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Introduction

The lectures Advanced Quantum Mechanics in the fall semester 2012 will be taught by Piet Mulders.
We will be using a few books, depending on the choice of topics. For the basis we will use these lecture
notes and the books Introduction to Quantum Mechanics, second edition by D.J. Griffiths (Pearson) and
Quantum Mechanics; second edition by B.H. Bransden and C.J. Joachain (Prentice Hall). The course is
for 6 credits and is given fully in period 1. This means that during this period you will need to work on
this course 50% of your study time. The lectures will be given on Tuesday and Thursday mornings from

Preface

10.00 a.m. to 12.45 with the problem sessions and discussions integrated.

Piet Mulders
September 2012

Schedule (indicative, to be completed later)

Notes | Books Remarks
Week 36 | 1,2,3 | G1-3
4,5 G 5.3,4.1-4.3
Week 37 | 6 G 44
7 G CT X, p. 999-1058
Week 38 | 8 G5
9 G5
Week 39 | 10,11 | G 6
12 G7
Week 40 | 13,14 | G 9
15,16 | G 10
Week 41 | 17,18 | G 11
19,20 | G11,BJ 15
Week 42 | 21,22 | BJ 15
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Literature: Useful books are

M) F. Mandl, Quantum Mechanics, Wiley 1992

G) D.J. Griffiths, Introduction to Quantum Mechanics, Pearson 2005
BJ) B.H. Bransden and C.J. Joachain, Quantum Mechanics, Prentice hall 2000

CT) C. Cohen-Tannoudji, B. Diu and F. Laloé, Quantum Mechanics I and II, Wiley 1977
S) J.J. Sakurai, Modern Quantum Mechanics, Addison-Wesley 1991
M) E. Merzbacher, Quantum Mechanics, Wiley 1998
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Basics in quantum mechanics 1

1 Basics in quantum mechanics

At this point, you should be familiar with the basic aspects of quantum mechanics. That means you
should be familiar with working with operators, in particular position and momentum operators that do
not commute, but satisfy the basic commutation relation

[Tzij] = zhdw (1)

The most common way of working with these operators is in an explicit Hilbert space of square integrable
(complex) wave functions 9 (r,t) in which operators just produce new functions (¢p — ¢’ = Ov). The
position operator produces a new function by just multiplication with the position (argument) itself. The
momentum operator acts as a derivative, p = —ith V, with the appropriate factors such that the operator
is hermitean and the basic commutation relation is satisfied. We want to stress at this point the non-
observability of the wave function. It are the operators and their eigenvalues as outcome of measurements
that are relevant. As far as the Hilbert space is concerned, one can work with any appropriate basis. This
can be a finite basis, for example the two spin states along a specified direction for a spin 1/2 particle
or an infinite dimensional basis, for example the position or momentum eigenstates. In general a basis
is a set of eigenstates of one or more operators, denoted by a bra in Dirac representation containing the
(relevant) eigenvalues as quantum states. Here the kets must contain a set of ’good’ quantum numbers,
i.e. a number of eigenvalues of compatible (commuting) operators.

Question: Why is it essential that the quantum numbers within one ket correspond to eigenvalues of
commuting operators?

The connection with wave functions uses the (formal) eigenstates of position or momentum operators, |r)
or |p). The coordinate state wave function then is just the overlap of states given by the inner product
in Hilbert space, ¢(r) = (r|¢), of which the square gives the probability to find a state |¢) in the state
7). Similarly one has the momentum state wave function, ¢(p) = (p|¢).

Some operators can be constructed from the basic operators such as the angular momentum operator
£ = r X p with components ¢; = €;;; r;pr. The most important operator in quantum mechanics is the
Hamiltonian. It determines the time evolution to be discussed below. The Hamiltonian H(r,p,s,...)
may also contain operators other than those related to space (r and p). These correspond to specific
properties, such as the spin operators, satisfying the commutation relations

[Si, Sj] = iheijk Sk (2)

In non-relativistic quantum mechanics all spin properties of systems are ’independent’ from spatial prop-
erties, which at the operator level means that spin operators commute with the position and momentum
operators. As a reminder, this implies that momenta and spins can be specified simultaneously (com-
patibility of the operators). The spin states are usually represented as spinors (column vectors) in an
abstract spin-space, which forms a linear space over the complex numbers.

The most stunning feature of quantum mechanics is the possibility of superposition of quantum states.
This property is of course the basic requisite for having a description in terms of a linear space over the
complex numbers C.
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2 Concepts of quantum mechanics

2.1 The Hilbert space

In quantum mechanics the degrees of freedom of classical mechanics become operators acting in a Hilbert
space ¢, which is a linear space of quantum states, denoted as kets |u). These form a linear vector
space over the complex numbers (C), thus a combination |u) = c1|u1) + coluz) also satisfies |u) € 2.
Having a linear space we can work with a complete basis of linearly independent kets, {|u1),...,|u1)} for
an N-dimensional Hilbert-space, although N in many quantum mechanical applications certainly can be
infinite! An operator A acts as a mapping in the Hilbert-space S, i.e. [v) = Alu) = |Au) € H. Most
relevant operators are linear, if |u) = ¢1]u1) + ca2|uz) then Alu) = ¢; Aluy) + c2 Alug).

It is important to realize that operators in general do not commute. One defines the commutator of
two operators as [4, B] = AB — BA. We already mentioned the commutator of position and momentu-
moperators, satisfying

(6, 25] = [i;ps] =0 and  [2,p;] = ihdyj, (3)
The commutator is a bilinear product and satisfies

i [AvB] = _[BaA]

e [A,BC]=[A,B]|C + B[A,C] (Leibniz identity)

o [A,[B,C]|+[B,[C,A]] +[C,[A,B]] =0 (Jacobi identity),

o [f(A),A]=0.

The last property follows assuming that a function of operators is defined via a Taylor expansion in terms
of powers of A, f(A) =col+c1 A+cyg A%+ ... and the fact that [A", A] = A"A — AA" = 0.

Exercise: Use the above relations to show some or all examples below of commutators
[0i, 0] = ilieije O, and  [€2,4;] = 0,

[fi, ’I“j] = iheijk Tk and [fi,pj] = ih Eijk Pk,

[0, 7% =0, [¢;,p’]=0 and [l;,p-7]=0,

[pl',’l‘z] = —27;ﬁ’l”1', [’I”i,pz] = 2'thu and [pi, V(’l")] = —ih VlV

Quantum states

Within the Hilbert space, one constructs the inner product of two states. For elements |u), [v) € H# the
inner product is defined as the complex number (u|v) € C, for which

o (uv)” = (vfu),
o If |u) = c1|u) + calug) then (vju) = c1(v|ur) + c2(v|ug),
o (ulu) > 0.

