫
d2kT

k2
T

{∫
dy

[
y2 + x2

y(y − x)
f1(y)− 2x

y − x
f1(x)

]
Θ0

11(x, x− y) +
3

2
f1(x)

}
The integral runs from x ≤ y ≤ ∞, but for the first term it is limited to x ≤ y ≤ 1 using the support
properties of f1. In the next step we introduce β = x/y and find that

x ≤ y ≤ 1 ⇐⇒ x ≤ β ≤ 1,

x ≤ y ≤ ∞ ⇐⇒ 0 ≤ β ≤ 1,

Thus

f
[α1
s]

1 (x) =
αs
2π2

CF

∫
d2kT

k2
T

{∫ 1

x

dβ

β

1 + β2

(1− β)
f1

(
x

β

)
− 2 f1(x)

∫ 1

0

dβ
1

1− β
+

3

2
f1(x)

}
=

αs
2π2

CF

∫
d2kT

k2
T

∫ 1

x

dβ

β

[
1 + β2

(1− β)+
+

3

2
δ(1− β)

]
f1

(
x

β

)
(9.142)

=
αs
2π2

CF

∫
d2kT

k2
T

∫ 1

x

dβ

β
P [f ](β) f1

(
x

β

)
.

9.9 Gribov-Lipatov reciprocity and evolution of D1

For the fragmentation function D1, the tree level contribution is given by

D
[α0
s]

1 (z) =
1

4
D1(z) Tr

[
γ+γ−

]
= D1(z). (9.143)

We note that the result can be obtained from the distribution functions by interchanging everywhere the
+ and − components and then later make replacements x→ 1/z and f1(x)→ f1(1/z)→ D1(z).

The momenta for the ladder graph in the case of fragmentation can be written

k =
[
x,
α

2
k2
T , kT

]
−→

[
1

z
,
α

2
k2
T , kT

]
, (9.144)

l =
[
x− y, α

2
k2
T , kT

]
(9.145)

p = [y, 0, 0T ] , (9.146)

involving also simply an interchange of the lightcone components.
We now look at the evolution equations of fragmentation functions (FF) by looking at those for distri-

bution functions (DF) in the domain x ≥ 1. Starting with the result for DF’s obtained via f
[α1
s]

1 (x),

d

dτ
f(x, τ) =

αs
2π

CF

∫ ∞
0

dy

 N
(
x
y

)
1− x

y

f(y)−

(
x
y

)
N (1)

1− x
y

f(x)

 Θ11(x, x− y), (9.147)

allowing for different numerators in order to treat the various distribution functions (f1, g1 and h1). We
consider N (β) = 2βp, which will make it easy to get the results for N (β) = 1 + β2 or N (β) = 2β. In
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all these cases N (1) = 2, the numerator result coming from the fermion self energy. We find (defining
β = x/y) for the DF

d

dτ
f(x) =

αs
2π

∫ 1

0

dβ

β

[
2βp

1− β
f

(
x

β

)
︸ ︷︷ ︸

x≤β≤1

− 2β

1− β
f(x)︸ ︷︷ ︸

0≤β≤1

]
. (9.148)

For the FF we employ an continuation to the region x ≥ 1 and then a substitution x→ 1/z. For a quark
with k− = xP−h to produce a hadron with P−h the radiated gluon can have momentum `− = (x − y)P−h
with 1 ≤ y ≤ x. This is obtained via the generalized Θ-functions if one uses for the timelike fragmenting
quark a propagator prescription 1/(p2 −m2 − iε). Thus one has

Θ0
11(x1, x2) =

∫
dα

2π i

1

(αx1 − 1 + iε)(αx2 − 1 + iε)
=

[θ(x1) θ(−x2)− θ(−x1)θ(x2)]

x1 − x2

=
θ(x1)− θ(x2)

x1 − x2
=
θ(−x2)− θ(−x1)

x1 − x2
,

Θ0
11(x1, x2) =

∫
dα

2π i

1

(αx1 − 1− iε)(αx2 − 1 + iε)
= − [θ(x1) θ(x2)− θ(−x1)θ(−x2)]

x1 − x2

= −θ(x1)− θ(−x2)

x1 − x2
= −θ(x2)− θ(−x1)

x1 − x2
,

and for positive x-values

Θ0
11(x, x− y)

x>0
=

θ(y − x)

y
,

Θ0
11(x, x− y)

x>0
= −θ(x− y)

y
.

This modification happens only for the ladder graph, not for the self-energy. With the further replacements
z → 1/x and f(x)→ f(1/z)→ D(z) one obtains

d

dτ
f(x) =

αs
2π

∫ ∞
1

dβ

β

N (β)

β − 1
f

(
x

β

)
︸ ︷︷ ︸

1≤β≤x

−
∫ 1

0

dβ

β

βN (1)

1− β
f(x),

d

dτ
D(z) =

αs
2π

∫ ∞
1

dβ

β

N (β)

(β − 1)
D(βz)︸ ︷︷ ︸

1≤β≤1/z

−
∫ 1

0

dβ

β

βN (1)

1− β
D(z)︸ ︷︷ ︸

0≤β<1

=
αs
2π

∫ 1

0

dβ

β

[
βN (1/β)

(1− β)
D

(
z

β

)
︸ ︷︷ ︸

z≤β≤1

− βN (1)

1− β
D(z)︸ ︷︷ ︸

0≤β<1

]

=
αs
2π

∫ 1

z

dβ

β

βN (1/β)

(1− β)+
D

(
z

β

)
(9.149)

We find the splitting functions

P [f ](β) =
N (β)

(1− β)+
, (9.150)

P [D](β) =
βN (1/β)

(1− β)+
. (9.151)
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For a polynomial N (β) = 2βp the moments become

P [f ](β) =
2βp

(1− β)+

−→ A[f ]
n = 2

∫ 1

0

dβ
βn−1+p − 1

1− β
= −2

n−1+p∑
j=1

1

j
= −2

n∑
j=1

1

j
− 2

n+ 1
. . .− 2

n− 1 + p︸ ︷︷ ︸
+A (n)

P [D](β) =
2βp−1

(β − 1)+

−→ A[D]
n = 2

∫ ∞
1

dβ
βp−n−2 − 1

β − 1

P [D](β) =
2β1−p

(1− β)+

−→ A[D]
n = 2

∫
dβ

βn−p − 1

1− β
= −2

n−p∑
j=1

1

j
= −2

n∑
j=1

1

j
+

2

n
+

2

n− 1
. . .+

2

n− p+ 1︸ ︷︷ ︸
+A (−n)



Appendix A

Lightcone coordinates

We use two different notations for four-vectors,

aµ = (a0, a1, a2, a3) = (a0,a), (A.1)

aµ = [a−, a+, a1, a2] = [a−, a+,aT ]. (A.2)

The metric tensor is given by g00 = −g11 = −g22 = −g33 = 1 or g++ = g−− = 0 and g+− = 1 and defines
the scalar product

a · b = gµνa
µbν ≡ gab. (A.3)

The first vector notation corresponds to the expansion of a vector in a Cartesian basis with orthogonal
vectors t̂µ, x̂µ, ŷµ, ẑµ with t timelike (t2 = 1) and the others spacelike (x̂2 = -1, etc.), the second notation
with an expansion in two lightlike vectors nµ+ and nµ− (n2

+ = n2
− = 0 and n+ · n− = 1).

The antisymmetric tensor εµνρσ is fixed by

ε0123 = ε−+12 = 1. (A.4)

We employ the notation
εµνρσaµbνcρdσ ≡ εabcd. (A.5)

A useful property is the following way of bringing a vector into the antisymmetric combination,

εµνρσ gαβ = εανρσ gµβ + εµαρσ gνβ + εµνασ gρβ + εµνρα gσβ . (A.6)

The following fourth rank tensor is also useful in many applications,

Sµνρσ = gµν gρσ − gµρ gνσ + gµσ gνρ. (A.7)

In several cases we will also be dealing only with transverse vectors, projected out by

gµνT ≡ gµν − n
µ
+n

ν
− − n

µ
−n

ν
+, (A.8)

with as only nonvanishing elements g11
T = g22

T = −1 and the corresponding antisymmetric tensor with
ε12
T = 1 given by

εαβT = ε−+αβ (A.9)

(or equivalently gµν⊥ and εµν⊥ ). Given a transverse vector aµT , in the appropriate frame determined by two

components (a1, a2) or determined by its length |aT | =
√
−a2

T and an azimuthal angle φa, such that

aµT = (a1, a2) = |aT |(cosφa, sinφa), (A.10)

we can consider the vector
āµT = εµνT aν = (−a2, a1), (A.11)

which has the same length, |aT | = |āT | but an azimuthal angle φā = φa + π/2. We note that ¯̄aµT = −aµT .
Again we use the notation with vectors as indices, e.g.

gabT ≡ gµνT aµbν = aT · bT = −aT · bT , (A.12)

εabT ≡ εµνT aTµbTν ≡ aT ∧ bT = aT · b̄T , (A.13)

1
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and we note that we can write aµT = gaµT and āµT = gāµT =εµaT . The symmetric traceless tensor constructed
from two (transverse) four vectors is denoted

SaµbνT = a
{µ
T b

ν}
T − (aT · bT ) gµνT . (A.14)

In terms of the azimuthal angles,

gabT = −|aT | |bT | cos(φb − φa), (A.15)

εabT = |aT | |bT | sin(φb − φa), (A.16)

SabcdT = |aT | |bT | |cT | |dT | cos(φb + φd − φa − φc). (A.17)

For products of tensors we have the relations

gijT g
ab
T = gibT g

ja
T + εiaT εjbT , (A.18)

εijT ε
ab
T = giaT gjbT − gibT gjaT , (A.19)

εabT gijT = εibT g
aj
T + εaiT gbjT . (A.20)

Employing two unit-length transverse vectors x̂µ and ŷµ = ˆ̄xµ, one easily derives the expansions

aµT = gaµT = −gaxT gxµT − gayT gyµT = ax x̂µ + ay ŷµ, (A.21)

āµT = εµaT = gāµT = gayT gxµT − gaxT gyµT = −ay x̂µ + ax ŷµ. (A.22)

where ax ≡ −(aT · x̂) = aT · x̂ and ay ≡ −(aT · ŷ) = x̂ ∧ aT . For second rank tensors one obtains

a
{µ
T b

ν}
T − (aT · bT ) gµνT = SaµbνT = SaxbxT SxµxνT + SaxbyT SxµyνT

= (axbx − ayby) (2x̂µx̂ν + gµνT ) + (axby + aybx) x̂{µŷν}, (A.23)

a
[µ
T b

ν]
T = g

a[µ
T g

ν]b
T = εabT εµνT = (axby − aybx) εµνT , (A.24)

1

2

(
a
{µ
T b̄

ν}
T + b

{µ
T ā

ν}
T

)
= −SaxbyT SxµxνT + SaxbxT SxµyνT

= −(axby + aybx) (2x̂µx̂ν + gµνT ) + (axbx − ayby) x̂{µŷν}, (A.25)

1

2

(
a
{µ
T b̄

ν}
T − b{µT ā

ν}
T

)
= εabT gµνT = (axby − aybx) gµνT , (A.26)

Finally we want to give the following useful way of transforming a tensor involving external momenta
qT into quark transverse momenta kT and pT . Having pT + kT = qT one sees that

SqαqβT = SpαpβT + SkαkβT + 2SpαkβT . (A.27)

and elimination of the mixed combination in

2(pT ·kT )SpαkβT = k2
T S

pαpβ
T + p2

T S
kαkβ
T . (A.28)

The latter can be obtained by using |kT |x̂ = kT and working out SpαpβT and SpαkβT .

Spherical basis

Transverse tensors can also be labeled according to their rotational behavior in E(2). We can employ a
spherical basis, starting with

a
(1)
T ≡ ax + i ay = |aT | eiϕ (A.29)

generalized to

a
(m)
T ≡ (ax + i ay)m = |aT |m eimϕ. (A.30)

These are labeled by integer m values. The transverse vector has rank m = 1, the symmetric rank-2 tensor
kαβT has rank m = 2. The components of a tensor of rank m are not independent. Being traceless and
symmetric they satisfy

ai1...imT =
1

m!
a
{i1...im}
T − Traces. (A.31)
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The two independent components can be recast in

ai1...imT ⇐⇒ |aT |m

2m−1
e±imϕ. (A.32)

The components are actually proportional to cos(mϕ) or sin(mϕ). For example we have

a
(3)
T = (ax + i ay)3 (A.33)

= (axaxax − 3 axayay) + i(3 axaxay − ayayay), (A.34)

and read off that

axxxT = −axyyT =
1

4
(axaxax − 3 axayay) =

|aT |3

4
cos(3ϕ), (A.35)

axxyT = −ayyyT =
1

4
(3 axaxay − ayayay) =

|aT |3

4
sin(3ϕ). (A.36)

In order to consistently include tensor built from different transverse vectors we define

T i1...ima1...am =
1

m!
a
{i1
1 . . . aim}m − Traces. (A.37)

Such tensors are simply the product of lower rank tensors, e.g.

T
(2)
ab = a

(1)
T b

(1)
T = (ax + iay)(bx + iby) = (axbx − ayby) + i(axby + aybx) = |aT | |bT | ei(ϕa+ϕb). (A.38)

More general

T
(ma+mb)
ab = a

(ma)
T b

(mb)
T = |aT |ma |bT |mb ei(maϕa+mbϕb). (A.39)

We can reduce the rank by constructing

T
(ma−mb)
ab = a

(ma)
T b

(mb)∗
T = |aT |ma |bT |mb ei(maϕa−mbϕb). (A.40)

A wellknown reduction is the scalar constructed from two vectors,

T
(0)
ab = a

(1)
T b

(1)∗
T = |aT | |bT | ei(φa−φb) (A.41)

= (ax + iay)(bx − iby) = (axbx + ayby)− i(axby − aybx) (A.42)

= (aT · bT )− i(aT ∧ bT ). (A.43)

We define the explicit components for any irreducible tensor as

Γx...xA1...Am ≡
|Γ(m)
A1...Am

|
2m−1

cos(ϕ1 + . . .+ ϕm), (A.44)

1

m

(
Γyx...xA1...Am

+ Γxy...xA1...Am
+ . . .+ Γxx...yA1...Am

)
≡
|Γ(m)
A1...Am

|
2m−1

sin(ϕ1 + . . .+ ϕm), (A.45)

where Ai can be any object, spin vectors, gamma matrices, etc., as long as they have a transverse vector
character. The other components are now fixed. In terms of

Γ
(m)
A1...Am

≡ |Γ(m)
A1...Am

| ei(ϕ1+...+ϕm), (A.46)

one sees that the Euclidean contraction of two tensors can be written as

ai1...imT Γi1...imA1...Am
=

1

2m

(
a

(m)
T Γ

(m)∗
A1...Am

+ a
(m)∗
T Γ

(m)
A1...Am

)
=
|aT |m

2m−1
|Γ(m)
A1...Am

| cos(ϕ1 + . . .+ ϕm −mϕ). (A.47)

Furthermore, we have ∫
dϕ

2π
a

(m)
T (ϕ) a

(m′)∗
T (ϕ) = |aT |2m δmm′ , (A.48)

This immediately gives ∫
dϕ

2π
a

(m)
T (ϕ) ai1...imT Γi1...imA1...Am

=

(
|aT |2

2

)m
Γ

(m)
A1...Am

, (A.49)

and thus also ∫
dϕ

2π
aα1...αm
T (ϕ) ai1...imT Γi1...imA1...Am

=

(
|aT |2

2

)m
Γα1...αm
A1...Am

. (A.50)
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Integrating over transverse momenta

We can write down the following relations for integrating k2
T dependent functions over kT ,∫

d2kT k
α
T k

i
T . . . = −1

2
gαiT

∫
d2kT k

2
T . . . (A.51)∫

d2kT k
α
T k

β
T k

i
Tk

j
T . . . =

1

8

(
gαiT g

βj
T + gαjT gβiT + gαβT gijT

) ∫
d2kT k

4
T . . . , (A.52)∫

d2kT k
α
T k

β
T

(
kiTk

j
T +

1

2
k2
T g

ij
T

)
. . . =

1

8

(
gαiT g

βj
T + gαjT gβiT − gαβT gijT

) ∫
d2kT k

4
T . . . , (A.53)∫

d2kT

(
kαT k

β
T +

1

2
k2
T g

αβ
T

) (
kiTk

j
T +

1

2
k2
T g

ij
T

)
. . . =

1

8

(
gαiT g

βj
T + gαjT gβiT − gαβT gijT

) ∫
d2kT k

4
T . . . ,(A.54)

or using SkαkβT = 2 kαT k
β
T − k2

T g
αβ
T = 2 kαT k

β
T + k2

T g
αβ
T , one has the relations∫

d2kT S
kαki
T . . . = 0 (A.55)∫

d2kT S
kαkβ
T SkikjT . . . =

1

2
SαiβjT

∫
d2kT (k2

T )2 . . . , (A.56)