The second property implies (ulv) = (v|u)* = cf(v|u1)* + c5(v|u2)* = ¢f(ur|v) + c5{uz|v). Beside the
ket-space we can also introduce the dual bra-space, .##* = {{(u|}, which is anti-linear meaning that

lu) = c1lur) + ealug) «— (u| = cf{ur] + 3 (ual.
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The scalar product is constructed from a bra-vector and a ket-vector (”bra(c)ket”).

With the help of the inner product, we can define normalized states, (ulu) = 1 and orthogonal states
satisfying (u|v) = 0. In a linear vector space an orthonormal basis {|u1), |uz2), ...} with (um|un) = dmn
can be constructed. Every state can be expanded in the basis. Using the orthonormal basis, we can easily
find the expansion coefficients

) = enlun) with e = (up|u) (4)

n

and we can write
C1

IU>:zn:lun><unIU>E C:Q : (5)

Note that (u|u) =1 implies Y |cn|* = 1, hence the name probability amplitude for ¢,, and probability for
the squared amplitude |c,|*.

2.2 Operators in Hilbert space: observables and measurements

One of the pecularities of quantum mechanics is the role of measurements. Which quantities are measur-
able? In quantum mechanics it turns out that a measurement performed on a system characterized by a
particular state in general does not give a unique answer. But immediately repeating the measurement
it does give the same result. Performing another type of measurement in general again gives more pos-
sibilities for the outcome. The way it works in quantum mechanics where observables correspond with
operators requires considering the eigenvalues and eigenstates of the operator A, defined as

Alay) = anlan). (6)

Here the |a,) is referred to as the eigenstate belonging to the eigenvalue a,. In general a system is in
a state |u), which is not necessarily an eigenstate of A, but it can be expanded in eigenstates |a,) as
|u) =", cnlan). Performing a measurement of an observable A then gives one of the eigenvalues a,, with
a probability |c,|? and leaves the system in the corresponding eigenstate |a,,), schematically represented
as

state before — — outcome and probability — state after.

-
u — i — — ap rob = e, — Gn,
A Prob 2

—

After the measurement (yielding e.g. a; the system is in the eigenstate |a;) belonging to that eigenvalue
(or a linear combination of states if there is degeneracy, i.e. if there are more states with the same
eigenvalue). This postulate has wide implications.

There are a few points to keep in mind about the operators. We mostly have operators with real
eigenvalues, which implies hermitean operators (see below). The collection of eigenvalues {a,} is referred
to as the spectrum of an operator. It can be discrete or continuous. For example for the momentum
operator p, the eigenstates |¢y) are the functions ¢ (x) = exp(i kz) with eigenvalues ik taking any real
value. For the angular momentum operator /. the eigenfunctions are ¢, (¢) = exp(i myp) with eigenvalues
mh with m € Z. The full set of eigenstates of an hermitean operator actually forms a basis of the Hilbert
space, so one can expand any state.
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Expectation values and matrix mechanics

To formalize some of the results it is useful to consider in general the matrix elements of (usually linear)
operators (u|A|v). which is referred to as the matrix element of A between states |u) and |v). Tt is the
inner product of the states A|v) and |u). If |u) = |v) we call this the expectation value of A, if |u) # |v)
we refer to it as transition matriz element. Using any orthonormal basis of states, one can write the
operators as matrices, If (u) = Y cplun) = >, |un)(un|u) then we can write for Alu)

Afu) =Y Afun){unlu)

= Z [Um) (tm|Alun) (unu) = Z |Um) <; Amn0n>

m,n Amn cn m
All A12 . C1
- Axp Az ... c2 | (7)
With |v) =", dy|un), matrix element of A is given by
WlAl) = > () (| Aln) (un|u)
- n;v_/i\,_/\\,_/
’ d:n mn Cn
A11 A12 N C1

= (& dy .| An Az c2 8)

The matrix elements between basis states thus are precisely the entries in the matrix, of which each
column gives the image of a basis state.
The unit operator acts as I|u) = |u) and can with the help of a complete orthornormal basis {|u,)}

be written as
I=""fun)(unl, (9)

directly following from Eq. 5 and known as completeness relation

Hermitean operators

The Hamiltonian and many other operators (like position and momentum operators) used in quantum
mechanics are hermitean operators. Besides real eigenvalues, the eigenstates form a complete set of
eigenstates. To formalize some of the aspects of hermitean operators, first look at the adjoint operator
AT, which is defined by giving its matrix elements in terms of those of the operator A,

(ul ATjo) = (] Aju)* = (v]Au)* = (Aufv). (10)

Thus note that de bra-state (Au| = (u|AT. In matrix language one thus has that AT = AT*. An operator
A is hermitean when expectation values are real, thus

(u|Au) = (u]Au)™ = (Aulu). (11)

By applying this to a state c1|u) + co|v) with arbitrary coefficients one sees that for a linear operator
this definition is equivalent with (u|Av) = (Au|v) which can be also written as (u|A|v) = (u|Af|v), thus
A= At ie. A is self-adjoint.

Now consider the eigenstates |a,) of a hermitean operator A, i.e. Ala,) = anla,). For the eigenvalues
(an) and eigenstates (|a,)), of a hermitean operator we have some important properties,



Concepts of quantum mechanics (repetition) 5

e Normalizing the eigenstates, one sees that (ay|A|a,) = a, are the (real) eigenvalues.

e Eigenstates corresponding with nondegenerate eigenvalues are orthogonal,
If Alan) = anla,) and Alay,) = amlam) and a,, # ay, then {(an,la,) = 0.

If eigenvalues are degenerate, we can construct orthogonal eigenstates within the subspace of de-
generate eigenstates using straightforward orthogonalization known from linear algebra.

e Thus, eigenstates can be choosen as an orthonormal basis, (am|an) = dmn. Using this basis A is
diagonal,
aq 0

A=Y lananfan| = [ O 02 ] (12)

We can now express the expectation value of a hermitean operator as

(ulAlu) = Z (ulan) an (anlu) = Z an |Cn|2' (13)

n
cr Cn

This shows that the expectation value of an operator in a state |u) is the average outcome of measuring
the observable A. The quantity |c,|? is the probability to find the state |a,) and obtain the result a,, in
a measurement as in the scheme above.

In many applications we will encounter the Pauli matrices being (hermitean) operators in the 2-dimensional
space of complex spinors,

(0 1) (0 =i\ (1 0
9@=\10) %= \(i o) = \o -1)

Find the eigenvalues and eigenvectors of these operators.

Unitary operators

Useful operators in quantum mechanics are also the unitary operators. An operator U is unitary when
U=l =Ut, or UUT = U'U = I. It is easy to prove that a unitary operator conserves the scalar products,

({Uv|Uw) = (v|w) (14)

With a unitary matrix we can transform an orthonormal basis {|u;)} in another such basis {U]u;)}. As a
matrix the states Ulu;) are the columns of a matrix, which are normalized and orthogonal to each other.
Since also U~! = UT is unitary, also the rows are normalized and orthogonal to each other. In general,
we can diagonalize a hermitean matrix with unitary matrices,

(uil Aluj) = > (uilan)an(anlu;) or A= AgiagST. (15)

where S is the matrix that has the eigenstates |a,) as columns and Agiae is the matrix with eigenvalues
on the diagonal (Eq. 12).
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Coordinate and momentum representation

Coordinate and momentum operators can also be treated along the lines above, which provides the link
between wave quantum mechanics (Schrodinger) and matriz quantum mechanics (Heisenberg). With the
Dirac notation at hand, we can formalize some issues on wave mechanics. We have used |¢) and ) (r)
more or less interchangeable. Using position eigenstates |r) satisfying 7|r) = r|r) one writes operators

1= /d?"r |r)(r| and 7 :/dgr |r)r(r|. (16)

and expands any state as
) = / d3r [r){rhp) = / a3 [r) §(r) (17)

in which ¢(r) € C is the coordinate space wave function. The form of the unit operator also fixes the
normalization,

(rlr') = &%(r — '), (18)
which is also the coordinate space wave function for |r’).

Exercise: Similarly use the unit operator to express the scalar products (¢|¢)) and (¢|¢) as integrals

over t(r) and ¢(r).

In the coordinate representation the momentum operator is given by

p= /dgr |r) (=ih V) (7|, (19)

which is identical to p = —ihV in the space of wave functions, obeying [#;, p;] = ihd;;. Knowing the
function ¢, (r) translates for the momentum eigenstate |p) into
(rlp) = v/ exp (ip-/h). (20)

This defines p, e.g. in a box p = 1/L3, which is in principle arbitrary. Quite common choices for the
normalization of plane waves are p = 1 or p = (2rh)™3 (non-relativistic) or p = 2F (relativistic). The
quantity p also appears in the normalization of the momentum eigenstates,

(plp') = p(27h)* 6% (p — P). (21)

Using for momentum eigenstates p|p) = p|p) one has with the above normalization,

3 3
- | w‘fﬁ p)pl and b | % p)p(o]. (22)
The expansion of a state
d3p . d3p ~
) = / G b)) = / G B 0(p) (23)

defines the momentum space wave function, which is the Fourier transform of the coordinate space wave
function.
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2.3 Stationary states

A special role is played by the eigenvalues and eigenstates of the Hamiltonian, which is built from other
operators, but also describes time evolution. When the Hamiltonian is independent of time itself and has
a set of (time-independent) eigenfunctions,

Hopn = Enon. (24)

the eigenvalues define the energy spectrum of the system. The eigenstates are referred to as stationary
states, Since the Hamiltonian also describes the time evolution, H = ik 9/0t we obtain the time-dependent
solution,

Ya(t) = g e Fnt0, (25)
Depending on the starting point at time ¢ = 0 a non-disturbed system evolves as a stationary state or a
superposition of stationary states. If ¥(0) = ¢,, then ¥(¢) is given by Eq. 25, but

if 1/)(0) = Z Cn ¢n then 1/}(0 = Z Cn(t) On = Z Cn Pn e~ Ent/h, (26)

n n n

In general the resulting state |a,) after a measurement of A as discussed above is not an eigenstate of
H, and one must re-expand it in energy eigenstates to find its further time evolution. Doing another
measurement at a later time then again requires expansion of the time-evolved state in eigenstates of A.

2.4 Compatibility of operators and commutators

Two operators A and B are compatible if they have a common (complete) orthonormal set of eigenfunc-
tions. For compatible operators we know after a measurement of A followed by a measurement of B both
eigenvalues and we can confirm this by performing again a measurement of A. Suppose we have a com-
plete common set 1,1, labeled by the eigenvalues of A, B and possibly an index r in case of degeneracy.
Thus AYapr = aPepr and B Yap, = biep-. Suppose we have an arbitrary state ¢ = Zabr Cabr Yabr, then
we see that measurements of A and B or those in reverse order yield similar results,

¢—>—>a—>zcabk¢abk —>—>b—>zcabk¢abk,
bk p

Y= [Bl= b= > cank tark — [A] = a =Y cark Y.
a,k k

Compatible operators can be readily identified using the following theorem:
A and B are compatible < [A, B] = 0. (27)

Proof (= ): There exists a complete common set v, of eigenfunctions for which one thus has
[A, B]Y, = (AB — BA)Y, = (anbn — brpap)th, = 0.

Proof (<): Suppose v, eigenfunction of A. Then A(Bi,) = ABv, = BAY, = Bay, =
a Bi,. Thus B, is also an eigenfunction of A. Then one can distinguish

(i) If a is nondegenerate, then B, X 1., say By, = bip, which implies that 1, is also an
eigenfunction of B.

(i) If a is degenerate (degeneracy s), consider that part of the Hilbert space that is spanned
by the functions e, (r =1,...,8). For a given g, (eigenfunction of A) By, also can be
written in terms of the ¥q,.. Thus we have an hermitean operator B in the subspace of the
functions ¥q,. In this subspace B can be diagonalized, and we can use the eigenvalues by, . .. bs
as second label, which leads to a common set of eigenfunctions.

We have seen the case of degeneracy for the spherical harmonics. The operators £? and ¢, commute and
the spherical harmonics Y,/ (0, ) are the common set of eigenfunctions.
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The uncertainty relations
For measurements of observables A and B (operators) we have

[A,B] =0 = A and B have common set of eigenstates.
For these common eigenstates one has AA = AB = 0 and hence AAAB = 0.
[A, B] # 0 = A and B are not simultaneously measurable.
The product of the standard deviations is bounded, depending on the commutator.

The precise bound on the product is given by
1
AAAB > S|4, B))) (28)

known as the uncertainty relation.

The proof of the uncertainty relation is in essence a triangle relation for inmer products.
Define for two hermitean operators A and B, the (also hermitean) operators o = A — (A)
and B = B — (B). We have o, 8] = [A, B]. Using positivity for any state, in particular
[(a + i B)w) with A arbitrary, one has

0 < ((a+iAB)Yl(a +iAB)Y) = (Wl(a — A B)(a+ir B)) = (a®) + A (B%) + X (ila, B]) .

Since i [, B] is a hermitean operator (why), {7y) is real. Positivity of the quadratic equation
(@) + A2 (B2 + A {y) > 0 for all X gives 4 (a?) (B%) > (v)2. Taking the square root then gives
the desired result.