We also want to discuss the full products of irreducible tensors,

kiT , (A.57)

kijT = kiTk
j
T −

1

2
k2
T g

ij
T , (A.58)

kijkT = kiTk
j
Tk

k
T −

1

4
k2
T

(
gijT k

k
T + gikT k

j
T + gjkT k

i
T

)
, (A.59)

kijklT = kiTk
j
Tk

k
Tk

l
T

− 1

6
k2
T

(
gijT k

k
Tk

l
T + gikT k

j
Tk

l
T + gilT k

j
Tk

k
T + gjkT k

i
Tk

l
T + gjlT k

i
Tk

k
T + gklT k

i
Tk

j
T

)
+

1

24
(k2
T )2
(
gijT g

kl
T + gikT gjlT + gilT g

jk
T

)
,

= kiTk
j
Tk

k
Tk

l
T

− 1

6
k2
T

(
gijT k

kl
T + gikT k

jl
T + gilT k

jk
T + gjkT k

il
T + gjlT k

ik
T + gklT k

ij
T

)
− 1

8
(k2
T )2
(
gijT g

kl
T + gikT gjlT + gilT g

jk
T

)
. (A.60)

These are all traceless symmetric tensors,

gT ij k
ij
T = gT ij k

ijk
T = gT ij k

ijkl
T = 0, (A.61)

Products of tensors can be decomposed into these irreducible ones, such as

kiT k
α
T = kiαT +

1

2
k2
T g

iα
T , (A.62)

kiT k
αβ
T = kiTk

α
T k

β
T −

1

2
k2
T g

αβ
T kiT

= kiαβT +
1

4
k2
T

(
giαT k

β
T + giβT k

α
T − gαβT kiT

)
(A.63)

kiT k
αβγ
T = kiαβγT

+
1

12
k2
T

(
2giαT kβγT + 2giβT kαγT + 2giγT kαβT − gβγT kiαT − gαγT kiβT − gαβT kiγT

)
(A.64)

kijT k
αβ
T = kijαβT

+
1

6
k2
T

(
giαT k

jβ
T + giβT k

jα
T + gjαT kiβT + gjβT kiαT − 2gijT k

αβ
T − 2gαβT kijT

)
+

1

8
(k2
T )2
(
giαT g

jβ
T + giβT g

jα
T − gijT gαβT

)
, (A.65)
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Convolutions for transverse momentum integrations

We look at the convolutions

I[F ] ≡
∫
d2pT d

2kT δ
2(pT + kT − qT )F (q2

T , p
2
T , k

2
T ), (A.66)

and calculate weighted results. Linear weighting gives∫
d2pT d

2kT δ
2(pT + kT − qT ) pαT F (p2

T , k
2
T ) = qαT A(q2

T ), (A.67)

with

q2
T A(q2

T ) =
1

2
I
[
(q2
T + p2

T − k2
T )F (p2

T , k
2
T )
]
.

Quadratic weighting gives∫
d2pT d

2kT δ
2(pT + kT − qT ) SpαpβT F (p2

T , k
2
T ) = SqαqβT B1(q2

T ), (A.68)∫
d2pT d

2kT δ
2(pT + kT − qT ) SpαkβT F (p2

T , k
2
T ) = SqαqβT B2(q2

T ), (A.69)

with

q4
T B1(q2

T ) = I
[
SpqpqT F (p2

T , k
2
T )
]

=
1

2
I
[(
q4
T − 2q2

T k
2
T + (p2

T − k2
T )2
)
F (p2

T , k
2
T )
]
,

q4
T B2(q2

T ) = I
[
SpqkqT F (p2

T , k
2
T )
]

=
1

2
I
[(
q2
T (p2

T + k2
T )− (p2

T − k2
T )2
)
F (p2

T , k
2
T )
]
.

For quartic weighting, we get∫
d2pT d

2kT δ
2(pT + kT − qT ) SpαpβT SpipjT F (p2

T , k
2
T ) = SqαqβT SqiqjT (2D4 −D1)

+ q4
T S

αiβj
T (D1 −D4), (A.70)∫

d2pT d
2kT δ

2(pT + kT − qT ) SpαpβT SkikjT F (p2
T , k

2
T ) = SqαqβT SqiqjT (2D5 −D2)

+ q4
T S

αiβj
T (D2 −D5), (A.71)∫

d2pT d
2kT δ

2(pT + kT − qT ) SpαkβT SpikjT F (p2
T , k

2
T ) = SqαqβT SqiqjT (2D6 −D3)

+ q4
T S

αiβj
T (D3 −D6), (A.72)

with

q4
T D1(q2

T ) = I
[
SppppT F (p2

T , k
2
T )
]

= I
[
p4
T F (p2

T , k
2
T )
]
, (A.73)

q4
T D2(q2

T ) = I
[
SpkpkT F (p2

T , k
2
T )
]

=
1

2
I
[(
q4
T − 2q2

T (k2
T + p2

T ) + (p2
T − k2

T )2
)
F (p2

T , k
2
T )
]
, (A.74)

q4
T D3(q2

T ) = I
[
SppkkT F (p2

T , k
2
T )
]

= I
[
SpkkpT F (p2

T , k
2
T )
]

= I
[
p2
Tk

2
T F (p2

T , k
2
T )
]
, (A.75)

q8
T D4(q2

T ) = I
[
(SpqpqT )2 F (p2

T , k
2
T )
]
, (A.76)

q8
T D5(q2

T ) = I
[
SpqpqT SkqkqT F (p2

T , k
2
T )
]
, (A.77)

q8
T D6(q2

T ) = I
[
(SpqkqT )2 F (p2

T , k
2
T )
]
. (A.78)



Appendix B

Frames in leptoproduction

B.1 The inclusive case

Consider `(k) + H(P ) → `′(k′) + X in which the momentum transfer is q = k − k′. Using lightcone
coordinates the momenta k, q and P satisfying q2 = −Q2, 2P · q = Q2/x and P · q = y P · k are given by

k =
[1

y

Q√
2
,
y `2

T

Q
√

2
,

1

y
qT +Q

√
1− y
y

ˆ̀
T︸ ︷︷ ︸

`T

]
, (B.1)

q =
[ Q√

2
,
Q2
T −Q2

Q
√

2
, qT

]
, (B.2)

P =
[( xM

Q
√

2

)
,
Q

x
√

2
,0T

]
, (B.3)

where P− = M2/2P+ will be neglected in the rest. Here we have allowed for an arbitrary transverse
momentum in q being qT = QT q̂T . We note that the parton momenta satisfying p2 = (p+ q)2 = 0 (up to
mass effects and with |pT | � Q) and the final state remnant momenta are given by

p = xP + pT =
[
0,

Q√
2
, (pT )

]
, (B.4)

p′ = p+ q =
[ Q√

2
,
Q2
T

Q
√

2
, qT

]
, (B.5)

P ′ = P − p =
[
0,

(1− x)

x

Q√
2
,0T

]
, (B.6)

P ′ + p′ =
[ Q√

2
,
xQ2

T + (1− x)Q2

xQ
√

2
, qT

]
. (B.7)

Note that the hadronic mass is given by

W 2 =
(1− x)

x
Q2 or x =

Q2

W 2 +Q2
. (B.8)

Specific frames are:
(1) QT = 0.

6
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In this frame one has for the momenta

k =
[1

y

Q√
2
,

(1− y)

y

Q√
2
, Q

√
1− y
y

ˆ̀
T

]
, (B.9)

q =
[ Q√

2
,− Q√

2
,0T

]
, (B.10)

P =
[
0,

Q

x
√

2
,0T

]
, (B.11)

k′ = k − q =
[ (1− y)

y

Q√
2
,

1

y

Q√
2
, Q

√
(1− y)

y
ˆ̀
T

]
, (B.12)

p′ = xP + q =
[ Q√

2
, 0,0T

]
. (B.13)

(2) qT = −Q
√

1− y ˆ̀
T (HERA frame).

In this frame the electron and target hadron are parallel and one has

k =
[1

y

Q√
2
, 0,0T

]
, (B.14)

q =
[ Q√

2
,−y Q√

2
,−Q

√
1− y ˆ̀

T

]
, (B.15)

P =
[
0,

Q

x
√

2
,0T

]
, (B.16)

k′ = k − q =
[ (1− y)

y

Q√
2
, y

Q√
2
, Q

√
(1− y)

y
ˆ̀
T

]
, (B.17)

p′ = xP + q =
[ Q√

2
, (1− y)

Q√
2
, Q

√
(1− y)

y
ˆ̀
T

]
. (B.18)

(3) QT = Q.
In this frame one has in essence that q is transverse, implying for the hadronic momenta

q =
[ Q√

2
, 0, Q q̂T

]
, (B.19)

P =
[
0,

Q

x
√

2
,0T

]
. (B.20)

(4) QT ↓ Q (Bjorken frame).
First boosting the original momenta by multiplying the plus components with a factor

√
Q2
T −Q2/Q and

the minus components with the inverse factor one obtains

q =
[√Q2

T −Q2

2
,

√
Q2
T −Q2

2
, Q q̂T

]
, (B.21)

P =
[
0,

Q2

x
√

2(Q2
T −Q2)

,0T

]
. (B.22)

In the limit QT ↓ Q this frame has a purely transverse momentum exchange and an infinite momentum
for the target hadron.
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B.2 Diffractive scattering

Diffractive deep inelastic scattering is considered as the situation in which a proton momentum P and
photon momentum q in the initial state, lead to a colorless proton remnant P ′ with invariant mass squared
M2
Y ∼ M2 = P 2. We consider specifically the regime, where (P + q)2 = W 2 � Q2 = −q2 � M2. This

implies that

xB = Q2/2P ·q =
Q2

W 2 +Q2 +M2
≈ Q2

W 2 +Q2
≈ Q2

W 2
� 1. (B.23)

The momenta are written in lightcone components

P =
[ M2

2P+
, P+,0T

]
≈
[
0, P+,0T

]
, (B.24)

q =
[
q−,
−Q2

2q−
,0T

]
, (B.25)

with 2P+q− ≈W 2 +Q2 and they exchange a momentum p, leaving a proton remnant momentum P ′,

p =
[ t+ p2

T

2xPP+
, xPP

+,pT

]
, (B.26)

P ′ =
[ M2

Y + p2
T

2(1− xP )P+
, (1− xP )P+,−pT

]
. (B.27)

The exchanged momentum squared −t = p2 is smaller or of the same order as Q2. Two often used frames
to look at this problem are the brick-wall frame (A) or the photon-proton CM frame (B). We’ll add a third
one and refer to it as the diffractive frame (C). We have

(A) q− = Q/
√

2 and P+ ≈ Q/xB
√

2, (B.28)

(B) q− =
√

(W 2 +Q2)/2 ≈W/
√

2 and P+ ≈
√

(W 2 +Q2)/2 ≈W/
√

2, (B.29)

(C) q− = MX/
√

2 and P+ =
W 2 +Q2

/
MX

√
2. (B.30)

In the brick wall frame the photon only has a space-like component and it naturally becomes the photon-
parton CM system. The photon-proton CM frame or the diffractive frame are more natural for diffractive
events. We see that the quantities t and p2

T appearing in the exchanged momentum satisfy

t+
p2
T

1− xP
= −xP

(
M2
Y

1− xP
−M2

)
or t+ p2

T ≈ −xP (M2
Y −M2). (B.31)

The exchanged momentum will be added to the momentum q producing a final state spanning a rapidity
range with invariant mass squared M2

X . Taking it to consist of two (massless) momenta

q1 =
[
αq−,

Q2
T

2αq−
, qT

]
, (B.32)

q2 =
[
(1− α)q−,

Q2
T

2(1− α)q−
,−qT

]
, (B.33)

PX = q1 + q2 =
[
q−,

Q2
T

2α(1− α)q−
,0T

]
, (B.34)

where we have introduced Q2
T = q2

T and we find that the invariant mass squared M2
X is

M2
X =

Q2
T

α(1− α)
, thus α ≈ Q2

T

M2
X +Q2

T

≈ Q2
T

M2
X

and 1− α ≈ M2
X

M2
X +Q2

T

≈ 1, (B.35)

where the approximation has already assumed α � 1. The system X spans a rapidity range from η1 =
1
2 ln(q−1 /q

+
1 ) = ln(αq−

√
2/QT ) to η2 = 1

2 ln(q−2 /q
+
2 ) = ln((1− α)q−

√
2/QT ), leading to

∆η = ln

(
1− α
α

)
≈ − lnα− α ≈ − lnα. (B.36)
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A sizable rapidity range requires α to be small (and 1−α close to one), which makes M2
X substantially larger

than q2
T . Including the transferred transverse momentum component pT in p the final state momentum

PX doesn’t change the validity of the various approximations above.
Matching the plus components in p+ q = PX ,

−Q2

2q−
+ xPP

+ =
Q2
T

2α(1− α)q−
≈ M2

X

2q−
, (B.37)

gives

xP ≈
M2
X +Q2

W 2 +Q2
and β ≡ xB

xP
=

Q2

M2
X +Q2

. (B.38)

Looking now at the (exchanged) momentum

k = q2 − q = p− q1 =
[
−αq−, xPP+ − Q2

T

2αq−
,pT − qT

]
≈
[
−αq−, βxPP+,pT − qT

]
(B.39)

it in essence carries a fraction α of q and a fraction xB of P , and has a low (negative) invariant mass
squared of the order of 2αxB P

+q− − . . . Q2
T ≈ −αQ2 − . . . Q2

T ≈ −Q2
T (Q2 + . . .M2

X)/M2
X Explicitly we

get in the parton-photon CM frame (A) and the nucleon-photon CM frame (B) the momentum

k
(A)
=

[−Q2
T

M2
X

Q√
2
,
Q√

2
,pT − qT

]
(B.40)

k
(B)
=

[
−α
√
W 2 +Q2

√
2

,
Q2√

W 2 +Q2
√

2
,pT − qT

]
, (B.41)

which acquire natural meaning as ’parton’ with momentum βp = xBP taken from the momentum p = xPP
(frame A, Pomeron picture) or as ’parton’ with momentum αq in the ’photon’ interacting with the target
P via a colorless exchange (frame B, dipole picture). Finally the gap between the final state stuff X and
the target remnant at η(P ′) = 1

2 ln((M2
Y + p2

T )/(P+)2) is given by

∆ηgap = η(P ′)− η1 =
1

2
ln

(
(W 2 +Q2)2

4M2
X(M2

Y + p2
T )

)
≈ ln

(
M2
W +Q2

2MXMY

)
(B.42)

= ln

(
M2
X +Q2

2MXMY

)
− ln(xP ) = ln

(
Q2

2MXMY

)
− ln(xB). (B.43)

We add to the Pomeron and dipole pictures a third (also equivalent) picture in terms of TMDs, which is
natural in the limit W → ∞ or xP → 0 (and thus also xB → 0). For xP = 0 the momentum transfer
squared t = −p2

T . The natural frame is frame B, where now a diffractive TMD fpdiff(pT ) is combined with
photon TMD PDFs fq/γ(α, qT ) and f q̄/γ(α, qT ). The transverse momentum qT (linked to MX) belongs to
the photon PDF and is conjugate to the ’dipole size’, while the transverse momentum pT (experimentally
linked to t) belongs to the proton TMD and relates to the ’transverse distance’ in the Wilson loop in the
matrix element in the definition of the ’diffractive proton TMD’.