The most well-known example of the uncertainty relation is the one originating from the noncompatibility
of positionn and momentum operator, specifically from [z, p,] = ih one gets

Az Ap, > % h. (29)

Constants of motion

The time-dependence of an expectation value and the correspondence with classical mechanics is often
used to find the candidate momentum operator in quantum mechanics. We now take a more general look
at this and write

d(A d *
% = = /d% b (r, ) A (r, t) = /d% [‘%’ A + A—d} g2 ¢
0
= A H A). 30
(1A, H) + (o A) (30)
Examples of this relation are the Ehrenfest relations
d 1 1 1 (p)
-z - H)) = — — 2y = M/ 1
&) = = (fr H)) = = = (%)) = 2, (31)
d 1 1
- P H) = — = (— . 2
= p) = = ([p. H)) = — (Ip, V(1)) = (-VV(r) (3)
An hermitean operator A that is compatible with the Hamiltonian, i.e. [A, H] = 0 and that does not have
explicit time dependence, i.e. %—‘? = 0 is referred to as a constant of motion. From Eq. 30 it is clear that

its expectation value is time-independent.
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Exercise: Check the following examples of constants of motion, compatible with the Hamiltonian and
thus providing eigenvalues that can be used to label eigenfunctions of the Hamiltonian.

(a) The hamiltonian for a free particle

2
H= 2p_M Compatible set: H,p

The plane waves ¢ (r) = exp(i k - r) form a common set of eigenfunctions.
(b) The hamiltonian with a central potential:
2

H= 2p_M +V(r|) Compatible set: H, €%, 0,

This allows writing the eigenfunctions of this hamiltonian as ¢,¢m () = (u(r)/r) V£ (6, ¢).
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3 Concepts in classical mechanics

3.1 Euler-Lagrange equations

Starting with positions and velocities, Newton’s equations in the form of a force that gives a change of
momentum, F = dp/dt = d(m+)/dt can be used to solve many problems. Here momentum including the
mass m shows up. One can extend it to several masses or mass distributions in which m = [ d3x p(r),
where density and mass might itself be time-dependent. In several cases the problem is made easier by
introducing other coordinates, such as center of mass and relative coordinates, or using polar coordinates.
Furthermore many forces are conservative, in which case they can be expressed as FF = —VV.

In a system with several degrees of freedom 7r;, the forces in F'; —m#; may contain internal constraining
forces that satisfy 3, Fi"* - §r; = 0 (no work). This leads to D’alembert’s principle,

Z (ngt — m’l"z) : 57‘i =0. (33)
i
This requires the sum, because the variations ér; are not necessarily independent. Identifying the truly
independent variables,

r; = 7i(qa, ), (34)

with i being any of 3N coordinates of N particles and « running up to 3N — k where k is the number of
constraints. The true path can be written as a variational principle,

/ dt Z (F$* —mi#;) - 6r; =0, (35)

t1 i
or in terms of the independent variables as a variation of the action between fixed initial and final times,
to
5S(t1,t2) = 5/ dt L(qa, qa, t) =0. (36)
ty

The solution for variations in ¢, and ¢, between endpoints is

2 oL oL
0S = / dt (— 0o + =— 5404)
t1 2 aqa 6q0¢
ta oL  d OL "
- dt a. T 1L a- « 5. 94ua
/t 1 za: ( e @ a%> 8qa + Z 5q (37)
which because of the independene of the dg,’s gives the Euler-Lagrange equations
d oL L
dor_or o9
dt 0o 0qa

For a simple unconstrained system of particles in an external potential, one has

’f’z, ’l"l, Z 2 mz - rl? t)u (39)

giving Newton’s equations.
The Euler-Lagrange equations lead usually to second order differential equations. With the introduc-
tion of the canonical momentum for each degree of freedom,

0L
Pa =
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one can rewrite the Euler-Lagrange equations as
o = = 41
Pe 9qa’ (41)

which is a first order differential equation for p,,.

3.2 Hamilton equations

The action principle also allows for the identification of quantities that are conserved in time, two examples
of which where already mentioned in our first chapter. Consider the effect of changes of coordinates and
time. Since the coordinates are themselves functions of time, we write

t — t'=t+4dt, (42)
Ga(t)  —  qo(t) = qa(t) + dqa, (43)
and the full variation
Ga(t) — ¢u(t") = qa(t) + 9 + da(t) 0t . (44)
—_———
Aqa (t)

The Euler-Lagrange equations remain valid (obtained by considering any variation), but considering the
effect on the surface term, we get in terms of Ag, and 0t the surface term

to
55’_...+<ZpaAqa—H5t> , (45)
a t1
where the quantity H is known as the Hamiltonian
H(Qaapaat) :Zpa(ja _L(QQaqaut)' (46)

(e
The full variation of this quantity is

oL

5 ot,

0H = ZQQépa - Paé% -

which shows that it is conserved if L does not explicitly depend on time, while one furthermore can work
with ¢ and p as the independent variables (the dependence on d¢ drops out). One thus finds the Hamilton
equations,

q'azg% and pa:—% with %z%—i[:—%—f. (47)
The (g, p) space defines the phase space for the classical problem.
For the unconstrained system, we find p, = m; and
p?
H(p;,ri,t) = i o TV t), (48)
and
ro= P and p= -V i Y (49)
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3.3 Conserved quantities (Noether’s theorem)

Next we generalize the transformations to any continuous transformation. In general, one needs to realize
that a transformation may also imply a change of the Lagrangian,

dA(ga, Gast)

L(Qauqa7t)_>L(qauqaut)+ dt Y

(50)

that doesn’t affect the Euler-Lagrange equations, because it changes the action with a boundary term,

ta
S(ti,ta) = S(t1,t2) + Aga, da, t)

(51)

t1

Let A be the continuous parameter (e.g. time shift 7, translation a,, rotation angle ¢, ...), then Ag, =
(dq.,/dX\)a=0 6\, 6t = (dt'/dN\)a=¢ 6N, and AA = (dA/dN)r=o . This gives rise to a surface term of the
form (Q(t2) — Q(t1))dA, or a conserved quantity

B dd, dt’ dA
Qe past) = 2o (d—QM A (ﬁ)x_o - (ﬁ)x_o' 52

Exercise: Get the conserved quantities for time translation (¢ = t + 7 and ' = r) for a one-particle
system with V(r,t) = V(r).

Exercise: Get the conserved quantity for space translations (¢ = ¢ and ' = r + a) for a system of two
particles with a potential of the form V(ry,7s,t) = V(r1 — r2).

Exercise: Show for a one-particle system with potential V(r,t) = V(|r|) that for rotations around the
z-axis (coordinates that change are 2’ = cos(a) x — sin(a) y and y’ = sin(a) x + cos(a) y) the conserved
quantity is £, = zp, — yp..

Exercise: Consider the special Galilean transformation or boosts in one dimension. The change of
coordinates corresponds to looking at the system from a moving frame with velocity u. Thus ¢ = ¢ and
2’ = x — ut. Get the conserved quantity for a one-particle system with V' (z,t) = 0.

Exercise: Show that in the situation that the Lagrangian is not invariant but changes according to

dA
L’:L+E+ALSB

(that means a change that is ‘'more’ than just a full time derivative, referred to as the symmetry breaking
part ALgp), one does not have a conserved quantity. One finds

dQ (dALsp
a \ dx ),y
Apply this to the previous exercises by relaxing the conditions on the potential.
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3.4 Poisson brackets

If we have an quantity A(g;,p:,t) depending on (generalized) coordinates ¢ and the canonical momenta
p; and possible explicit time-dependence, we can write

aa - _ > o4 . 04\ 04
a 96 o V) T o

i

Z 0A OH 0A OH 0A 0A (53)
0q; Op; Op; 0g;

i

The quantity

0A OB 0A OB
(4B} =3 (% o o %) 59

is the Poisson bracket of the quantities A and B. It is a bilinear product which has the following properties
(omitting subscript P),

(1) {A,A} =0 or {A,B}=—-{B, A},
(2) {A,BC}={A,B}C+ B{A,C} (Leibniz identity),
(3) {A{B,C}}+{B,{C,A}} +{C,{A,G}} (Jacobi identity).

You may remember these properties for commutators of two operators [A, B] in linear algebra or quantum
mechanics. One has the basic brackets,

{gi,q;}r = {pipi}r =0 and {gi,p;}r = 0. (55)
Many of our previous relations may now be written with the help of Poisson brackets, such as

4 ={q,H}p and p; = {pi,H}p. (56)

G,p) such that
)7 (pv(J)}qp =

Furthermore making a canonical transformation in phase space, going from (g,p) — (
{G(¢,p), p(q,p)} = 1, one finds that for A(p,q) = A(p,G) the Poisson brackets {A(p,q
{A(p,q), B(p,q)}4p, i-e. they remain the same taken with respect to (g, p) or (g, 7).

A particular set of canonical transformations, among them very important space-time transformations

such as translations and rotations, are those of the type

0G
r_ o

q; = q; + 5(]1 q; + 6]91’ 5)\5 (57)

oG
p; =pi+ 51% Di aQi oM. (58)

This implies that
0A 0A 0A 0G  0A 0G

SA(pi i) =Y <6_qi o0 + - 6pi) =3 ( 50 50 " o aqz-> X = {A,G},0\ (59)

3 3

Quantities G of this type are called generators of symmetries. For the Hamiltonian (omitting explicit time
dependence) one has 6H (p;,q;) = {H,G} 0\ Looking at the constants of motion @ in Eq. 52 one sees
that those that do not have explicit time dependence leave the Hamiltonian invariant and have vanishing
Poisson brackets {H,Q}, = 0. These constants of motion thus generate the symmetry transformations
of the Hamiltonian.
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Exercise: Study the infinitesimal transformations for time and space translations, rotations and boosts.
Show that they are generated by the conserved quantities that you have found in the previous exercises
(that means, check the Poisson brackets of the quantities with coordinates and momenta).

Exercise: Show that the Poisson bracket of the components of the angular momentum vector £ = r X p
satisty
{ly,ly}p =1L,
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4 Symmetries

In this chapter, we want to complete the picture by discussing symmetries in all of their glory, in par-
ticular the space-time symmetries, translations, rotations and boosts. They are important, because they
change time, coordinates and momenta, but in such a way that they leave basic quantities invariant (like
Lagrangian and/or Hamiltonian) or at least they leave them in essence invariant (up to an irrelevant
change that can be expressed as a total time derivative). Furthermore, they modify coordinates and
momenta in such a way that these retain their significance as canonical variables. We first consider the
full set of (non-relativistic) space-time transformations known as the Galilean group. These include ten
transformations, each of them governed by a (real) parameter. They are one time translation, three
space translations (one for each direction in space), three rotations (one for each plane in space) and
three boosts (one for each direction in space). They change the coordinates

t — t'=t+r one time translation, (60)
r — r=r+a three translations, (61)
r — 7' =R(Ma)r three rotations, (62)
r — r'=r—ut three boosts. (63)

with parameters being (7, a, ai, u). The Lagrangian and Hamiltonian that respect this symmetry are
the ones for a free particle or in the case of a many particle system, those for the center of mass system,

1 2
L=Zmi® and H=Z2-.

2m

with p = mr.

4.1 Space translations
Let’s look at the translations T'(a) in space. It is clear what is happening with positions and momenta,
r—r'=r+a and p—p =p. (64)
and infinitesimally,
or =0a and op=0. (65)

This is through Noether’s theorem consistent with ’conserved quantities’ Q-da = p-da, thus the momenta
p, which also generate the translations (see Eq. 59),

dx; = {x;,p}p-da =da; and Op; = —{pi,p}r-da =0. (66)

Translations in Hilbert space

Let’s start with the Hilbert space of functions and look at ways to 'translate a function’ and then at ways
to ’translate an operator’. Let us work in one dimension. For continuous transformations, it turns out to
be extremely useful to look at the infinitesimal problem (in general true for so-called Lie transformations).
We get for small a a ’shifted’ function

(b’(:v):¢(x+a):¢(:c)+a%+...: (1+%apm+...>¢(x), (67)

U(a)
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which defines the shift operator U(a) of which the momentum operator p, = —ifi (d/dz) is referred to as
the generator. One can extend the above to higher orders,

d 1 d
’ _ _ el — g
¢(x)_¢(x+a)_¢(x)+ad$¢+2'a dx2¢+"'7

Using the (operator) definition

1

eAzl+A+§A2+...,
one finds ¢’ = U(a)¢ with
U(a):exp<+%aﬁw):I—i—%aﬁw—i—.... (68)
iAG

In general, if G is a hermitean operator (G = G), then ¢"*¢ is a unitary operator (U~ = UT). Thus
the shift operator produces new wavefunctions, preserving orthonormality.
To see how a translation affects an operator, we look at O¢, which is a function changing as

(09)(@) = O8(z +6) = U O4(s) =Y OU . U ). (69)
>

thus for operators in Hilbert space
O—0 =U0U =0 A0, (70)
which expanded gives O’ = (1 +4iAG +...)O(1 —i G +...) = O +iA[G, 0] + ..., thus
50 = —i[O, G]d . (71)
One has for the translation operator
O = e P/hO(0) e " </" and 60 = —(i/h) [0, p.] da, (72)
which for position and momentum operator gives
)

6& = — [&ps] 6a = da and 6p, = —% D, B] 60 = 0. (73)

Note that to show the full transformations for & and p, one can use the exact relations

do’ do’

z—)\ =i [O,G] e 2 and i

Exercise: Show that for the ket state one has U(a)|z) = | — a). An active translation of a localized
state with respect to a fixed frame, thus is given by |z + a) = U~ (a)|z) = U'(a)|z) = e~?oP=/|z) .
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4.2 Time evolution

Time plays a special role, both in classical mechanics and quantum mechanics. We have seen the central
role of the Hamiltonian in classical mechanics (conserved energy) and the dual role as time evolution and
energy operator in quantum mechanics. Actively describing time evolution,

w(t+7)=¢(t)+7%+...=(1—7—27H+...)w(t)7 (75)

U(n)
we see that evolution is generated by the Hamiltonian H = ifid/dt and given by the (unitary) operator
U(r) =exp(—iT H/R). (76)

Since time evolution is usually our aim in solving problems, it is necessary to know the Hamiltonian,
usually in terms of the positions, momenta (and spins) of the particles involved. If this Hamiltonian is
time-independent, we can solve for its eigenfunctions, H¢,,(z) = E, ¢,(z) and use completeness to get
the general time-dependence (see Eq. 26).