B.2.1 Double diffractive scattering

In the situation of hadron-hadron scattering, we can for each of the hadrons (P1 and P2) and remnants
(P ′1 and P ′2) a similar situation leading to a soft transverse-like exchange to momenta

p1 =
[ t+ p2

1T

2ξ1P
+
1

, ξ1 P
+
1 ,p1T

]
, (B.44)

p2 =
[
ξ2 P

−
2 ,

t2 + p2
2T

2ξ2P
−
2

,p2T

]
, (B.45)

with like xP in the previous section ti + p2
iT ∝ ξi × (hadronic scale)2 and ξi � 1. We now also consider

production of M2
X in the intermediate region as originating from two massless momenta q1 and q2 with
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transverse momenta ±qT (for which q2
T = Q2

T ), in the appropriate frame where P+
1 = MX/x1

√
2 and

P−2 = MX/x2

√
2 (thus s = x1 x2M

2
X), given by

q1 =
[
α
MX√

2
, (1− α)

MX√
2
,−qT

]
, (B.46)

q2 =
[
(1− α)

MX√
2
, α
MX√

2
, qT

]
, (B.47)

q =
[MX√

2
,
MX√

2
,0T
]
. (B.48)

The (for our purposes again small) fraction α is determined by

α(1− α) =
Q2
T

M2
X

or α ≈ Q2
T

M2
X +Q2

T

≈ Q2
T

M2
X

and 1− α ≈ M2
X

M2
X +Q2

T

. (B.49)

In this case the simple picture of a produced ’dipole’ implies

k = p1 − q1 =
[(x1

ξ1

t1 + p2
1T

M2
X

− α
)
MX√

2
,

(
ξ1
x1

+ α− 1

)
MX√

2
,p1T − qT

]
(B.50)

= q2 − p2 ==
[(

1− α− ξ2
x2

)
MX√

2
,

(
α− x2

ξ2

t2 + p2
2T

M2
X

)
MX√

2
,−p2T−qT

]
. (B.51)

The solution implies

β1 =
x1

ξ1
= 1 +

t2 + p2
2T

M2
X

≈ 1 and β2 =
x2

ξ2
= 1− t1 + p2

1T

M2
X

≈ 1. (B.52)

Thus

k ≈
[
−α MX√

2
, α

MX√
2
,−qT

]
. (B.53)



Appendix C

Kinematics

C.1 Single parton case: absorption of hard momentum

p

q

k

p2 = k2 = 0

p ≈
[
0,

Q√
2
, 0T

]
q ≈

[
Q√

2
, − Q√

2
, 0T

]
q2 = −Q2

k ≈
[
Q√

2
, 0, 0T

]

C.2 Single-parton distribution: branching

p

l
p

p2 = l2 = 0

p ≈

[
0,

1

xp

Q̃√
2
, 0T

]

l ≈

[
(1− zk)

Q̃√
2
,

(1− xp)
xp

Q̃√
2
, −pT

]
p2
T =

(1− zk)(1− xp)
xp

Q̃2

p′ ≈

[
−(1− zk)

Q̃√
2
,
Q̃√

2
, pT

]
p′2 = − 1

(1− xp)
p2
T

C.3 Single-parton fragmentation: branching

k

l

k

k2 = l2 = 0

k ≈

[
zk

Q̃√
2
, 0, 0T

]

l ≈

[
(1− zk)

Q̃√
2
,

(1− xp)
xp

Q̃√
2
, kT

]
k2
T =

(1− zk)(1− xp)
xp

Q̃2

k′ ≈

[
Q̃√

2
,

(1− xp)
xp

Q̃√
2
, kT

]
k′2 =

zk
(1− zk)

k2
T

11
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C.4 Single-parton case: absorption and branching

In this case we choose a parametrization satisfying

xp =
Q̃2

2p · q
= −q · k

p · k
and zk =

p · k
p · q

= −k · q
Q̃2

l
p

k

q

p2 = k2 = l2 = 0

p ≈

[
0,

1

xp

Q̃√
2
, 0T

]

q ≈

[
Q̃√

2
, − Q̃√

2
, qT

]
q2 = −Q2 = −(Q̃2 +Q2

T )

k ≈

[
zk

Q̃√
2
, 0, 0T

] (
q2
T = Q2

T

)
l ≈

[
(1− zk)

Q̃√
2
,

(1− xp)
xp

Q̃√
2
, qT

]
Q2
T =

(1− zk)(1− xp)
xp

Q̃2

=
(1− zk)(1− xp)
1− zk + xpzk

Q2

ps = p+ q = k + l

≈

[
Q̃√

2
,

(1− xp)
xp

Q̃√
2
, qT

]
pt = k − p = q + l

≈

[
zk

Q̃√
2
, − 1

xp

Q̃√
2
, 0T

]
pu = p− l = k − q

≈

[
−(1− zk)

Q̃√
2
,
Q̃√

2
, qT

]

ŝ = p2
s =

zk(1− xp)
xp

Q̃2 =
zk

(1− zk)
Q2
T

t̂ = p2
t = − zk

xp
Q̃2 = − zk

(1− xp)(1− zk)
Q2
T

û = p2
u = − (1− zk)

xp
Q̃2 = − 1

(1− xp)
Q2
T

C.5 Single-parton case (again): absorption and branching

In this case we choose a slightly different parametrization corresponding with

xp =
Q2

2p · q
= −q · k

p · k
Q2

Q̃2
and zk =

p · k
p · q

= −k · q
Q̃2
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l
p

k

q

p2 = k2 = l2 = 0

p ≈
[
0,

1

xp

Q2

Q̃
√

2
, 0T

]
q ≈

[
Q̃√

2
, − Q̃√

2
, qT

]
q2 = −Q2 = −(Q̃2 +Q2

T )

k ≈

[
zk

Q̃√
2
, 0, 0T

] (
q2
T = Q2

T

)
l ≈

[
(1− zk)

Q̃√
2
,

(
Q2

xpQ̃2
− 1

)
Q̃√

2
, qT

]
Q2
T =

(1− zk)(1− xp)
xpzk

Q2

=
(1− zk)(1− xp)
xp + zk − 1

Q̃2

ps = p+ q = k + l

≈

[
Q̃√

2
,

(
Q2

xpQ̃2
− 1

)
Q̃√

2
, qT

]
pt = k − p = q + l

≈

[
zk

Q̃√
2
, − 1

xp

Q2

Q̃
√

2
, 0T

]
pu = p− l = k − q

≈

[
−(1− zk)

Q̃√
2
,
Q̃√

2
, qT

]

ŝ = p2
s =

(1− xp)
xp

Q2 =
zk

(1− zk)
Q2
T

t̂ = p2
t = − zk

xp
Q2 = − z2

k

(1− xp)(1− zk)
Q2
T

û = p2
u = − (1− zk)

xp
Q2 = − zk

(1− xp)
Q2
T

C.6 Multi-parton distribution: absorption

p
1

q

k

1
p-p

p2
1 = p2 = p · p1 = k2 = 0

p ≈
[
0,

Q√
2
, 0T

]
p1 ≈

[
0, x1

Q√
2
, 0T

]
q ≈

[
Q√

2
, − Q√

2
, 0T

]
q2 = −Q2

k ≈
[
Q√

2
, 0, 0T

]
In general (p =

∑
pi):

k − pi ≈
[
Q√

2
, −xi

Q√
2
, 0T

]
q + pi ≈

[
Q√

2
, −(1− xi)

Q√
2
, 0T

] (k − pi)2 = −xiQ2

(q + pi)
2 = −(1− xi)Q2
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C.7 Multi-parton fragmentation: absorption

q

k1 1

p

k-k

k2
1 = k2 = k · k1 = p2 = 0

p ≈
[
0,

Q√
2
, 0T

]
q ≈

[
Q√

2
, − Q√

2
, 0T

]
q2 = −Q2

k1 ≈
[
z1

Q√
2
, 0, 0T

]
k ≈

[
Q√

2
, 0, 0T

]
In general (k =

∑
ki):

ki − p ≈
[
zi

Q√
2
, − Q√

2
, 0T

]
ki − q ≈

[
−(1− zi)

Q√
2
,
Q√

2
, 0T

] (ki − p)2 = −ziQ2

(q − ki)2 = −(1− zi)Q2

C.8 Multi-parton distribution: branching

p
1

p

l

1
p-p

p2
1 = p2 = p · p1 = l2 = 0

p ≈

[
0,

1

xp

Q̃√
2
, 0T

]

p1 ≈

[
0,

x1

xp

Q̃√
2
, 0T

]

l ≈

[
(1− zk)

Q̃√
2
,

(1− xp)
xp

Q̃√
2
, −pT

]
p2
T =

(1− zk)(1− xp)
xp

Q̃2

p′ ≈

[
−(1− zk)

Q̃√
2
,
Q̃√

2
, pT

]
p′2 = − 1

1− xp
p2
T

In general (p =
∑
pi):

l − pi ≈

[
(1− zk)

Q̃√
2
,

((1− xi)− xp)
xp

Q̃√
2
, −pT

]

p′ − pi ≈

[
−(1− zk)

Q̃√
2
,

(xp − xi)
xp

Q̃√
2
, pT

] (l − pi)2 = − xi
(1− xp)

p2
T

(p′ − pi)2 = − (1− xi)
(1− xp)

p2
T

Equivalently one can also use the following parametrization (where l defines the minus direction)

p ≈
[
0,
|pT |√

2
, 0T

]
p1 ≈

[
0, x1

|pT |√
2
, 0T

]
l ≈

[
|pT |

(1− xp)
√

2
, 0, 0T

]

p′ ≈

[
− |pT |

(1− xp)
√

2
,
|pT |√

2
, 0T

]

l − pi ≈

[
|pT |

(1− xp)
√

2
, −xi

|pT |√
2
, −0T

]

p′ − pi ≈

[
− |pT |

(1− xp)
√

2
, (1− xi)

|pT |√
2
, 0T

]
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C.9 Multi-parton fragmentation: branching

k

k1 1

l

k-k

k2
1 = k2 = k · k1 = l2 = 0

k ≈

[
zk

Q̃√
2
, 0, 0T

]

k1 ≈

[
z1 zk

Q̃√
2
, 0, 0T

]

l ≈

[
(1− zk)

Q̃√
2
,

(1− xp)
xp

Q̃√
2
, kT

]
k2
T =

(1− zk)(1− xp)
xp

Q̃2

k′ ≈

[
Q̃√

2
,

(1− xp)
xp

Q̃√
2
, kT

]
k′2 =

zk
(1− zk)

k2
T

In general (k =
∑
ki):

ki + l ≈

[
(1− (1− zi)zk)

Q̃√
2
,

(1− xp)
xp

Q̃√
2
, kT

]

ki − k′ ≈

[
− (1− zi zk)

Q̃√
2
, − (1− xp)

xp

Q̃√
2
, −kT

] (l + ki)
2 = − zi zk

(1− zk)
k2
T

(ki − k′)2 = − (1− zi) zk
(1− zk)

k2
T



Appendix D

Useful formulae

D.1 Combining denominators

Feynman trick:

1

AB
=

∫ 1

0

dx
1

(xA+ (1− x)B)
2 . (D.1)

1

A1A2 . . . An
=

∫ 1

0

dx1 . . . dxn δ
(∑

xi − 1
) (n− 1)!

(x1A1 + . . .+ xnAn)
n . (D.2)

D.2 Some indefinite integrals

(D = 2)

∫
dp
√
p2 ±m2 =

1

2
p
√
p2 ±M2 +

1

2
M2 ln

(
p+

√
p2 ±M2

)
(D.3)

(D = 0)

∫
dp

1√
p2 ±M2

= ln
(
p+

√
p2 ±M2

)
(D.4)

(D = 0)
π

2

∫
dp

p

p2 ±M2
= π ln

(
p2 ±M2

)
(D.5)

(D = -1)

∫
dp

1

p2 +M2
=

1

M
tan−1

( p
M

)
, (D.6)

(D = -1)

∫
dp

1

p2 −M2
=

1

M
ln

∣∣∣∣p−Mp+M

∣∣∣∣ , (D.7)

D.3 Special functions

Beta function

B(µ, ν) =

∫ 1

0

dx xµ−1(1− x)ν−1 (D.8)

=

∫ ∞
0

dy yν−1(1 + y)−µ−ν (D.9)

= 2

∫ π/2

0

dθ sin2µ−1 θ cos2ν−1 θ (D.10)

=
Γ(µ)Γ(ν)

Γ(µ+ ν)
. (D.11)

The Gamma function is defined for Re(z) > 0 as

Γ(z) =

∫ ∞
0

dx xz−1 exp(−x) (D.12)

16
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and satisfies Γ(n) = (n− 1)!, Γ( 1
2 ) = π1/2 and the relation

z Γ(z) = Γ(z + 1). (D.13)

The function has simple poles with residue (−)n(1/n!) at the points z = −n. Near negative integers the
expansion can be obtained from

Γ(1 + ε) = 1 +

∫ ∞
0

dx (ε lnx+
1

2
ε2 ln2 x+ . . .) exp(−x) (D.14)

= 1− ε γE + ε2
(

1

2
γ2
E +

1

12
π2

)
+ . . . , (D.15)

where γE ≈ 0.5772 is Euler’s constant. One has

Γ(z)
z≈0
=

1

z
− γE + O(z), (D.16)

Γ(z)
z≈−n

=
(−)n

n!(z + n)
− γE + 1 + . . .+

1

n
+ O(z + n), (D.17)

D.4 Dimensional regularization

Minkowski space integrals can easily be turned into Euclidean integrals using

i k0
E = k0, (D.18)

i dnkE = dnk (D.19)

−k2
E = k2. (D.20)

Basically n-dimensional Euclidean integrals are performed via the angular decomposition and integration∫
dnx =

∫ ∞
0

dr rn−1

∫ π

0

dθn−1 sinn−2 θn−1

∫ π

0

dθn−2 sinn−3 θn−2 . . .

∫ 2π

0

dθ1, (D.21)∫ π

0

dθ sinm θ =
√
π

Γ
(
m+1

2

)
Γ
(
m+2

2

) . (D.22)

Radial and one-dimensional integrals are∫
dnx f(r) =

2πn/2

Γ
(
n
2

) ∫ dr rn−1 f(r), (D.23)

∫
dx

xβ

(x2 +m2)α
=

1

2

Γ
(
β+1

2

)
Γ
(
α− β+1

2

)
Γ(α) (m2)α−(β+1)/2

. (D.24)

A basic integral is∫
dnk

1

(k2 −M2 + iε)s
= i

∫
dnkE

1

(−k2
E −M2)s

(D.25)

= i (−)s πn/2
Γ
(
s− n

2

)
Γ(s)

(M2)n/2−s (D.26)

=
i (−)s πn/2(
s− n

2

) Γ
(
s− n

2

)
Γ(s)

(M2)n/2−s (D.27)

≈ i (−)s πs(
s− n

2

) 1

Γ(s)

[
1−

(
s− n

2

)
[γE + ln(πM2)] + . . .

]
, (D.28)

where the last expansion is near n = 2s, or with n = 2s− ε,∫
d2s−εk

1

(k2 −M2 + iε)s
≈ i (−)s πs

Γ(s)

[
2

ε
− γE − ln(πM2) + O(ε)

]
. (D.29)
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Note that one needs to be careful with factors like

M ε = eε lnM = 1 +
ε

2
lnM2 + O(ε),

1

(2π)n
=

1

(2π)2s−ε =
1

(2π)s

[
1 +

ε

2
ln(4π2) + O(ε)

]
.

Thus one has

M ε

∫
dnk

(2π)n
1

(k2 −M2 + iε)s
n=2s−ε
≈ i (−)s

(4π)sΓ(s)

[
2

ε
− γE + ln(4π) + O(ε)

]
. (D.30)

Including numerators we have for instance∫
dnk

1

((k − p)2 −M2 + iε)s
= i (−)s πn/2

Γ
(
s− n

2

)
Γ(s)

Mn−2s (D.31)∫
dnk

kµ
((k − p)2 −M2 + iε)s

= −ipµ (−)s πn/2
Γ
(
s− n

2

)
Γ(s)

Mn−2s (D.32)∫
dnk

kµkν
((k − p)2 −M2 + iε)s

= i

[
pµpν −

1

2

Γ
(
s− n

2 − 1
)

Γ
(
s− n

2

) M2 gµν

]

× (−)s πn/2
Γ
(
s− n

2

)
Γ(s)

Mn−2s. (D.33)

Actually the above integrals can be obtained by realizing that the proper averaging requires

kµkν −→
1

n
k2 gµν ,

kµkνkρkσ −→
1

n(n+ 2)
(k2)2 (gµνgρσ + gµρgνσ + gµσgνρ) .

This leads to∫
dnk

1

(k2 −M2 + iε)s
= i (−)s πn/2

Γ
(
s− n

2

)
Γ(s)

Mn−2s

∫
dnk

k2

(k2 −M2 + iε)s
= −i (−)s πn/2

n

2

Γ
(
s− n

2
− 1
)

Γ(s)
Mn−2s−2

∫
dnk

kµkν
(k2 −M2 + iε)s

= −i (−)s πn/2
1

2
gµν

Γ
(
s− n

2
− 1
)

Γ(s)
Mn−2s−2

∫
dnk

(k2)2

(k2 −M2 + iε)s
= i (−)s πn/2

n(n+ 2)

4

Γ
(
s− n

2
− 2
)

Γ(s)
Mn−2s−4

∫
dnk

kµkνkρkσ
(k2 −M2 + iε)s

= i (−)s πn/2
1

4
(gµνgρσ + gµρgνσ + gµσgνρ)

Γ
(
s− n

2
− 2
)

Γ(s)
Mn−2s−4

Finally because gµνg
µν = gµµ = n one has in n dimensions

γµγµ = n, (D.34)

γµγ
ργµ = −(n− 2) γρ, (D.35)

γµγ
ργσγµ = 4 gρσ − (4− n) γργσ, (D.36)

γµγ
νγργσγµ = −2 γσγργν + (4− d) γνγργσ. (D.37)

D.5 Some useful relations involving distributions

The integral representation of the step functions are

θ(±x) = ±
∫

dα

2π i

eiαx

α∓ iε
, = ∓

∫
dα

2π i

e−iαx

α± iε
, (D.38)

ε(±x) = P

∫
dα

π i

eiαx

α
= θ(x)− θ(−x). (D.39)
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The derivatives satisfy θ′(x) = δ(x) and ε′(x) = 2 δ(x).
Other useful relations are

1

x− iε
= P

1

x
+ iπ δ(x), (D.40)

ln(x− iε) = ln |x| − iπ θ(−x). (D.41)

In order to treat endpoint singularities in
∫
dx f(x)/(1 − x) near x = 1 one usually employs the ”+”

prescription,

(F (x))+ ≡ lim
β→0

[
F (x) θ(1− β − x) + δ(1− β − x)

∫ 1−β

0

dy F (y)

]
, (D.42)

satisfying
∫ 1

0
dx(F (x))+ = 0. Note that for an integral not running between 0 and 1 one has∫ 1

x

dz
G(z)

(1− z)+
=

∫ 1−β

x

dz
G(z)

(1− z)
−G(1− β)

∫ 1−β

0

dz
1

1− z

=

∫ 1

x

dz
G(z)−G(1)

1− z
−G(1)

∫ x

0

dz
1

1− z

=

∫ 1

x

dz
G(z)−G(1)

1− z
+G(1) ln(1− x) (D.43)

One thus has regularized via the endpoint of the integration leading to

1

1− x
= − lnβ δ(1− x) +

1

(1− x)+
+ O(β). (D.44)

One can also use

1

(1− x)1−ε = −1

ε
δ(1− x) +

1

(1− x)+
+ O(ε).

To see how this works, consider for a small ε∫ 1

x

dx
G(z)

(1− z)1−ε =

∫ 1

x

dx
G(z)−G(1)

(1− z)1−ε +G(1)

∫ 1

x

dx
1

(1− z)1−ε

=

∫ 1

x

dx
G(z)−G(1)

(1− z) +G(1)

∫ 1−x

0

dy yε−1

=

∫ 1

x

dx
G(z)−G(1)

(1− z) −G(1)
1

ε
+G(1) ln(1− x).

Another useful ”+” function is∫ 1

x

dz G(z)

(
ln(1− z)

1− z

)
+

=

∫ 1

x

dz
(G(z)−G(1)) ln(1− z)

1− z
+

1

2
G(1) ln2(1− x). (D.45)

Let’s also investigate the PV-prescription using the definition (see e.g. G. Leibbrandt, Rev. Mod. Phys. 59
(1987) 1067)

PV
1

xn
=

1

2

(
1

(x+ iε)n
+

1

(x− iε)n

)
. (D.46)

For n = 1 this is identical to the symmetric prescription

PV

∫
dx

F (x)

x
=

1

2

∫
dx

(
F (x)

x+ iε
+

F (x)

x+ iε

)
=

∫ −δ
dx

F (x)

x
+

∫ δ

dx
F (x)

x
. (D.47)

For finite boundaries one finds

PV

∫ b

a

dx
F (x)

x− x0
=

∫ b

a

dx
F (x)− F (x0)

x− x0
+ F (x0) ln

∣∣∣∣ b− x0

a− x0

∣∣∣∣ . (D.48)
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Comparing with the + prescription yields

PV

∫ 1−β

x

dz
F (z)

1− z
=

∫ 1−β

x

dz
F (z)− F (1)

1− z
− F (1) ln

∣∣∣∣ β

1− x

∣∣∣∣
=

∫ 1

x

dz
F (z)

(1− z)+
− F (1) ln |β| . (D.49)

For n > 1 we can use

PV

∫ b

a

dx
F (x)

(x− x0)n
=

1

n− 1

(
F (a)

(a− x0)n−1
− F (b)

(b− x0)n−1
+ PV

∫ b

a

dx
F ′(x)

(x− x0)n−1

)
. (D.50)

As specific example

PV

∫ b

a

dx
F (x)

(x− x0)2
=

b F (a)− aF (b)

(a− x0)(b− x0)
+ PV

∫ b

a

dx
F ′(x)

x− x0
(D.51)

D.6 Theta functions

Often it is useful to attack loop-integrals via lightcone variables leading to specific integrals of the type

Θm
n1n2...(x1, x2, . . .) =

∫
dα

2π i

αm

(αx1 − 1 + iε)n1(αx2 − 1 + iε)n2 . . .
. (D.52)

In these integrals m can be reduced via

Θm
111...(x1, x2, x3, . . .) =

1

(x1 − x2)

[
Θ

(m−1)
11... (x2, x3, . . .)−Θ

(m−1)
11... (x1, x3, . . .)

]
. (D.53)

Proof:

Θm
111(x1, x2, x3) =

∫
dα

2π i

α

(αx1 − 1 + iε)(αx2 − 1 + iε)(αx3 − 1 + iε)

=
1

(x1 − x2)

∫
dα

2π i

(αx1 − 1)− (αx2 − 1)

(αx1 − 1 + iε)(αx2 − 1 + iε)(αx3 − 1 + iε)

The lower index can be lowered together with an upper index via

Θm
n1...(x1, . . .) = −(n1 − 1)

d

dx1
Θ

(m−1)
(n1−1)...(x1, . . .). (D.54)

Proof:

Θ1
21(x1, x2) =

∫
dα

2π i

α

(αx1 − 1 + iε)2(αx2 − 1 + iε)

= − d

dx1

∫
dα

2π i

1

(αx1 − 1 + iε)(αx2 − 1 + iε)

The reduction of Θ0
111... to Θ11... is achieved via

Θ0
111...(x1, x2, x3, . . .) =

x2 Θ0
11...(x2, x3)− x1 Θ0

11...(x1, x3)

x1 − x2
. (D.55)

Proof:

Θ0
111...(x1, x2, x3) =

∫
dα

2π i

1

(αx1 − 1 + iε)(αx2 − 1 + iε)(αx1 − 1 + iε)

=

∫
dα

2π i

αx1 − (αx1 − 1)

(αx1 − 1 + iε)(αx2 − 1 + iε)(αx1 − 1 + iε)

= x1 Θ1
111...(x1, x2, x3)−Θ0

11(x2, x3)

and using the previous relation.
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Finally we can reduce n = 2 (for m = 0) via∫ x1

x0

dy Θ0
21(y, x2) = (x1 − x0) Θ0

111(x0, x1, x2) (D.56)

Proof: ∫ x1

x0

dy Θ0
21(y, x2) =

∫ x1

x0

dy

∫
dα

2π i

1

(αy − 1 + iε)2(αx2 − 1 + iε)

=

∫
dα

2π i

1

α

∫ αx1

αx0

d(αy)
1

(αy − 1 + iε)2(αx2 − 1 + iε)

and then using that

1

(αx0 − 1)
− 1

(αx1 − 1)
=

α(x1 − x0)

(αx0 − 1)(αx1 − 1)

Further reduction for n = 2 and m = 0 then is possible, giving

Θ0
21(x1, x2) = − d

dx1

[
x1 Θ0

11(x1, x2)
]
. (D.57)

The only integral to be calculated actually is Θ0
11(x1, x2), which is easily done via a contour integration in

the complex plane. The explicit results for the simplest functions are then

Θ0
11(x1, x2) =

θ(x1)θ(−x2)− θ(−x1)θ(x2)

x1 − x2
=
θ(x1)− θ(x2)

x1 − x2
, (D.58)

Θ0
2(x) = δ(x), (D.59)

Θ0
111(x1, x2, x3) =

x2

(x1 − x2)
Θ0

11(x2, x3)− x1

(x1 − x2)
Θ0

11(x1, x3) (D.60)

=
(x2 − x3)x1 θ(x1) + (x3 − x1)x2 θ(x2) + (x1 − x2)x3 θ(x3)

(x1 − x2)(x2 − x3)(x3 − x1)
, (D.61)

Θ0
21(x1, x2) =

x2

(x1 − x2)
Θ0

11(x1, x2)− x1

(x1 − x2)
δ(x1), (D.62)

Θ1
21(x1, x2) =

1

(x1 − x2)
Θ0

11(x1, x2)− 1

(x1 − x2)
δ(x1), (D.63)

Θ1
111(x1, x2, x3) =

1

(x1 − x2)

[
Θ0

11(x2, x3)−Θ0
11(x1, x3)

]
(D.64)

=
(x2 − x3) θ(x1) + (x3 − x1) θ(x2) + (x1 − x2) θ(x3)

(x1 − x2)(x2 − x3)(x3 − x1)
. (D.65)

We also will use the following equality for Θ0
11 functions, seen using a principal value prescription,∫

dy
x

x− y
[
Θ0

11(y, y − x) + Θ0
11(x, x− y)

]
= 0. (D.66)

The singularities in the two terms come from y ↑ x (first term) and y ↓ x (right term) respectively.
Notes on the iε prescription:

Θ0
11(x1, x2) =

∫
dα

2π i

1

(αx1 − 1 + iε)(αx2 − 1 + iε)
=

1

x1 − x2
[θ(x1) θ(−x2)− θ(−x1)θ(x2)]

Θ0
11(x1, x2) =

∫
dα

2π i

1

(αx1 − 1− iε)(αx2 − 1 + iε)
=

1

x1 − x2
[θ(x1) θ(x2)− θ(−x1)θ(−x2)]



September 2011 22

Including arbitrary pole positions we get∫
dα

2π i

1

(αx1 −A1 + iε)(αx2 −A2 + iε)
(D.67)

=
x1 − x2

x1A2 − x2A1
Θ0

11(x1, x2) (D.68)

=
θ(x1)− θ(x2)

x1A2 − x2A1
=
θ(x1) θ(−x2)− θ(−x1) θ(x2)

x1A2 − x2A1
, (D.69)∫

dα

2π i

1

(αx1 −A1 + iε)(αx2 −A2 + iε)(αx1 −A3 + iε)
(D.70)

=
1

x1A2 − x2A1

[
x2

x2 − x3

x2A3 − x3A2
Θ0

11(x2, x3)− x1
x1 − x3

x1A3 − x3A1
Θ0

11(x1, x3)

]
(D.71)

=
(x2A3 − x3A2)x1 θ(x1) + (x3A1 − x1A3)x2 θ(x2) + (x1A2 − x2A1)x3 θ(x3)

(x1A2 − x2A1)(x2A3 − x3A2)(x3A1 − x1A3)
, (D.72)∫

dα

2π i

α

(αx1 −A1 + iε)(αx2 −A2 + iε)(αx1 −A3 + iε)
(D.73)

=
1

x1A2 − x2A1

[
A2

x2 − x3

x2A3 − x3A2
Θ0

11(x2, x3)−A1
x1 − x3

x1A3 − x3A1
Θ0

11(x1, x3)

]
(D.74)

=
(x2A3 − x3A2) θ(x1) + (x3A1 − x1A3) θ(x2) + (x1A2 − x2A1) θ(x3)

(x1A2 − x2A1)(x2A3 − x3A2)(x3A1 − x1A3)
. (D.75)

D.7 IR and UV singularities

In a D = 0 divergent integral one can separate the singularities e.g. as follows∫
d2kT

k2
T

=

∫
d2kT

[
M2

k2
T (k2

T +M2)
+

1

k2
T +M2

]
. (D.76)

Regularized one sees that

M ε

∫
d2−εkT

k2
T

= M ε

∫
d2−εkT

M2

k2
T (k2

T +M2)︸ ︷︷ ︸
−2π/ε

(IR-divergence)

+M ε

∫
d2−εkT

1

k2
T +M2︸ ︷︷ ︸

2π/ε
(UV-divergence)

(D.77)
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D.8 Transforms

D.8.1 One dimensional transform

The Fourier transform in one dimension,

F̃ (k) =

∫
dx exp(−ikx)F (x) (D.78)

F (x) =

∫
dk

2π
exp(+ikx) F̃ (k) (D.79)

has as basic orthogonality relations∫ ∞
−∞

dx ei(k−k
′)x = 4

∫ ∞
0

dx sin(kx) sin(k′x) = 2π δ(k − k′), (D.80)∫ ∞
−∞

dk

2π
e−ik(x−x′) = 4

∫ ∞
0

dk

2π
sin(kx) sin(kx′) = δ(x− x′). (D.81)

Some examples of Bessel transformed pairs are

F (x) ⇐⇒ F̃ (k) (D.82)

eipx ⇐⇒ 2π δ(p− k) (D.83)

δ(x− x0) ⇐⇒ 1

2π
e−ikx0 (D.84)

θ(x) e−µx ⇐⇒ −i
k − iµ

(D.85)

θ(−x) eµx ⇐⇒ i

k + iµ
(D.86)

ε(x) e−µ|x| ⇐⇒ −2ik

k2 + µ2
(D.87)

e−µ|x| ⇐⇒ 2µ

k2 + µ2
(D.88)

e−x
2/R2

⇐⇒ (πR2)1/2 e−k
2/4R2

. (D.89)

D.8.2 Three dimensional transform

The Fourier transform for the 3-dimensional expansion

F (r) =

∞∑
L=0

+L∑
M=−L

FML (r)

r
YML (r̂), (D.90)

using

exp(ik · r) =
∑
`

i`(2`+ 1) j`(kr)P`(k̂ · r̂) = 4π

∞∑
`=0

+∑̀
m=−`

i` j`(kr)Y
m
` (r̂)Y m∗` (k̂), (D.91)

gives the Fourier transform F̃ (k) of F (r),

F̃ (k) =

∫
d3r exp(−ik · r)F (r) = 2π

∞∑
L=0

+L∑
M=−L

(−i)L F̃
M
L (k)

k
Y m` (k̂). (D.92)

Note for functions F (r) only depending on the length r = |r| one has

F̃ (k) = 4π

∫
r2dr j0(kr)F (r) =

4π

k

∫
rdr sin(kr)F (r). (D.93)
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The radial functions form Bessel transforms with spherical Bessel functions,

F̃ML (k) =

∫ ∞
0

dr 2kr jL(kr)FML (r) (D.94)

FML (r) =

∫ ∞
0

dk

2π
2kr jL(kr) F̃ML (k) (D.95)∫ ∞

0

dr 2kr j`(kr) 2k′r j`(k
′r) = 2π δ(k − k′), (D.96)∫ ∞

0

dk

2π
2kr j`(kr) 2kr′ j`(kr

′) = δ(r − r′). (D.97)

Equivalently one has for the combinations relevant in three dimensions,

2π F̃ML (k)

k
=

∫ ∞
0

4πr2dr jL(kr)
FML (r)

r
(D.98)

FML (r)

r
=

∫ ∞
0

4πk2dk

(2π)3
jL(kr)

2π F̃ML (k)

k
. (D.99)

Some examples of Bessel transformed pairs and corresponding 3-dimensional Fourier transforms are

Bessel transforms:

F`(r) ⇐⇒ F̃`(k)

2 pr j`(pr) ⇐⇒ 2π δ(k − p)

F0(r) ⇐⇒ F̃0(k)

e−µ r ⇐⇒ 2 k

(k2 + µ2)
,

r e−µ r ⇐⇒ 4k µ

(k2 + µ2)2
.

r e−r
2/2R2

⇐⇒
√
π

2
k R3 e−k

2R2/2

Fourier transforms:

F`(r)

r
⇐⇒ 2π

k
F̃`(k)

2 p j`(pr) ⇐⇒ 4π2

k
δ(k − p)

F0(r)

r
⇐⇒ 2π

k
F̃0(k)

e−µ r

r
⇐⇒ 4π

(k2 + µ2)
,

e−µ r ⇐⇒ 8π µ

(k2 + µ2)2
.

e−r
2/R2

⇐⇒ (π R2)3/2 e−k
2R2/4

D.8.3 Two dimensional transform

The Fourier transform for the 2-dimensional expansion

F (b) =

∞∑
M=−∞

FM (b)√
b

eiMϕb , (D.100)

using

exp(ikT · b) =

∞∑
m=−∞

im Jm(kT b) e
im(ϕb−ϕk), (D.101)

gives

F̃ (kT ) =

∫
d2b exp(−ikT · b)F (b) = 2π

∞∑
M=−∞

(−i)M F̃M (kT )√
k

eiMϕk . (D.102)

If F (b) only depends on b = |b| one has

F̃ (kT ) = 2π

∫
bdb J0(kT b)F (b). (D.103)

The function F (b) is the Fourier transform of F̃ (kT ),

F (b) =

∫
d2kT
(2π)2

exp(+ikT · b) F̃ (kT ). (D.104)
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The radial functions are Bessel transforms,

F̃M (kT ) =

∫ ∞
0

db
√
kT b JM (kT b)F

M (b) (D.105)

FM (b) =

∫ ∞
0

dkT
√
kT b JM (kT b) F̃

M (kT ) (D.106)∫ ∞
0

db
√
kT b Jm(kT b)

√
k′T b Jm(k′T b) = δ(kT − k′T ), (D.107)∫ ∞

0

dkT
√
kT b Jm(kT b)

√
kT b′ Jm(kT b

′) = δ(b− b′). (D.108)

Equivalently one has

2π F̃M (kT )√
kT

=

∫ ∞
0

2πbdb JM (kT b)
FM (b)√

b
, (D.109)

FM (b)√
b

=

∫ ∞
0

2πkTdkT
(2π)2

JM (kT b)
2π F̃M (kT )√

kT
. (D.110)

Some examples of Bessel transformed pairs are

Fm(b) =
√
pT b Jm(pT b) and F̃m(kT ) = δ(kT − pT ), (D.111)

F 0(b)√
b

=
e−µb

b
and

F 0(kT )√
kT

=
1√

k2
T + µ2

. (D.112)

F 0(b)√
b

=
cos(µb)

b
and

F 0(kT )√
kT

=
θ(kT − µ)√
k2
T − µ2

, (D.113)

F 0(b)√
b

=
sin(µb)

b
and

F 0(kT )√
kT

=
θ(µ− kT )√
k2
T − µ2

. (D.114)

F 0(b)√
b

=
1

πR
e−b

2/2R2

and
F 0(kT )√

kT
∝ e−k

2
TR

2/2. (D.115)

Using the tensor representation for transverse momenta,

k
(±m)
T ≡ kmT e±imϕ, (D.116)



Appendix E

Spin

E.1 Density matrices: definition and example for spin 1/2

In many applications in quantum mechanics one does not have a pure state to begin with. An impure
state is described with a density operator

ρ =
∑
i

|i〉 pi 〈i|, (E.1)

where |i〉 are pure states, not necessarily orthogonal, and pi are the probabilities (e.g. a beam of spin 1/2
electrons with 50 % spin along the z-axis, 25 % spin along x-axis and 25 % spin along y-axis). We do know

0 ≤ pi ≤ 1 and
∑
i

pi = 1.