Schrodinger and Heisenberg picture

The time evolution from ty — t of a quantum mechanical system thus is generated by the Hamiltonian,

Ult,to) = exp (—i(t — to)H/h), satisfying ih%U(t,to) = HU(t, to). (77)

Two situations can be distinguished:

(i) Schréodinger picture, in which the operators are time-independent, Ag(t) = Ag and the states are
time dependent, [ (t)) = U (¢, to) s (t0)),

0
ih&hﬂs) = H|ys), (78)
ih%As = 0. (79)

(ii) Heisenberg picture, in which the states are time-independent, |1 (t)) = |[¢¥m), and the operators
are time-dependent, A (t) = U~1(t,t9) A (to) U(t, to),

in O vm) = 0, (50)
m%AH — [Ag, H]. (81)

We note that in the Heisenberg picture one has the equivalence with classical mechanics, because the
time-dependent classical quantities are considered as time-dependent operators. In particular we have

ih%f*(t):[r,H] and iﬁ%f)(t):[  HI, (82)

to be compared with the classical Hamilton equations.

Exercise: Show that the time dependence of expectation values is the same in the two pictures, i.e.

(WsW)|Asls(t) = (Wl Ant)|[Ym).
This is important to get the Ehrenfest relations in Eqs 31 and 32 from the Eqgs 82.
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4.3 Rotational symmetry

Rotations are characterized by a rotation axis (72) and an angle (0 < a < 27),
r— 71 =R(h,a)r or p—¢ =p+a, (83)

where the latter refers to the polar angle around the 7-direction. The rotation R(Z,«) around the z-axis

is given by
T x’ cosa —sina 0 x
[y] —)[y']— [sina cos o O][y
z 2 0 0 1 z

Exercise: Check that for polar coordinates (defined with respect to the z-axis),
x=rsinf cosyp, y=rsinfsingy, 2z =r cosb,

the rotations around the z-axis only change the azimuthal angle, ¢’ = ¢ + a.

Conserved quantities and generators in classical mechanics

Using Noether’s theorem, we construct the conserved quantity for a rotation around the z-axis. One has
the infinitesimal changes dx = —yda and 0y = x dav, thus Q.0a = pydz + pydy + p.dz = (xpy — yps)da,
thus @, = £, and in general for all rotations all components of the angular momentum £ are conserved,
at least if {H, £}, = 0. The angular momenta indeed generate the symmetry, leading to

dx ={x, 0.} pda = —yda and dy = {y,l.}rda = zdc, (85)
0pzs = {psz, £z} pdax = —p,da  and Opy = {py, L.} rda = proa. (86)

with as general expressions for the Poisson brackets

{li,z;}p =€ and  {l;,pj}r = €ijk D (87)
The result found for the {¢;,¢;}» = € £ bracket indicates that angular momenta also change like
vectors under rotations.
Rotation operators in Hilbert space

Rotations also gives rise to transformations in the Hilbert space of wave functions. Using polar coordinates
and a rotation around the z-axis, we find

P .
orbop+a) =90 0.0) ook = (L patit)o, (58)

U(z,a)
from which one concludes that £, = —ih(0/J¢p) is the generator of rotations around the z-axis in Hilbert
space. As we have seen, in Cartesian coordinates this operator is ¢, = —ifi(x 0/0y —y 0/0x) = xpy — Ypa,

the z-component of the (orbital) angular momentum operator £ = r X p.
The full rotation operator in the Hilbert space is

U(é,a)zexp(—i—%afz):1—|—%a€z+... . (89)
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The behavior of the various quantum operators under rotations is given by
O = eiot=/hQemiot:/h o 5O = —%[O,ﬂz] sa. (90)

Using the various commutators calculated for quantum operators in Hilbert space (starting from the basic
[zi,p;] = ih ;5 commutator,

[i,r;] =iheiure, [G,pj] =thesnpe, and [6;,¢;] =ihen b, (91)

(note again their full equivalence with Poisson brackets) one sees that the behavior under rotations of the
quantum operators r, p and £ is identical to that of the classical quantities. This is true infinitesimally,
but also for finite rotations one has for operators r — v = R(n, a)r and p — p’ = R(7, a)p. Finally the
rotational invariance of the Hamiltonian corresponds to [H,£] = 0 and in that case it also implies time
independence of the Heisenberg operator or the the expectation values (£).

Generators of rotations in Euclidean space

A characteristic difference between rotations and translations is the importance of the order. The order
in which two consecutive translations are performed does not matter T'(a) T'(b) = T'(b) T'(a). This is also
true for the Hilbert space operators U(a)U(b) = U(b) U(a). The order does matter for rotations. This
is so in coordinate space as well as Hilbert space, R(&, a) R(4, 8) # R(9,8) R(2, ) and U (&, &) U (g, B) #
U, 8)U(i, ).

Going back to Euclidean space and looking at the infinitesimal form of rotations around the z-axis,

R(z,0a)=1—1ida J, (92)
one also can identify here the generator
0 — 0
1 OR
oo L OR@H ] (93)
9% ez (0 0 0

In the same way we can consider rotations around the x- and y-axes that are generated by

00 0 0 0
J.=l0o0 —i|, Jg=|0 o0 : (94)
0

0 2« O —1
[Ji, JJ] = Z'Eijk Jk. (95)

O O =

The generators in Euclidean space do not commute. Rather they satisfy

The same non-commutativity of generators is exhibited in Hilbert space by the commutator of the cor-
responding quantum operators 2/ h and by the Poisson brackets for the conserved quantities in classical
mechanics. But realize an important point. Although identical, the commutation relations for ¢ are in
Hilbert space, found starting from the basic (canonical) commutation relations between r and p opera-
tors! The consistence of commutation relations in Hilbert space with the requirements of symmetries is
a prerequisite for achieving a consistent quantization of theories.
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Exercise: For rotation operations, we have seen that the commutation relations for differential operators
£/h and for Euclidean rotation matrices J are identical. It is also possible to get a representation in
a matrix space for the translations. Embedding the three-dimensional space in a 4-dimensional one,
(x,y,2) = (z,y, 2, 1), the rotations and translations can be described by

cosaa —sina 0 0 1 0 0 ayg

sinae cosaa 0 O 01 0 a
Refe) = 0 0o 10| T@=|g o1 4
0 0 0 1 00 0 1

Check this and find the generators J,, Py, P, and P,. The latter are found as T(da) = 1+ ida-P.
Calculate the commutation relations between the generators in this (extended) Euclidean space. You will
find

[Ji,Pj] = iﬁijkpk (96)

(at least for ¢ = 3 using J,). Compare these relations with those for the (quantum mechanical) differential
operators and the classical Poisson brackets.