It is straightforward to obtain the following properties:

• Tr ρ =
∑
i pi = 1,

• 〈A〉 =
∑
i pi〈i|A|i〉 = Tr (ρA) = Tr (Aρ) and Tr (ρ2) ≤ 1,

• ρ is a positive definite, self-adjoint (ρ† = ρ) operator,

• For a pure state ρ2 = ρ ⇐⇒ Tr (ρ2) = 1. In that case ρ is a projection operator.

E.2 Spherical tensor operators

More general, for spin s one can use the spherical tensor operators RLM , defined as

〈s,m|RLM |s,m′〉 =
(
RLM

)
mm′

=
√

2L+ 1 C s L s
m′Mm

= (−)L
√

2L+ 1 C L s s
Mm′m

= (−)s−m
′ √

2s+ 1 C s s L
m−m′M

= (−)s−m
√

(2s+ 1)(2L+ 1)

(
s s L
m −m′ −M

)
. (E.2)

The last expression involves the so-called 3j-symbol. The properties of these tensor operators are:

• Tr RLM = (2s+ 1) δL0 δM0,

• Tr (RL
′

M ′R
L
M
†
) = (2s+ 1) δLL′ δMM ′ ,

• RLM are real (2s+ 1)× (2s+ 1) matrices,

• RLM
†

= (−)MRL−M .

26
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Expanding the density matrix ρ,

ρ ≡ 1

2s+ 1

2s∑
L=0

L∑
M=−L

ρLM
∗
RLM =

1

2s+ 1

2s∑
L=0

L∑
M=−L

ρLMR
L
M

†
, (E.3)

the quantities ρLM are (complex) numbers satisfying

• ρLM = Tr (ρRLM ),

• ρLM
∗

= (−)MρL−M , i.e. ρL0 real (because ρ is self-adjoint),

• ρ0
0 = 1 (because Tr ρ = 1)

•
∑
L,M |ρLM |2 ≤ 2s+ 1 (because Tr ρ2 ≤ 1).

E.3 Spin 1/2

Besides the tensor operators a Cartesian set is used, the Pauli matrices,

σx =

 0 1
1 0

 , σy =

 0 −i
i 0

 , σz =

 1 0
0 −1

 . (E.4)

The explicit tensor operators and their relation to the Cartesian operators are

R0
0 =

 1 0
0 1

 = 1, (E.5)

R1
1 =

 0 −
√

2
0 0

 = − 1√
2

(σx + iσy), (E.6)

R1
0 =

 1 0
0 −1

 = σz, (E.7)

R1
−1 =

 0 0√
2 0

 =
1√
2

(σx − iσy), (E.8)

The R1
m are precisely the spherical components of the spin vector σ. The explicit form of the density

matrix is

ρ =
1

2
(1 + σ · P ) =

1

2

 1 + Pz Px − i Py

Px + i Py 1− Pz

 (E.9)

(E.10)

=
1

2

1∑
L=0

L∑
M=−L

ρLMR
L
M

†
=

1

2

 1 + ρ1
0 ρ1

−1

√
2

−ρ1
1

√
2 1− ρ1

0

 . (E.11)

The vector P is called the polarization vector or also the spin vector of a state. For a pure state |P | =
1, for an unpolarized state |P | = 0 corresponding with ρ = 1

2 1. The numbers ρ1
m are just the spherical

components of the polarization vector,

ρ1
1 = − 1√

2
(Px + iPy), (E.12)

ρ1
0 = Pz, (E.13)

ρ1
−1 =

1√
2

(Px − iPy). (E.14)

One has Tr ρ2 = 1
2 (1 + P 2) ≤ 1. The degree of polarization is 0 ≤ |P | ≤ 1.

We note that any matrix M̃ in the spin-space can be transformed into a function depending on the
polarization vector P , which we write as

(P i) = (S1
T , S

2
T , SL). (E.15)
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Explicitly we have

M(S) = Tr
(
ρ(S) M̃

)
. (E.16)

where the density matrix is written as

ρ(S) =
1

2

 1 + SL S1
T − i S2

T

S1
T + i S2

T 1− SL

 =


1
2 + 1

2 SL
1√
2
S−T

− 1√
2
S+
T

1
2 −

1
2 SL

 . (E.17)

The equivalence is

M(S) = MO + SLML + S1
T M

1
T + S2

T M
2
T = MO + SLML − S+

T M
−
T − S−T M+

T (E.18)

M̃mm′ =

 MO +ML M−T
√

2

−M+
T

√
2 MO −ML

 =

 MO +ML M1
T − iM2

T

M1
T + iM2

T MO −ML

 . (E.19)

if the matrix M̃ is written on the basis of eigenstates of σz.
The parameters in the density matrix in Eq. E.17 can be given an explicit probabilistic interpretation.

Introducing pm(θ, φ) as the probabilities to have spin-component m along the direction specified by θ and
φ, we have

Pz = SL = p1/2(ẑ)− p−1/2(ẑ) (E.20)

Px = S1
T = p1/2(x̂)− p−1/2(x̂) (E.21)

Py = S2
T = p1/2(ŷ)− p−1/2(ŷ), (E.22)

showing all these parameters to lie in the interval [−1, 1].

E.4 Spin 1

A Cartesian set transforming like a vector is given by the matrices

Σx =
1√
2

 0 1 0
1 0 1
0 1 0

 , Σy =
1√
2

 0 −i 0
i 0 −i
0 i 0

 , Σz =

 1 0 0
0 0 0
0 0 −1

 . (E.23)

A set of tensor operators of rank two (symmetric and traceless) is the set Σij = 1
2 Σ{iΣj} − 2

3 δij 1,

Σxx =
1

6

 −1 0 3
0 2 0
3 0 −1

 , Σyy =
1

6

 −1 0 −3
0 2 0
−3 0 −1

 , Σzz =
1

3

 1 0 0
0 −2 0
0 0 1

 (E.24)

Σxy =
1

2

 0 0 −i
0 0 0
i 0 0

 , Σxz =
1

2
√

2

 0 1 0
1 0 −1
0 −1 0

 , Σyz =
1

2
√

2

 0 −i 0
i 0 i
0 −i 0

 . (E.25)
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The explicit tensor operators and their relation to the Cartesian operators are

R0
0 =

 1 0 0
0 1 0
0 0 1

 = 1 (E.26)

R1
1 =

√
3
2

 0 −1 0
0 0 −1
0 0 0

 = −
√

3

4
(Σx + iΣy) , (E.27)

R1
0 =

√
3
2

 1 0 0
0 0 0
0 0 −1

 =

√
3

2
Σz (E.28)

R1
−1 =

√
3
2

 0 0 0
1 0 0
0 1 0

 =

√
3

4
(Σx − iΣy) , (E.29)

R2
2 =

√
3

 0 0 1
0 0 0
0 0 0

 =

√
3

4
(Σxx − Σyy + 2iΣxy) (E.30)

R2
1 =

√
3
2

 0 −1 0
0 0 1
0 0 0

 = −
√

3 (Σxz + iΣyz) (E.31)

R2
0 =

√
1
2

 1 0 0
0 −2 0
0 0 1

 =

√
9

2
Σzz (E.32)

R2
−1 =

√
3
2

 0 0 0
1 0 0
0 −1 0

 =
√

3 (Σxz − iΣyz) (E.33)

R2
−2 =

√
3

 0 0 0
0 0 0
1 0 0

 =

√
3

4
(Σxx − Σyy − 2iΣxy) (E.34)

Rather than the spin-basis (states |1, 1〉, |1, 0〉, and |1, 1〉) one can use the Cartesian basis εx, εy and εz
for the spin states, with unitary transformation cartesian

 =

 −1/
√

2 0 +1/
√

2

−i/
√

2 0 −i/
√

2
0 1 0

 spin

 −1/
√

2 i/
√

2 0
0 0 1

1/
√

2 i/
√

2 0

 (E.35)

This leads to the natural basis,

Σx =

 0 0 0
0 0 −i
0 i 0

 , Σy =

 0 0 i
0 0 0
−i 0 0

 , Σz =

 0 −i 0
i 0 0
0 0 0

 . (E.36)

Note that expressed in Gell-Mann matrices, Σx = λ7, Σy = −λ5 and Σz + λ2. A set of tensor operators of
rank two (symmetric and traceless) is the set Σij = 1

2 Σ{iΣj} − 2
3 δij 1,

Σxx =
1

3

 −2 0 0
0 1 0
0 0 1

 , Σyy =
1

3

 1 0 0
0 −2 0
0 0 1

 , Σzz =
1

3

 1 0 0
0 1 0
0 0 −2

 (E.37)

Σxy = −1

2

 0 1 0
1 0 0
0 0 0

 , Σxz = −1

2

 0 0 1
0 0 0
1 0 0

 , Σyz = −1

2

 0 0 0
0 0 1
0 1 0

 . (E.38)

In terms of SU(3) generators, Σzz = λ8/
√

3 = YI/3, etc., while Σxy = −λ1/2, Σxz = −λ4/2 and
Σyz = −λ6/2. Together with the vector operators Σ the (five) tensor operators span the SU(3) algebra.
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The explicit form of the density matrix can be written in one of the following forms,

ρ =
1

3

(
1 +

3

2
ΣiPi + 3 ΣijTij

)
(E.39)

=



1
3 + Pz

2 + Tzz
2

Px−i Py
2
√

2
+

Txz−i Tyz√
2

Txx−Tyy−2i Txy
2

Px+i Py
2
√

2
+

Txz+i Tyz√
2

1
3 − Tzz

Px−i Py
2
√

2
− Txz−i Tyz√

2

Txx−Tyy+2i Txy
2

Px+i Py
2
√

2
− Txz+i Tyz√

2
1
3 −

Pz
2 + Tzz

2


(E.40)

=
1

3

2∑
L=0

L∑
M=−L

ρLMR
L
M

†
(E.41)

=
1

3



1 + ρ1
0

√
3
2 + ρ2

0

√
1
2 ρ1

−1

√
3
2 + ρ2

−1

√
3
2 ρ2

−2

√
3

−ρ1
1

√
3
2 − ρ

2
1

√
3
2 ρ2

0

√
2 ρ1

−1

√
3
2 − ρ

2
−1

√
3
2

ρ2
2

√
3 −ρ1

1

√
3
2 + ρ2

1

√
3
2 1− ρ1

0

√
3
2 + ρ2

0

√
1
2


, (E.42)

where T is a traceless, symmetric tensor. One identifies

ρ1
1 = −

√
3

4
(Px + iPy) , (E.43)

ρ1
0 =

√
3

2
Pz, (E.44)

ρ1
−1 =

√
3

4
(Px − iPy) , (E.45)

ρ2
2 =

√
3

4
(Txx − Tyy + 2i Txy) (E.46)

ρ2
1 = −

√
3 (Txz + i Tyz) , (E.47)

ρ2
0 =

√
9

2
Tzz, (E.48)

ρ2
−1 =

√
3 (Txz − i Tyz) , (E.49)

ρ2
−2 =

√
3

4
(Txx − Tyy − 2i Txy) (E.50)

One has Tr ρ2 = 1
3 (1 + 3

2 P
iP i + 3T ijT ij) ≤ 1. The degree of polarization is defined as 0 ≤ [ 3

4 PiPi +
3
2 TijTij ]

1/2 ≤ 1.

Again one can establish the equivalence between a spin-dependent function M(S) and a matrix M̃ in
spin-space. If

(P i) = (S1
T , S

2
T , SL) (E.51)

(T ij) =
1

2


S11
TT + SLL S12

TT S1
LT

S21
TT S22

TT + SLL S2
LT

S1
LT S2

LT −2SLL

 , (E.52)

with S22
TT = −S11

TT and S12
TT = S21

TT . Explicitly we have

M(S) = Tr
(
ρ(S) M̃

)
. (E.53)
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where the density matrix is written as

ρ(S) =



1
3 + 1

2 SL −
1
2 SLL

1
2 (S−T + S−LT ) 1√

2
S1−
TT

− 1
2 (S+

T + S+
LT ) 1

3 + SLL
1
2 (S−T − S−LT )

− 1√
2
S1+
TT − 1

2 (S+
T − S+

LT ) 1
3 −

1
2 SL −

1
2 SLL

 . (E.54)

Note that 1√
2
S1−
TT = 1

2 (S11
TT − i S12

TT ) = 1
4 (S11

TT − S22
TT − 2i S12

TT ). The equivalence is

M(S) = MO + SLML + SLLMLL + SiT M
i
T + SiLT M

i
LT + S1i

TT M
1i
TT (E.55)

M̃mm′ =


MO +ML − 1

2 MLL M−T +M−LT M1−
TT

√
2

−(M+
T +M+

LT ) MO +MLL M−T −M−LT

−M1+
TT

√
2 −(M+

T −M+
LT ) MO −ML − 1

2 MLL

 (E.56)

if the matrix M̃ is written on the basis of eigenstates of Σz.
The parameters in the density matrix in Eq. E.54 can be given an explicit probabilistic interpretation.

Introducing pm(θ, φ) as the probabilities to have spin-component m along the direction specified by θ and
φ, we see from the diagonal elements

SLL =
1

2

[
p1(ẑ) + p−1(ẑ)

]
− p0(ẑ), (E.57)

SL = p1(ẑ)− p−1(ẑ), (E.58)

implying −1/3 ≤ SLL ≤ 2/3 and −1 ≤ SL ≤ 1.

E.5 Reaction parameters

In general one can express the initial state density matrix as

ρi ≡
1

2si + 1

∑
`,m

(ρi)
`
mR

`
m

†
, (E.59)

and obtain from that, given a transition matrix T , the final state density matrix

ρf =
T ρi T †

Tr (T ρi T †)
=

∑
`,m (ρi)

`
m T R`m

†
T †∑

`,m (ρi)`m Tr
(
T R`m

†
T †
) (E.60)

=
1

2sf + 1

∑
`′,m′

(ρf )`
′

m′R
`′

m′
†
, (E.61)

with

(ρf )`
′

m′ =

∑
`,m (ρi)

`
m Tr

(
T R`m

†
T †R`

′

m′

)
∑
`,m (ρi)`m Tr

(
T R`m

†
T †
) . (E.62)

Defining spin transfer parameters

〈`′,m′|`,m〉 ≡
Tr
(
T R`m

†
T †R`

′

m′

)
Tr (T T †)

, (E.63)

one gets

(ρf )`
′

m′ =

∑
`,m (ρi)

`
m 〈`′,m′|`,m〉∑

`,m (ρi)`m 〈0, 0|`,m〉
. (E.64)
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To illustrate the reaction parameters, let us consider the reaction parameters for a process with one spin
1/2 particle in initial and one spin 1/2 particle in the final state. in that case it is actually more common
to use the Euclidean vector notation instead of the tensor operators. With the 2 × 2 scattering matrix
given by T and

ρi =
1

2
(1 + σ · P in) ,

one finds

ρf =
T ρi T †

Tr (T ρi T †)
=

T T † + P iin T σi T †

Tr
(
T T † + P iin T σi T †

) (E.65)

or introducing the Cij spin transfer parameters,

Cij =
Tr
(
T σi T † σj

)
Tr (T T †)

, (E.66)

with arguments i, j = 0, 1, 2, 3 using also the matrix σ0 ≡ 1 one obtains:

ρf =
1

2
(1 + σ · P out) ,

with

P iout =
C0i + P jin C

ji

C00 + P kin C
k0

(E.67)

(C00 = 1). Note that the final state density matrix ρf can be used as the input density matrix for a decay
process, in this way enabling polarimetry.

E.6 Spin vectors

In situations such as deep inelastic scattering one likes to work with spin vectors in the cross sections just
as with the momenta, e.g. one considers the hadronic tensor Wµν(q, P, S), where q is the virtual photon
momentum, P is the target momentum and S the spin vector. We will discuss the meaning of such spin
vectors in initial and final state.

We start with a hadron in the initial state with momentum P , which is specified by a density matrix,
for an ensemble of initial states indicated with α,

(ρi)αβ(P, S) =
∑
i

〈P ;α|i〉 pi 〈i|P ;β〉

H rest frame≡ 1

2

(
δαβ + σαβ · S

)
(E.68)

Note that this in a general frame generalizes to a vector Sµ(P ) which satisfies P ·S = 0 and −1 ≤ S2 ≤ 0.
Then, let’s assume that a particle h is produced in the final state with momentum Ph, which is analyzed

via its decay products, e.g. a Λ decaying into pπ−. In that case the probability of finding a specific final
state configuration (f) is contained in the decay matrix

R
(decay)
α′β′ (f) ∝

∑
λf

T ∗β′→λf (f) Tα′→λf (f)

=
∑
λf

〈Ph;α′|T †|f ;λf 〉 〈f ;λf |T |Ph;β′〉. (E.69)

In this matrix one has summed over all final state spins or helicities (λf ) in the decay channel (in the
example the proton polarizations). The decay matrix depends on the phase space (f) of the decay channel
(in the example θcmpπ+). This and other examples are given below. In general we may write

R
(decay)
α′β′ (Ph, f)

h rest frame≡ w(f)
(
δα′β′ + σα′β′ ·Ah(f)

)
general frame

= (2Sh + 1)w(f) ρα′β′(Ph, Ah(Ph, f)), (E.70)
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normalized to
∑
f w(f) = 1 and

∑
f Ah(Ph, f)w(f) = 0, or

∑
f Rα′β′(f) = δα′β′ . Note that the summation

over f is just symbolic for all kinematic variables (usually angles) appearing in the decay. Sometimes one
only integrates over a particular subset in f , in which case the righthandside is multiplied with a function
depending on the remaining variables. This defines Ah as the analyzing power of the decay channel. Note
that Ah depends on Ph and f , i.e. Ah(Ph, f). In general it satisfies Ph · Ah = 0. For a decaying particle
h with a polarization state determined by a density matrix ρ(Ph, Sh) defined in the same way as ρin, with
Ph · Sh = 0 and −1 ≤ S2

h ≤ 0, the probability of a final state is given by

W (h→ f) = Tr
(
ρ(Ph, Sh)R(decay)(Ph, f)

)
h rest frame

= = w(f) [1 + Sh ·Ah(f)]

general frame
= = w(f) [1− Sh(Ph) ·Ah(Ph, f)] . (E.71)

Starting with some (general) initial state, the result for a semi-inclusive measurement in which the decay
products of hadron h are detected employs the production matrix,

R
(prod)
αβ;α′β′(P ;Ph) = T ∗β→β′(P, Ph) Tα→α′(P, Ph)

= 〈P ;β|T †|Ph;β′〉 〈Ph;α′|T |P ;α〉. (E.72)

The S- and Sh-dependent matrix elements can be introduced as

R
(prod)
α′β′ (P, S;Ph) ≡ ρβα(P, S)R

(prod)
αβ;α′β′(P, Ph), (E.73)

1

2Sh + 1
R

(prod)
αβ (P ;Ph, Sh) ≡ R

(prod)
αβ;α′β′(P, Ph) ρβ′α′(Ph, Sh), (E.74)

1

2Sh + 1
R(prod)(P, S;Ph, Sh) ≡ ρβα(P, S)R

(prod)
αβ;α′β′(P, Ph) ρβ′α′(Ph, Sh), (E.75)

in which the spin vectors (thus) can only appear linearly. Note that because of the definition of the decay
matrix it is convenient to absorb a multiplicity factor in the final state spin-dependence. If this is not
done, it will explicitly appear in the following expressions.

The probability to produce the final state configuration f via the decay of h is

W (i→ h→ f) = (ρin)βα(P, S)R
(prod)
αβ,α′β′(P ;Ph)R

(decay)
β′α′ (Ph, f)

= R
(prod)
α′β′ (P, S;Ph)R

(decay)
β′α′ (Ph, f). (E.76)

Using the parametrization of R(decay) in terms of the analyzing power one has

W (i→ h→ f) = R(prod) (P, S;Ph, Ah(Ph, f)) w(f), (E.77)

while summing (or integrating) over the decay products of h one is not able to measure the polarization
of h, and finds ∑

f

W (i→ h→ f) =
∑
α′

R
(prod)
α′α′ (P, S;Ph) = R(prod)(P, S;Ph, 0). (E.78)

When the production is described as the product of a distribution and fragmentation part as in the case
of the hadronic tensor in deep inelastic scattering,

R(prod) (P, S, Ph, Sh) = TrD [Φ(P, S) ∗H ∗∆(Ph, Sh)]

= TrD [(ΦO(P ) + S · ΦS(P )) ∗H ∗ (∆O(Ph) + Sh · ΦSh(Ph))] (E.79)

where the TrD indicates tracing (and possibly integrating) over internal space, e.g. tracing in Dirac space
and integrating over momenta for produced and fragmenting quarks including a hard part (H).

E.7 Examples of analyzing power in decays

E.7.1 Λ decay

The decay amplitude for Λ→ Nπ is given by

Tm→λ(s,Ω) =

√
1

2π
AλD

(1/2)∗
mλ (Ω). (E.80)
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Explicitly,

T1/2→1/2(s,Ω) =

√
1

2π
A+(s) cos(θ/2)

T1/2→−1/2(s,Ω) = −
√

1

2π
A−(s) sin(θ/2) ei φ

T−1/2→1/2(s,Ω) =

√
1

2π
A+(s) sin(θ/2) e−i φ

T−1/2→−1/2(s,Ω) =

√
1

2π
A−(s) cos(θ/2)

For a spin up or down Λ one then finds respectively

W+(θ, φ) =
1

2π

(
|A+|2 cos2(θ/2) + |A−|2 sin2(θ/2)

)
=

1

4π

(
|A+|2 + |A−|2

)
+

1

4π

(
|A+|2 − |A−|2

)
cos θ (E.81)

W−(θ, φ) =
1

2π

(
|A+|2 sin2(θ/2) + |A−|2 cos2(θ/2)

)
=

1

4π

(
|A+|2 + |A−|2

)
− 1

4π

(
|A+|2 − |A−|2

)
cos θ. (E.82)

For more general use we calculate the so-called decay matrix (summed over the final state helicities λ),

Rmn(s,Ω) ∝
∑
λ

T ∗m→λ(s,Ω) Tn→λ(s,Ω),

which is equal to

R(θ, φ) =
1

4π

(
|A+|2 + |A−|2

)
+

1

4π

(
|A+|2 − |A−|2

) cos θ sin θ e−i φ

sin θ ei φ − cos θ


=

1

4π

(
|A+|2 + |A−|2

)
1 +

1

4π

(
|A+|2 − |A−|2

)
σ · p̂cm, (E.83)

appropriately normalized giving

R(θ, φ) =
1

4π
(1 + ασ · p̂cm) (E.84)

where α = 0.642 for the decay Λ→ pπ−. Thus one has

Ah

(
Ωcm
pπ−

)
Λ rest-frame

= α p̂cm. (E.85)

Given a specific polarization for the decaying hadron (h = Λ) via a density matrix ρ(Sh) one finds a
CM distribution

W (Sh; θ, φ) = Tr [ρ(Sh)R(θ, φ)]

= 1 + Sh ·Ah(θ, φ)

= 1 + α (SL cos θ + S1
T sin θ cosφ+ S2

T sin θ sinφ). (E.86)

In covariant form (with PΛ = Pp + Pπ) one obtains for the analyzing power,

AµΛ(Pp, Pπ) = α

[
M2

Λ −M2
p +M2

π

MΛ

√
∆(M2

Λ,M
2
p ,M

2
π)
Pµp −

M2
Λ +M2

p −M2
π

MΛ

√
∆(M2

Λ,M
2
p ,M

2
π)
Pµπ

]
, (E.87)

= 0.642

[
1.710

Pµp
MΛ
− 9.38

Pµπ
MΛ

]
with ∆(M2

Λ,M
2
p ,M

2
π) =

(
M2

Λ − (Mp +Mπ)2
) (
M2

Λ − (Mp −Mπ)2
)

= 4M2
Λ |pcm|2. This illustrates how

the analyzing power in the final state is determined from momenta of the decay products. For instance
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the helicity AΛL = MΛA
−
Λ/P

−
Λ is given by

AΛL = α

[
M2

Λ −M2
p +M2

π√
∆(M2

Λ,M
2
p ,M

2
π)

zp
zΛ
−

M2
Λ +M2

p −M2
π√

∆(M2
Λ,M

2
p ,M

2
π)

zπ
zΛ

]
, (E.88)

which takes the values AΛL = α for the maximal value of zp, namely (zp)max = 0.936 zΛ and the value
AΛL = −α for (zp)min = 0.756 zΛ. Furthermore we have

AµΛT = AµΛ⊥ −AΛL
PµΛ⊥
MΛ

. (E.89)

E.7.2 ρ decay

The decay amplitude for ρ→ ππ is given by

Tm(s,Ω) =

√
3

4π
A(s)D

(1)∗
m0 (Ω). (E.90)

Explicitly,

T1(s,Ω) = −
√

3

8π
A sin θ ei φ

T0(s,Ω) =

√
3

4π
A cos θ

T−1(s,Ω) =

√
3

8π
A sin θ e−i φ

Next we calculate the decay matrix,

Rmn(s,Ω) ∝ T ∗m(s,Ω) Tn(s,Ω),

which is equal to

R(θ, φ) ∝ |A(s)|2

4π



3
2 sin2 θ − 3

2
√

2
sin 2θ e−i φ − 3

2 sin2 θ e−2i φ

− 3
2
√

2
sin 2θ ei φ 3 cos2 θ 3

2
√

2
sin 2θ e−i φ

− 3
2 sin2 θ e−2i φ 3

2
√

2
sin 2θ ei φ 3

2 sin2 θ


. (E.91)

After normalization this gives

R(θ, φ) =
1

4π
(1 + 3 Σij Aij) , (E.92)

with the tensor

(Ah)ij (Ωcm
ππ)

ρ rest-frame
=

1

3
δij − p̂cm

i p̂cm
j . (E.93)

and the vector part being zero.
Given a specific polarization for the decaying hadron (h = ρ) via a density matrix ρ(Sh) one finds a

CM distribution

W (Sh; θ, φ) = Tr [ρ(Sh)R(θ, φ)]

=
1

4π
[1 + 3 (Th)ij(Ah)ij(θ, φ)]

=
3

8π

(
2

3
− 2

3
SLL (3 cos2 θ − 1)− S1

LT sin 2θ cosφ− S2
LT sin 2θ sinφ

−S11
TT sin2 θ cos 2φ− S12

TT sin2 θ sin 2φ

)
. (E.94)
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In covariant form (with Ph = P1 + P2) we have

p̂µcm =
Pµ1 − P

µ
2√

M2
ρ − 4M2

π

, (E.95)

giving

Aµνh =
1

M2
ρ − 4M2

π

[
1

2
P
{µ
h P

ν}
h − P

{µ
1 P

ν}
1 − P

{µ
2 P

ν}
2

]
− 1

3

(
gµν −

Pµh P
ν
h

M2
ρ

)
=

2(M2
ρ −M2

π)

3M2
ρ (M2

ρ − 4M2
π)
P
{µ
h P

ν}
h −

1

M2
ρ − 4M2

π

[
P
{µ
1 P

ν}
1 + P

{µ
2 P

ν}
2

]
− 1

3
gµν

=
2(M2

ρ −M2
π)

3M2
ρ (M2

ρ − 4M2
π)
Sµανβ PhαPhβ −

1

M2
ρ − 4M2

π

[
Sµανβ P1αP1 β + Sµανβ P2αP2 β

]
=

2(M2
ρ −M2

π)

3M2
ρ (M2

ρ − 4M2
π)
SµPhνPh − 1

M2
ρ − 4M2

π

[
SµP1νP1 + SµP2νP2

]
. (E.96)
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E.8 Comment on BLT sumrule

Spin sum rules

There are two spin sum rules that relate integrals over distribution functions to (local) QCD operators.
One for longitudinal spin,

1

2
=

1

2

∑
q

∫ 1

−1

dx∆q(x) +

∫ 1

0

dx∆G(x) + Lq + LG

=
1

2

∑
q

∫ 1

0

dx (∆q(x) + ∆q(x)) +

∫ 1

0

dx∆G(x) + Lq + LG, (E.97)

and one for transverse spin (O. Teryaev, B. Pire and J. Soffer, hep-ph/9806502; P.G. Ratcliffe, hep-
ph/9811348)

1

2
=

1

2

∑
q

∫ 1

−1

dxgqT (x) +

∫ 1

0

dx∆GT (x) + LqT + LGT

=
1

2

∑
q

∫ 1

0

dx
(
gqT (x) + gq̄T (x)

)
+

∫ 1

0

dx∆GT (x) + LqT + LGT (E.98)

In fact these two sum rules are expected to have the same contributions, at least for the quark spin part,
where the equality is just the Burkhard-Cottingham sumrule. The equalities for the various terms are
a consequence of Lorentz invariance. At the operator level the transverse spin sum rule involves quark-
quark-gluon operators, exactly what one would expect since partons correspond to the quanta of good
quark and gluon fields in front form quantization.

Tensor charge

There is a sumrule for transverse spin polarization. It relates the integral over hq1(x) = δq(x) = ∆T q(x) to
the tensor charge (local operator is ψ σµνγ5 ψ),∑

q

∫ 1

−1

dx δq(x) =
∑
q

∫ 1

0

dx (δq(x)− δq(x)) = gT . (E.99)

Interpretation as spin densities

The leading twist distribution functions fq1 (x) = q(x), g1
1(x) = ∆q(x) and hq1(x) = δq(x) can be interpreted

as spin densities. They are ’quadratic’ operators for good fields, ψ+(x) ≡ P+ψ(x) = 1
2γ

+γ−ψ(x) after
taking (spin) projections, PR/L = 1

2 (1± γ5) and P↑/↓ = 1
2 (1± γ1γ5). These spin projectors commute with

P+. One has

q(x) = qR(x) + qL(x) = q↑(x) + q↓(x), (E.100)

∆q(x) = qR(x)− qL(x) (E.101)

δq(x) = q↑(x)− q↓(x), (E.102)

Transverse spin

(a) From the interpretation one expects ∑
q

∫ 1

0

dx (δq(x) + δq(x)) (E.103)

to have a meaning as ’transverse spin’. It certainly is a measure for transverse polarization of quarks
and antiquarks, but there is no local operator to which it can be equated.

One can write down an operator expression, but it is nonlocal. The starting point is θ(x) δq(x) −
θ(−x) δq(−x)
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(b) For an ensemble of free quarks (and gluons) the quantity entering in the transverse spin sumrule is
related to transverse spin density. One has

gT (x) =
m

Mx
h1(x). (E.104)



Appendix F

Kinematics in hard processes

F.1 kinematics with a hard 2→ 2 subprocess

Consider the kinematics of a hard process, H1 +H2 → h1 + h2 +X, including momenta

H1(P1) +H2(P2)→ h1(K1) + h2(K2) +X. (F.1)

This is an inclusive process, for which we will use the variables,

s = (P1 + P2)2 ' 2P1 · P2, (F.2)

s′ = (K1 +K2)2 ' 2K1 ·K2, (F.3)

t = (P1 −K1)2 ' −2P1 ·K1, (F.4)

t′ = (P2 −K2)2 ' −2P2 ·K2, (F.5)

u′ = (P1 −K2)2 ' −2P1 ·K2, (F.6)

u = (P2 −K1)2 ' −2P2 ·K1, (F.7)

All these invariants are assumed to be of order s. The corrections are O(1), that means suppressed by two
orders of the hard scale, (

√
s) indicated with the ' symbol between the entries. The dot-products can be

used to expand the final state vectors K1 and K2 in terms of P1 and P2 and orthogonal parts,

K1 ' −
u

s
P1 −

t

s
P2 +K1⊥, (F.8)

K2 ' −
t′

s
P1 −

u′

s
P2 +K2⊥, (F.9)

where K1⊥ ·P1 = K1⊥ ·P2 = 0 and K2⊥ ·P1 = K2⊥ ·P2 = 0. Note that K2
1⊥ ' −tu/s and K2

2⊥ ' −t′u′/s
with O(1) corrections, and

K1⊥ ·K2⊥ '
ss′ − tt′ − uu′

2s
. (F.10)
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In practice often used is the Feynman-x, x1F ≡ Kcm
1z /K

cm(max)
1z ' 2Kcm

1z /
√
s = ' (t − u)/s. Scaling also

the transverse momentum in the CM frame and using x1T ≡ 2|Kcm
1⊥ |/
√
s ' 2

√
tu/s, or the CM scattering

angle θ1 one has ε1 ≡ 2Ecm
K1
/
√
s ' x1F/ cos θ1 '

√
x2

1F + x2
1T . In terms of the CM (pseudo)-rapidity η1 one

has x1F ≡ x1T sinh η1 and ε1 ' x1T cosh η1. It is related to θ1 via η1 ' − ln tan(θ1/2) or sinh η1 ' cot θ1.
One has

t ' −2Ecm
K1

√
s sin2(θ1/2) ' −s

2

(√
x2

1F + x2
1T − x1F

)
= −s

2
x1T e

−η1 , (F.11)

u ' −2Ecm
K1

√
s cos2(θ1/2) ' −s

2

(√
x2

1F + x2
1T + x1F

)
= −s

2
x1T e

+η1 , (F.12)

t′ ' −2Ecm
K2

√
s cos2(θ2/2) ' −s

2

(√
x2

2F + x2
2T + x2F

)
= −s

2
x2T e

+η2 , (F.13)

u′ ' −2Ecm
K2

√
s sin2(θ2/2) ' −s

2

(√
x2

2F + x2
2T − x2F

)
= −s

2
x2T e

−η2 , (F.14)