4.4 Boost invariance

For the free particle lagrangian, we consider the boost transformation (going to a frame moving with
velocity u), governed by real parameters u,

t'=t and ' =r—wut, and p'=p-—mu. (97)

while also the Lagrangian and Hamiltonian change but with a total derivative,

d
L’:L—i—ﬁ(mr-u—i—%mu%). (98)

A

The (classical) conserved quantities from Noether’s theorem become

K=tp—mr. (99)
which is conserved because one has
0K dK
{K,H}P =P and W =P, thus E =0. (100)
The nature of K is seen in
{Ki Kj}r =0, {l, K;}r = €iji K. (101)

The way it changes the coordinates, momenta is consistent with
{Kisrjte = —t0ij, {Ki,pj}r =m0 (102)

In the Hilbert space of quantum operators the basic commutator [r;, p;] = ik d;; is sufficient to reproduce
all the above Poisson brackets as commutators in Hilbert space, where the boost operator is given by

U(u) = expiu - K/h. (103)
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Explicitly we have for the quantum operators

. 0K d{K)
K. H]|=ih d — = h — = 104
|K,H]=ifp and —-=p, thus — = =0, (104)
[Ki,Kj] = 0, [fi,Kj] = iheijk Kk. (105)
[Ki,T‘j] = —iht&ij, [Ki,pj] = zhm&u (106)

Finally if one implements the transformations in space-time, e.g. writing them as matrices as done for
rotations and translations, one gets a set of ten generators of the Gallilei transformations, which are
denoted as H (time translation generator), P (three generators of translations), J (three generators of
rotations) and K (three generators for boosts). They satisfy

[Pivpj] = [RaH] = [‘]ZvH] =0,

(i, Jj] = i€ijir, [Ji, Pl = i€ijuPr, [Ji, Kj] =ieijpKy,

[Kl,H] :Z'Pi, [Ki,Kj] ZO, [Kl,PJ] :iméij. (107)
This structure is indeed realized in the description of the quantum world. The commutator structure of

the symmetry group (Lie algebra of generators) is the same as the commutator structure in the Hilbert
space or the Poisson bracket structure in the phase space of classical mechanics. To be precise

[, 2]

i{u,v}p <= .

(108)

are homomorphic to the commutation relations of the generators in the symmetry group, while the
correspondence between Poisson brackets and quantum commutation relations is further extended to
coordinates and momenta.

4.5 The two-particle system

We ended the previous section with the commutation relations that should be valid for a free-moving
system to which the invariance under Gallilei transformations applies. It is easy to check that for a single
(free) particle the classically conserved quantities and the quantum mechanical set of operators

2

p

H=mc* + —, 109

me” + o (109)

P =p, (110)

J=L+s=rxp+s (111)

K =mr —tp. (112)

satisfy the required Poisson brackets in classical phase space and the required commutation relations
in Hilbert space, in the latter case starting with the canonical commutation relations [r;, p;] = ik d;;.
This is true even if we allow for a set of spin operators [s;,s;] = ihi€;, si as long as these satisfy
[rissj] = [piysj] = 0. The latter two commutators imply that spin decouples from the spatial part

of the wave function. In classical language one would phrase this as that the spins do not depend on
position or velocity/momentum. A constant contribution to the energy doesn’t matter either. Upon
adding a potential V(r) to the Hamiltonian, the symmetry requirements would fail and we do not have
Gallilei invariance. A potential (e.g. centered around an origin) breaks translation invariance, the specific
r-dependence might break rotational invariance, etc.

As we have seen, for two particles it is convenient to change to CM and relative coordinates R and
r with dorresponding conjugate momenta P and p. and introduce the sum mass M and the reduced
mass m. The center of mass system should reflect again a free particle. On the other hand, the behavior
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under Gallilei transformations, implies applying the transformation to both coordinates. The sum of the
generators is given by

p?
H=H; + Hy = — + Hjy,

2M
P =p, +py,
J=Ji+Js=b1+s1+Ll+so=RxP+ S8,
K=K +Ky=MR-1tP, (113)
with
S=rxp+ s+ s, (114)
2
Hint :MCQ+ ;;-FV(T’,I),Sl,Sg), (115)
m

only involving relative coordinates or spins (commuting with CM operators). These center of mass
generators then satisfy the classical Poisson brackets or quantum commutation relations for the Gallilei
group, starting simply from the canonical relations for each of the particles. The CM system behaves as
a free (composite) system with constant energy and momentum and a spin determined by the ’relative’
orbital angular momentum and the spins of the constituents. The example also shows that even without
spins of the constituents (s; = s = 0) a composite system has an intrinsic angular momentum showing
up as its spin.

Exercise: Check that the canonical Poisson brackets or commutation relations for r; and p; and those
for ro and p, imply the canonical commutation relations for R and P as well as for r and p.

4.6 Discrete symmetries

Three important discrete symmetries that we will be discuss are space inversion, time reversal and
(complex) conjugation.

Space inversion and Parity
Starting with space inversion operation, we consider its implication for coordinates,

r— —r and t—t, (116)
implying for instance that classically for p = m# and € = r X p one has

p— —p and £ — £ (117)

The same is true for the explicit quantummechanical operators, e.g. p = —iA V.

In quantum mechanics the states |1) correspond (in coordinate representation) with functions v (r,t).
In the configuration space we know the result of inversion, » — —r and ¢ — ¢, in the case of more
particles generalized to r; — —r; and ¢t — t. What is happening in the Hilbert space of wave functions.
We can just define the action on functions, ¢ — 1)’ = P in such a way that

Po(r) = ¢(=7). (118)
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The function P¢ is a new wave function obtained by the action of the parity operator P. It is a hermitian
operator (convince yourself). The eigenvalues and eigenfunctions of the parity operator,

P(;SW(T) = 7T(;57r(’l“), (119)

are m = +1, both eigenvalues infinitely degenerate. The eigenfunctions corresponding to m = +1 are the
even functions, those corresponding to m = —1 are the odd functions.

Exercise: Proof that the eigenvalues of P are m = £1. Although this looks evident, think carefully
about the proof, which requires comparing P?¢ using Eqs 118 and 119.