(F.15)

and
s′

s
= x1T x2T

[
cosh2

(
η1 − η2

2

)
+ cos2

(
φ1 − φ2

2

)]
. (F.16)

The final state phase space can be expressed as

d3K1

(2π)3 2EK1

=
1

(2π)3

dt

2t
d2K1⊥ =

1

(2π)3

du

2u
d2K1⊥

=
1

(2π)3

dt du

4s
dφ1 =

1

16π2

dt du

4s

dφ1

2π

=
1

(2π)3

√
s

8Ecm
K1

dx1F d|Kcm
1⊥ |2 dφ1 =

s

64π2

dx1F dx
2
1T√

x2
1F + x2

1T

dφ1

2π

' s

64π2
dη1 dx

2
1T

dφ1

2π
. (F.17)

Similar relations can be written down for the momentum K2 involving t′, u′, x2T , and x2F .
The incoming hadrons produce two partons with momenta p1 and p2, the outcoming hadrons are

assumed to originate from partons k1 and k2, in which case we assume approximate collinearity, implying
p2
i ∼ pi · Pi ∼ P 2

i = M2
i . These partons participate in a hard process in which the momenta satisfy

p1 + p2 = k1 + k2. For the subprocess we use

ŝ = (p1 + p2)2 = (k1 + k2)2 ' 2 p1 · p2 ' 2 k1 · k2, (F.18)

t̂ = (p1 − k1)2 = (p2 − k2)2 ' −2 p1 · k1 ' −2 p2 · k2, (F.19)

û = (p1 − k2)2 = (p2 − k1)2 ' −2 p1 · k2 ' −2 p2 · k1, (F.20)

adding up to zero, ŝ+ t̂+ û ' 0. For the initial/final state partons, we write

pi = xi Pi + piT + σi ni, (F.21)

ki =
Ki

zi
+ kiT + σi ni, (F.22)

where the only condition on the vector ni is that Pi ·ni ∼ Ki ·ni ∼
√
s. The fraction xi = pi ·ni/Pi ·ni is a

lightcone fraction. The quantity multiplying the vector ni is the lightcone component conjugate to pi · ni
and is given by

σi =
p2
i − p2

iT − x2
iM

2
i

2xi Pi · ni
=
pi · Pi − xiM2

i

Pi · ni
, (F.23)

(and similar expressions for Ki), quantities which are of order 1/
√
s. Note that we have the exact relations

p2
iT = (pi − xi Pi)2 and pi · piT = p2

iT . The integration over parton momenta is

d4pi = dxi d
2piT d(pi · Pi). (F.24)
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If we only consider the (large) momenta, defining

q1 = x1 P1 −
K1

z1
with q2

1 '
x1

z1
t ' t̂, (F.25)

q2 = x2 P2 −
K2

z2
with q2

2 '
x2

z2
t′ ' t̂, (F.26)

their sum is of O(1) and given by
q1 + q2 ≈ −qT , (F.27)

where
qT ≡ p1T + p2T − k1T − k2T . (F.28)

When we use the ≈ symbol the expression gets corrections one order suppressed in the hard scale. The
small O(1) momentum

r⊥ =
K1⊥

z1
+
K2⊥

z2
. (F.29)

is actually just the projection of the (small) transverse momenta in the perpendicular plane, r⊥ ≈ qT⊥,
but it requires knowledge of z1 and z2. It is convenient to introduce the transverse energy k⊥, defined as
k⊥ ≡ |k1⊥| ' |k2⊥| ' |K2⊥|/z2 ' |K1⊥|/z1 and its scaled version x⊥ = 2 k⊥/

√
s.

F.2 parton momentum fractions

In the next step we want to see how to obtain the parton momentum fractions from the external momenta
using as basis the momentum conservation in the hard subprocess. By taking the product of the constraint
p1 + p2 − k1 − k2 = 0 we get (omitting O(1) corrections) the constraints

2P1 · (p1 + p2 − k1 − k2) = 0 ' x2 s+
1

z1
t+

1

z2
u′ + 2P1 · qT , (F.30)

2P2 · (p1 + p2 − k1 − k2) = 0 ' x1 s+
1

z1
u+

1

z2
t′ + 2P2 · qT , (F.31)

2K1 · (p1 + p2 − k1 − k2) = 0 ' −x1 t− x2 u−
1

z2
s′ + 2K1 · qT , (F.32)

2K2 · (p1 + p2 − k1 − k2) = 0 ' −x1 u
′ − x2 t

′ − 1

z1
s′ + 2K2 · qT , (F.33)

Instead of the latter two conditions we get for the ⊥-components

2K1⊥ · (p1 + p2 − k1 − k2) = 0 ' 2
|K1⊥|2

z1
− 2

K1⊥ ·K2⊥

z2
+ 2K1⊥ · qT ,

' 2
t u

z1s
+
tt′ + uu′ − ss′

z2s
+ 2K1⊥ · qT , (F.34)

2K2⊥ · (p1 + p2 − k1 − k2) = 0 ' 2
t′ u′

z2s
+
tt′ + uu′ − ss′

z1s
+ 2K2⊥ · qT , (F.35)

At leading order, the Mandelstam variables for the subprocess (ŝ, t̂ and û) are related to variables in the
full process through

ŝ ≈ x1x2 s ≈
s′

z1 z2
≈ 4 k2

⊥

[
cosh2

(
η1 − η2

2

)
+ cos2

(
φ1 − φ2

2

)]
, (F.36)

t̂ ≈ x1

z1
t ≈ x2

z2
t′ ≈ −2k2

⊥ e
−(η1−η2)/2 cosh

(
η1 − η2

2

)
, (F.37)

û ≈ x1

z2
u′ ≈ x2

z1
u ≈ −2 k2

⊥ e
+(η1−η2)/2 cosh

(
η1 − η2

2

)
, (F.38)
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or

√
ss′ =

√
z1z2

x1x2
ŝ, (F.39)

√
tt′ = −

√
z1z2

x1x2
t̂, (F.40)

√
uu′ = −

√
z1z2

x1x2
û, (F.41)

which are relations with O(
√
s) corrections. Looking only at the leading parts (∼ s) in the above con-

straints, we obtain

s s′ ≈
(√

t t′ +
√
u′ u

)2

, (F.42)

and

x1 z2 ≈
√
s′ t′

s t
and x1 z1 ≈

√
s′ u

s u′
, (F.43)

x2 z2 ≈
√
s′ u′

s u
and x2 z1 ≈

√
s′ t

s t′
, (F.44)

z1

z2
≈
√

t u

t′ u′
. (F.45)

We note that in an analysis of the hadrons in the final state jets one can determine z1 and z2 also when
the jet momentum is assumed to be known. In that case

z1 ≈
K1 ·K2

k1 ·K2
, (F.46)

z2 ≈
K2 ·K1

k2 ·K1
. (F.47)

F.3 kinematics in the transverse plane

The approximations above (coming from the constraint p1 + p2 − k1 − k2 = 0) lead to Eq. F.42, which
implies that for a two to two hard subprocess

K1⊥ ·K2⊥ ≈
√
tt′uu′/s, (F.48)

i.e. the vectors K1⊥ and K2⊥ are almost parallel. Hence, the directions

eµ1⊥ ≡
Kµ

1⊥
|K1⊥|

'
√

s

tu
Kµ

1⊥ and eµ2⊥ ≡
Kµ

2⊥
|K2⊥|

'
√

s

t′u′
Kµ

2⊥ (F.49)

are opposite in leading order, e1⊥ ≈ −e2⊥. In the following we will keep the small part, thus using Eq. F.10
instead of Eq. F.48, or e1⊥ · e2⊥ ' −(tt′ + uu′ − ss′)/2

√
tt′uu′, with corrections that are of O(1/s), The

vectors

e⊥ ≡
1

2
(e1⊥ − e2⊥) . and ρN ≡ (e1⊥ + e2⊥), (F.50)

are orthogonal ones. The small vector ρN has invariant length squared

ρ2
N = (e1⊥ + e2⊥)

2 ≈ − (
√
tt′ +

√
uu′)2 − ss′√
tt′uu′

≈ −2

√
ss′

tt′uu′

(√
tt′ +

√
uu′ −

√
ss′
)
. (F.51)

where the last step again makes use of Eq. F.42.
We can define other (spacelike) vector in the transverse plane via

eµ1N ≡ −
εP1P2K1 µ

P1 · P2 |K1⊥|
' − 2√

stu
εP1P2K1 µ, (F.52)

eµ2N ≡ −
εP1P2K2 µ

P1 · P2 |K2⊥|
' − 2√

st′u′
εP1P2K2 µ, (F.53)
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and eN ≡ (e1N − e2N )/2. We again note that e1N and e2N are approximately opposite.

e1⊥

2
φ −φ

1

Ν
ρ2⊥e

δφ
x

y

Connecting the vectors to the angles, we have using the angle
δφ = φ2 − φ1 − π in the frame shown

e1⊥ = (1, 0) e1N = (0, 1)

e2⊥ = −(cos δφ, sin δφ) e2N = (sin δφ, − cos δφ)

e⊥ ≡ 1
2 (e1⊥ − e2⊥) = cos

(
1
2δφ

) (
cos
(

1
2δφ

)
, sin

(
1
2δφ

))
eN ≡ 1

2 (e1N − e2N ) = cos
(

1
2δφ

) (
− sin

(
1
2δφ

)
, cos

(
1
2δφ

))
ρN ≡ e1⊥ + e2⊥ = 2 sin

(
1
2δφ

) (
sin
(

1
2δφ

)
, − cos

(
1
2δφ

))
= −2 tan

(
1
2δφ

)
eN ≈ −δφ eN ,

and from the expression for e1⊥ · e2⊥,

δφ2 ≈ 4 sin2

(
δφ

2

)
≈ 2

√
ss′

tt′uu′

(√
tt′ +

√
uu′ −

√
ss′
)
.

The vector r⊥ = k1⊥ + k2⊥ (including the lengths) can have any direction in the transverse plane. One
has

r⊥x ≈ |k1⊥| − |k2⊥| '
1

z1

√
tu

s
− 1

z2

√
t′u′

s
, (F.54)

r⊥y ≈ −k⊥ δφ (F.55)

where k⊥ = |K2⊥|/z2 ≈ |K1⊥|/z1.
An interesting quantity is the volume spanned by the four vectors P1, P2, K1 and K2. From the above

definition of vectors one immediately sees that

εP1 P2K1K2 ' s

2
|K1⊥| |K2⊥| sin δφ ' 1

2

√
tt′uu′ sin δφ. (F.56)

We can also calculate(
εP1 P2K1K2

)2 ' 1

16

(
2 ss′tt′ + 2 ss′tt′ + 2 tt′uu′ − s2 s′2 − t2 t′2 − u2 u′2

)
' 1

16

(
−
√
ss′ +

√
tt′ +

√
uu′
)(√

ss′ +
√
tt′ −

√
uu′
)

×
(√

ss′ −
√
tt′ +

√
uu′
)(√

ss′ +
√
tt′ +

√
uu′
)
. (F.57)

Since the first of these terms is explicitly O(
√
s) one can use the leading expressions for the other terms

to obtain (
εP1 P2K1K2

)2
=

1

2

√
s s′ t t′ uu′

(√
tt′ +

√
uu′ −

√
ss′
)
≈ 1

4
tt′ uu′ δφ2 (F.58)

The normal direction can be expanded as

eµ1N ≈ − 2√
stu

εP1P2K1 µ

≈ 2√
stu

z1

x1 x2

[
−εp1p2k1 µ + εp1T p2k1 µ + εp1p2T k1 µ + εp1p2k1T µ

]
(F.59)

Finally we give the results for the delta-function expressing momentum conservation for the partons using

δ4(R) ' s

2
δ(R · P1) δ(R · P2) δ(R · e1⊥) δ(R · e1N ), (F.60)
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(similarly with e2⊥ and e2N or e⊥ and eN ) using for R = p1 + p2 − k1 − k2. We find

R · e1⊥ ' −
|K2⊥|
z2

e1⊥ · e2⊥ + e1⊥ · qT , (F.61)

R · e2⊥ ' −
|K1⊥|
z1

e1⊥ · e2⊥ + e2⊥ · qT , (F.62)

R · e⊥ ≈
|K2⊥|
z2

− |K1⊥|
z1

≈ 1

z2

√
t′u′

s
− 1

z1

√
tu

s
, (F.63)

R · e1N '
|K2⊥|
z2

sin δφ+ e1N · qT , (F.64)

R · e2N ' −
|K1⊥|
z1

sin δφ+ e2N · qT , (F.65)

R · eN ≈ eN · qT +
1

z1

√
tu

s
sin δφ ≈ eN · qT +

1

z2

√
t′u′

s
sin δφ (F.66)

The parton momentum conservation delta-function thus can be written as

δ4(p1 + p2 − k1 − k2) = 2 s δ

(
x2 s+

1

z1
t+

1

z2
u′
)
δ

(
x1 s+

1

z1
u+

1

z2
t′
)

× δ

(
1

z2

√
t′u′

s
− 1

z1

√
tu

s

)
δ

(
eN · qT +

1

z2

√
t′u′

s
sin δφ

)
(F.67)

=
2√
s t u

δ

(
x1 −

1

z2

√
s′t′

s t

)
δ

(
x2 −

1

z2

√
s′u′

s u

)

× δ

(
1

z1
− 1

z2

√
t′u′

t u

)
δ

(
eN · qT +

1

z1

√
t u

s
sin δφ

)
(F.68)

=
2√
s t u

δ

(
x1 −

x1T

z1
eη1 − x2T

z2
eη2
)
δ

(
x2 −

x1T

z1
e−η1 − x2T

z2
e−η2

)
× δ

(
1

z1
− 1

z2

x2T

x1T

)
δ

(
eN · qT +

√
s

2

x2T

z2
sin δφ

)
. (F.69)

=
2√
s t u

δ
(
x1 −

x⊥
2

(eη1 + eη2)
)
δ
(
x2 −

x⊥
2

(
e−η1 + e−η2

))
× δ

(
1

z1
− x⊥
x1T

)
δ

(
eN · qT +

√
s

2
x⊥ sin δφ

)
, (F.70)

=
2√
s t u

δ

(
x1 − x⊥ e(η1+η2)/2 cosh

(
η1 − η2

2

))
× δ

(
x2 − x⊥ e−(η1+η2)/2 cosh

(
η1 − η2

2

))
× δ

(
1

z1
− x⊥
x1T

)
δ

(
eN · qT +

√
s

2
x⊥ sin δφ

)
, (F.71)

where x⊥ = 2 k⊥/
√
s. Note that the transverse energy can be easily brought into the phase space integra-

tion which involves

1

x1T
dz−1

1 dz−1
2 dx1T dx2T δ

(
1

z1
− x⊥
x1T

)
=

1

x1T x2T
dz−1

1 dz−1
2 dx⊥ dx1T dx2T δ

(
1

z1
− x⊥
x1T

)
δ

(
1

z2
− x⊥
x2T

)
(F.72)

which makes the kinematics nicely symmetric.

F.4 Explicit frame dependence and n-dependence

In order to illustrate the n-dependence we start with looking at the momenta in a two-to-two hard scattering
process, p1 + p2 = k1 + k2. In the CM system we have
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θ

k2

k1

2
p

1
p

x^^x’

z^

k1

^

y^

The Mandelstam variables for the (assumed massless) par-
tons are:

ŝ = 2 p1 · p2,

−t̂ = 2 k1 · p1 = ŝ sin2
(

1
2θ
)
,

−û = 2 k1 · p2 = ŝ cos2
(

1
2θ
)
,

For the scattering angle in the parton CM system one has:

cos θ =
t̂− û
ŝ

,

sin θ =
2
√
t̂û

ŝ
.

The explicit parton momenta are

p1 = 1
2

√
ŝ


1
0
0
1

 , p2 = 1
2

√
ŝ


1
0
0
−1

 , k1 = 1
2

√
ŝ


1

sin θ
0

cos θ

 , k2 = 1
2

√
ŝ


1

− sin θ
0

− cos θ

 , (F.73)

or in lightcone coordinates, [p−, p+, p⊥],

p1 =

√
ŝ

2


0
1
0
0

 , p2 =

√
ŝ

2


1
0
0
0

 , k1 =

√
ŝ

2


−t̂/ŝ
−û/ŝ√
2t̂û/ŝ
0

 , k2 =

√
ŝ

2


−û/ŝ
−t̂/ŝ
−
√

2t̂û/ŝ
0

 . (F.74)

For the momenta P1 and P2 we have (using m2
1T ≡ x2

1M
2
1 − p2

1T ),

P1 =
1

x1

√
ŝ

2


m2

1T/ŝ
1

−px1T
√

2/
√
ŝ

−py1T
√

2/
√
ŝ

 , P2 =
1

x2

√
ŝ

2


1

m2
2T/ŝ

−px2T
√

2/
√
ŝ

−py2T
√

2/
√
ŝ

 . (F.75)

Using (p0, px, py, pz) coordinates, one has for P1 and the (over an angle θ) rotated momentum K1 (fraction
x1 → 1/z1),

P1 =
1

x1

√
ŝ

2


(ŝ+m2

1T )/ŝ

−2 px1T/
√
ŝ

−2 py1T/
√
ŝ

(ŝ−m2
1T )/ŝ

 , K1 = z1

√
ŝ

2


(ŝ+m2

h1T )/ŝ

2
√
t̂û(ŝ−m2

h1T )/ŝ2 − 2(t̂− û)kx
′

1T/ŝ
√
ŝ

−2 ky1T/
√
ŝ

(t̂− û)(ŝ−m2
h1T )/ŝ2 + 4

√
t̂û kx

′

1T/ŝ
√
ŝ

 , (F.76)

where m2
h1T ≡ z

−2
1 M2

h1 − k2
1T . In lightcone coordinates we get for K1 and K2,

K1 = z1

√
ŝ

2


−t̂/ŝ− 2

√
t̂û kx

′

1T/ŝ
√
ŝ− ûm2

h1T/ŝ
2

−û/ŝ+ 2
√
t̂û kx

′

1T/ŝ
√
ŝ− t̂ m2

h1T/ŝ
2

√
2t̂û/ŝ− (t̂− û)kx

′

1T

√
2/ŝ
√
ŝ−
√

2t̂û m2
h1T/ŝ

2

−ky1T
√

2/
√
ŝ

 , (F.77)

K2 = z2

√
ŝ

2


−û/ŝ− 2

√
t̂û kx

′

2T/ŝ
√
ŝ− t̂ m2

h2T/ŝ
2

−t̂/ŝ+ 2
√
t̂û kx

′

2T/ŝ
√
ŝ− ûm2

h2T/ŝ
2

−
√

2t̂û/ŝ− (t̂− û)kx
′

2T

√
2/ŝ
√
ŝ+
√

2t̂û m2
h2T/ŝ

2

−ky2T
√

2/
√
ŝ

 . (F.78)

We note that with n ∼ p2 one finds exactly x1 = p1 · n/P1 · n = p1 · p2/P1 · p2, while one has

p1 = x1 P1 + p1T +
m2

1T

x1 ŝ
p2, (F.79)
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with p1T = px1T x̂+ py1T ŷ. Note that the coefficient of p2 is given by σ1/(ŝ/2) = m2
1T/x1 = p1 ·P1. Similarly

with n ∼ k2 one finds exactly 1/z1 = k1 · n/K1 · n = k1 · k2/K1 · k2, while one has

k1 = z−1
1 K1 + k1T + z1

m2
h1T

ŝ
k2, (F.80)

with k1T = kx
′

1T x̂
′+ ky1T ŷ. Without reference to k2 one could have chosen n ∼ p1 + p2− k1 = pcm− k1 or in

a multiparton 2-to-many process, with p1 and p2 the initial state parton momenta and k one of the final
state parton momenta, one can use (with t̂ ≡ 2k · p1 and û ≡ 2k · p2),

k̃ = 2
k · pcm

p2
cm

pcm − k =
2k · (p1 + p2)

ŝ
(p1 + p2)− k = − t̂+ û

ŝ
(p1 + p2)− k, (F.81)

which in the CM system is just the space-inverted vector. Note that the vector x1 P1 + x2 P2 can mostly
be used instead of pcm, since the difference is O(∞).

To see what is happening for a different n, we start with the hadronic vector K in the jet with
momentum k, given in the form as above

K = z k − z


kx
′

T sin θ/
√

2

−kx′T sin θ/
√

2

kx
′

T cos θ
kyT

− z m2
hT

ŝ
k̃ ≈ z k − z


0

kx
′

T cos θ
kyT

−kx′T sin θ

 ,

where z and kT correspond with choice n = k̃/k · k̃. Using the choice n = p2 for K one finds

z′ =
K · p2

k · p2
= z

1 + 2

√
t̂

û

kx
′

T√
ŝ

+
t̂

û

m2
hT

ŝ

 = z

(
1 + 2 tan

(
θ
2

) kx′T√
ŝ

+ tan2
(
θ
2

)
,
m2
hT

ŝ

)

≈ z

1 + 2

√
t̂

û

kx
′

T√
ŝ

 = z

(
1 + 2 tan

(
θ
2

) kx′T√
ŝ

)
, (F.82)

which differs at O(1/
√
ŝ) from z but causes O(1) corrections to the x-, z- and time-component of k′T . We

get

K ≈ z′ k − z


kx
′

T tan(θ/2)

kx
′

T

kyT
−kx′T tan(θ/2)

 .

The transverse momentum vector acquires a piece along k, but its length does not change.

F.5 Limiting cases

Limiting cases are:

• H1(P1) +H2(P2)→ h1(K1) + j(k2) +X:

z2 = 1, k2T = 0 (k2 = K2). (F.83)

• H1(P1) +H2(P2)→ `1(k1) + `2(k2) +X (Drell-Yan like process):

z1 = z2 = 1, k1T = k2T = 0, (F.84)

q = k1 + k2, (F.85)

qT = q − x1 P1 − x2 P2 = p1T + p2T , (F.86)

• `1(p1) + `2(p2)→ h1(K1) + h2(K2) +X (Annihilation type of process):

x1 = x2 = 1, p1T = p2T = 0, (F.87)

q = p1 + p2, (F.88)

qT =
K1

z1
+
K2

z2
− q = −k1T − k2T , (F.89)
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• `(p1) +H(P )→ `′(k1) + h(K) +X (Leptoproduction type of process):

x1 = z1 = 1, x2 = x, z2 = z, p1T = k1T = 0, (F.90)

q = p1 − k1, (F.91)

qT =
K

z
− xP − q = pT − kT . (F.92)

F.6 kinematics of jet-jet production

Consider the kinematics of the hard process, H1 +H2 → j1 + j2 +X, including momenta

H1(P1) +H2(P2)→ j1(k1) + j2(k2) +X. (F.93)

This is an inclusive process, for which we will use the same variables as in the general case. The n-vectors
to expand internal momenta will be choosen from P1 and P2, so the internal transverse momenta could
also be labeled by ⊥-indices. We will maintain T-indices for the partons in hadrons H1 and H2 (which are
order 1 rather than the O(

√
s) momenta k1⊥ and k2⊥.

The incoming hadrons produce two partons with momenta p1 and p2, the outcoming jets are identified
with partons k1 and k2. These partons participate in a hard process in which the momenta satisfy
p1 + p2 = k1 + k2. We now have

qT = k1 + k2 − x1 P1 − x2 P2 = p1T + p2T . (F.94)

or
qT = k1⊥ + k2⊥ = r⊥. (F.95)

This is a O(1) vector and it is convenient to introduce the transverse energy k⊥ (order Q) given by
k⊥ = |k1⊥| ' |k2⊥| and its scaled version x⊥ = 2 k⊥/

√
s, although one might also have to consider the

difference in azimuthal asymmetries.
The relations with parton momenta simplify. By taking the product of the constraint p1+p2−k1−k2 = 0

we get (omitting O(1) corrections) the constraints

2P1 · (p1 + p2 − k1 − k2) = 0 ' x2 s+ t+ u′ + 2P1 · qT , (F.96)

2P2 · (p1 + p2 − k1 − k2) = 0 ' x1 s+ u+ t′ + 2P2 · qT , (F.97)

2k1 · (p1 + p2 − k1 − k2) = 0 ' −x1 t− x2 u− s′ + 2 k1 · qT , (F.98)

2k2 · (p1 + p2 − k1 − k2) = 0 ' −x1 u
′ − x2 t

′ − s′ + 2 k2 · qT , (F.99)

Instead of the latter two conditions we get for the ⊥-components

2k1⊥ · (p1 + p2 − k1 − k2) = 0 ' 2 |k1⊥|2 − 2 k1⊥ · k2⊥ + 2 k1⊥ · qT ,

' 2
t u

s
+
tt′ + uu′ − ss′

s
+ 2 k1⊥ · qT , (F.100)

2k2⊥ · (p1 + p2 − k1 − k2) = 0 ' 2
t′ u′

s
+
tt′ + uu′ − ss′

s
+ 2 k2⊥ · qT , (F.101)

At leading order, the Mandelstam variables for the subprocess (ŝ, t̂ and û) are now related to variables in
the full process through

ŝ ≈ x1x2 s ≈ s′ ≈ 4 k2
⊥

[
cosh2

(
η1 − η2

2

)
+ cos2

(
φ1 − φ2

2

)]
, (F.102)

t̂ ≈ x1 t ≈ x2 t
′ ≈ −2k2

⊥ e
−(η1−η2)/2 cosh

(
η1 − η2

2

)
, (F.103)

û ≈ x1 u
′ ≈ x2 u ≈ −2 k2

⊥ e
+(η1−η2)/2 cosh

(
η1 − η2

2

)
, (F.104)



October 2007 48

or

√
ss′ =

ŝ
√
x1x2

(F.105)

√
tt′ = − t̂

√
x1x2

, (F.106)

√
uu′ = − û

√
x1x2

, (F.107)

which are relations with O(
√
s) corrections. At leading order it of course again follows Eq. F.42. and we

now have

x1 ≈
√
s′ t′

s t
≈
√
s′ u

s u′
, (F.108)

x2 ≈
√
s′ u′

s u
≈
√
s′ t

s t′
, (F.109)√

t u

t′ u′
≈ 1. (F.110)

As before let us consider the kinematics in the transverse plane. The approximations above (coming from
the constraint p1 + p2 − k1 − k2 = 0) lead to Eq. F.42, which implies that

k1⊥ · k2⊥ ≈ 1 (F.111)

i.e. the vectors k1⊥ and k2⊥ are almost parallel and opposite, k1⊥ ≈ −k2⊥ and similarly its directions
e1⊥ ≈ −e2⊥. While the directions e1⊥ and e2⊥ make a small angle δφ,

δφ2 ≈ 2

√
ss′

tt′uu′

(√
tt′ +

√
uu′ −

√
ss′
)
.

and their sum vector is in the direction N , the sum vector r⊥ = qT = k1⊥ + k2⊥ can have any direction.

φ −φ
Τ j 1⊥k
Τq

2⊥k

j
δφ/2

N
φ −φ

2 1

δφ

In the figure the jet direction φj ≡ (φ1+φ2−π)/2 has been chosen
to the right (j- or x-direction with orthogonal N - or y-direction).

r⊥x = (|k1⊥| − |k2⊥|) cos
(

1
2δφ

)
' (x1T − x2T )

√
s

2
. '

√
tu

s
−
√
t′u′

s
(F.112)

r⊥y = (|k1⊥|+ |k2⊥|) sin
(

1
2δφ

)
' −k⊥ δφ ' −x⊥

√
s

2
δφ (F.113)

where k⊥ = (|k1⊥|+ |k2⊥|)/2 = x⊥
√
s/2.

Finally we give again the results for the delta-function expressing momentum conservation for the partons
using

δ4(R) ' s

2
δ(R · P1) δ(R · P2) δ2(R⊥), (F.114)

and R = p1 + p2 − k1 − k2. We find (note that qT = r⊥)

δ4(p1 + p2 − k1 − k2) = 2 s δ (x2 s+ t+ u′) δ (x1 s+ u+ t′) δ2 (p1T + p2T − k1⊥ − k2⊥) (F.115)

=
2√
s t u

δ

(
x1 −

1

z2

√
s′t′

s t

)
δ

(
x2 −

1

z2

√
s′u′

s u

)
δ2 (p1T + p2T − qT ) (F.116)

=
2√
s t u

δ (x1 − x1T e
η1 − x2T e

η2) δ
(
x2 − x1T e

−η1 − x2T e
−η2
)
δ2 (p1T + p2T − qT ) .(F.117)
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We note that in the phase-space integration in the transverse plane, we have variables x1T , x2T , φ1 and
φ2 or x⊥, φj , φT and QT ≡ |qT |. We have the relations

2QT√
s

cos(φT − φj) = (x1T − x2T ) cos
(

1
2δφ

)
, (F.118)

2QT√
s

sin(φT − φj) = (x1T + x2T ) sin
(

1
2δφ

)
, (F.119)

from which we get (up to mass corrections exact)

4Q2
T/s = (x1T − x2T )2 cos2

(
1
2δφ

)
+ (x1T + x2T )2 sin2

(
1
2δφ

)
, (F.120)

Q2
T cos (2(φT − φj)) = Q2

T − 8 k2
⊥ sin2

(
1
2δφ

)
, (F.121)

Q4
T cos (4(φT − φj)) = Q4

T − 32Q2
T k

2
⊥ sin2

(
1
2δφ

)
+ 128 k4

⊥ sin4
(

1
2δφ

)
= Q4

T − 16Q2
T k

2
⊥ + 16Q2

T k
2
⊥ cos (δφ)

+ 48 k4
⊥ − 64 k4

⊥ cos (δφ) + 16 k4
⊥ cos (2δφ) (F.122)

F.6.1 Kinematics for GPD’s

Consider the amplitude for γ∗(q) + P → γ(q′) + P ′ and the handbag diagram underlying this process,
i.e. with γ∗(q) + parton(k) → γ(q′) + parton′(k′). A convenient parametrization of momenta satisfying
P 2 = P ′2 = M2 and using

∆ ≡ P − P ′ with ∆2 = t ≤ 0, (F.123)

P ≡ (P + P ′)/2 with P
2

= M
2

= M2 − 1
4 t ≥M

2. (F.124)

Introducing lightlike vectors p and n satisfying p · n = 1 we write

∆ ≡ 2ξ p+
t−∆2

⊥
4ξ

n+ ∆⊥ = 2ξ p− ξ
(
M2 − 1

4 t
)
n+ ∆⊥ = 2ξ p− ξ M2

n+ ∆⊥ (F.125)

P ≡ (1 + ξ) p+
M2 − 1

4∆2
⊥

2(1 + ξ)
n+

1

2
∆⊥ = (1 + ξ) p+ (1− ξ)M

2

2
n+

1

2
∆⊥, (F.126)

P ′ = (1− ξ) p+
M2 − 1

4∆2
⊥

2(1− ξ)
n− 1

2
∆⊥ = (1− ξ) p+ (1 + ξ)

M
2

2
n− 1

2
∆⊥, (F.127)

P = p+
M

2

2
n = p+

M2 − 1
4 t

2
n = p+

M2 − 1
4∆2
⊥

2(1− ξ2)
n. (F.128)

The latter equation implies that ∆2
⊥ = t(1 − ξ2) + 4M2ξ2 which has been used to rewrite the first three

expressions. A slightly different way of writing is −∆2
⊥ + 4M

2
ξ2 = −t. It implies that for −t → 0 one

must have ξ → 0 and −∆2
⊥ → 0, while for small t one has −t ≈ −∆2

⊥ + 4M2ξ2.
Turning to the kinematics for q and q′ we can make the choice that q⊥ = 0, implying

q = −2ξ

(
1 +

∆2
⊥

Q2

)
p+

Q2

4ξ
(

1 +
∆2
⊥

Q2

) n ≈ −2ξ p+
Q2

4ξ
n, (F.129)

q′ = −2ξ∆2
⊥

Q2
p+

Q2

4ξ
n+ ∆⊥. (F.130)

Furthermore, one has (with {M2
,M2, |∆2

⊥|, |t|} � Q2)

ξ ≈ Q2

4P · q
=

Q2

2(P + P ′) · q
. (F.131)

and for the light-like vectors in terms of P and q

p ≈ P − M
2

2P · q
q ≈ P (F.132)

n ≈ q

P · q
+

Q2

2 (P · q)2
P ≈ q + 2ξP

P · q
. (F.133)
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The parton momenta and photon momenta, satisfying ∆ = q′ − q = k − k′ are choosen

k = (x+ ξ) p−
(
k⊥ + 1

2∆⊥
)2

2(x+ ξ)
n+ k⊥ +

1

2
∆⊥, (F.134)

k′ = (x− ξ) p−
(
k⊥ + 1

2∆⊥
)2

2(x− ξ)
n− k⊥ −

1

2
∆⊥, (F.135)

where x is simply one of the partonic momentum integration variables, as is the transverse momentum k⊥.
One has for the spectator and struck partons the momenta

P − k = P ′ − k′ = (1− x) p+ (. . .)n, (F.136)

k + q ≈ (x− ξ) p+
Q2

4ξ
n and

i

/k + /q
=
i

2

/n

x− ξ + iε
, (F.137)

k′ − q ≈ (x+ ξ) p− Q2

4ξ
n and

i

/k′ − /q
=
i

2

/n

x+ ξ − iε
. (F.138)

The two possibilities for the struck parton correspond to the two diagrams (handbag and crossed handbag).
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