The action of parity on the operators is as for any operator in the Hilbert space given by

Ap —s PAp = PAP™ P¢, thus A — PAP L. (120)
"
Al ¢/

(Note that for the parity operator actually P! = P = PT). Examples are

r— PrP™ ! = —, (121)
p — PpP~ ! = —p, (122)
£ — PLP7! = 44, (123)
H(r,p) — PH(r,p)P~" = H(—r,—p). (124)
If H is invariant under inversion, one has
PHP™'=H <= [P,H]=0. (125)

This implies that eigenfunctions of H are also eigenfunctions of P, i.e. they are even or odd. Although P
does not commute with 7 or p (classical quantities are not invariant), the specific behavior POP~! = —O
often also is very useful, e.g. in discussing selection rules. The operators are referred to as P-odd operators.

Exercise: Show that the parity operation leaves £ invariant and show that the parity operator commutes
with £2 and £.. The eigenfunctions of the latter operators (spherical harmonics) indeed are eigenfunctions
of P. What is the parity of the Y,;™’s.

Exercise: Show that for a P-even operator (satisfying POP~! = +0O or [P,0] = PO — OP = 0) the
transition probability
Proba_s = [(B|0]a)?

for parity eigenstates is only nonzero if m, = m3.
What is the selection rule for a P-odd operator (satisfying POP~! = —O or {P,0} = PO + OP =0).
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Time reversal

In classical mechanics with second order differential equations, one has for time-independent forces auto-
matically time reversal invariance, i.e. invariance under t — —t and r — r. There seems an inconsistency
with quantum mechanics for the momentum p and energy E. Classically it equals m7 which changes
sign, while V. — V. Similarly one has classically E — F, while H = ih(9/0t) appears to change sign.
The problem can be solved by requiring time reversal to be accompagnied by a complex conjugation, in
which case one consistently has p = —iAV — AV = —p and H — H. Furthermore a stationary state
¥ (t) ~ exp(—iEt) now nicely remains invariant, ¢*(—t) = ().

Such a consistent description of the time reversal operator in Hilbert space is straightforward. For
unitary operators one has (mathematically) also the anti-linear option, where an anti-linear operator
satisfies T'(c1]¢p1) + ca|d2)) = cf T|é1) + c3 T|p2). It is easily implemented as

T|p) = (T'9|, (126)

which for matrix elements implies
(Bl) = (JITTT W) = (TY|T ) = (TH|T)* (127)
(BlAl) = (| T'T ATTT|p) = (TH|T ATT|Ty)*. (128)

Operators satisfying TTT = TTT = 1, but swapping bra and ket space (being anti-linear) are known as
anti-unitary operators.

Together with conjugation C, which for spinless systems is just complex conjugation, one can look
at C'PT-invariance by combining the here discussed discrete symmetries. For all known interactions in
the world the combined C'PT transformation appears to be a good symmetry. The separate discrete
symmetries are violated, however, e.g. space inversion is broken by the weak force that causes decays of
elementary particles with clear left-right asymmetries. Also T and C'P have been found to be broken.

4.7 A relativistic extension®

The symmetry group for relativistic systems is the Poincaré group, with as essential difference that boosts
(with parameter u still representing a moving frame, are (for a boost in the x-direction given by

ct' =vyct — By (129)
¥ =z —Byct, (130)

while ¢y = y and 2’ = z. The quantities 8 and ~ are given by

U 1 1
B — — and = = . 131
¢ K V1-82  \/1—u?/c? (131)
These transformations guarantee that the velocity of light is constant in any frame, satisfying
At —r? = —u/? = PP (132)

where 7 is referred to as eigentime (time in rest-frame of system). Mathematically one can look at this
structure as we did for rotations and find the commutation relations of the Poincaré group

[P, PP] = [P',H] = [J', H] = 0,
(T8, J9] = iedk gk [J, P =i Pk [J1 K9] = iR K
(K H) =i P!, [K' K| =i I, [K' P =i6YH/c. (133)
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The action of a relativistic free particle is actually extremely simple,

SZmC2/dT=mC2/dt V1—v2/c2. (134)
One can find the Lagrangian and Hamiltonian,

L=mc*\/1—-v2/c2 and H = +/m2c* + p2c2, (135)

where we have p = mwv . Note that for E = mc? dt/dr and p = medr/dr, so (E/c, p) transform among
themselves exactly as (ct,r).

For a single free particle or for the CM coordinates, the classically conserved quantities or generators
of the Poincaré group can be found using Noether’s theorem. They are

H = /p2+m2ct,

P = p,

J = rxp+s,
1 pXs

K = —(rH+Hr)-t - 136
202(7‘ +Hr) p+H+m02 (136)

A consistent relativistic quantum mechanical treatment in terms of relative coordinates, however, requires
great care [See e.g. L.L. Foldy, Phys. Rev. 122 (1961) 275 and H. Osborn, Phys. Rev. 176 (1968) 1514]
and is possible in an expansion in 1/c. Interaction terms, however, enter not only in the Hamiltonian,
but also in the boost operators.
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5 Employing symmetries

5.1 Translation symmetry

Translations are generated by the momentum operator. We have seen how the translation operators act
on wave functions, states or operators. We have seen there the use of the commutator in the infinitesimal
transformation of operators. The emergence of the commutator can also be seen directly in function space.
Look at a Hamiltonian H, that is invariant under translations. This implies that H(z) = H(z+a). What
does this imply? Just compare the Taylor expansion of the operator in a with the infinitesimal expansion
discussed previously,

dH
dzr

1

H(:z:—l—a)—H(:z:)—l—a( >+...—H(x)+ﬁa[pz,H]+...,

and we conclude that translation invariance implies

that

Translation invariance can easily be generalized to translations T'(a) in three dimensions including also
more particles by considering
ri — T, =7+ a. (138)

The index 7 refers to the particular particle. The global quantum mechanical shift operator is

U(a) = exp (—i—a . ZVi) = exp (—l—i—ia . ZpZ) = exp (—i—%a . P) , (139)

where p; = —ihV; are the one-particle operators and P = )", p; is the total momentum operator.

Translation invariance of the whole world implies that for U(a) in Eq. 139

U@ HU 'Ya)=H < [P,H|=0. (140)

Thus a translation-invariant Hamiltonian usually does not commute with the momenta of individual par-
ticles or with relative momenta, but only with the total momentum operator (center of mass momentum),
of which the expectation value thus is conserved.

The eigenfunctions of translation operators

We already have seen these in various forms, formal as momentum states |p), and in function space as
¢p(x) = exp(ik-r) where p = hk. Since the three translation operators commute among themselves,
they can be looked at independently and indeed the eigenfunctions in three dimensions is the product of
eigenfunctions in one dimension. In the section on coordinate and momentum representation the implica-
tions of the normalization for the ’counting’ of states (integration in p-space) have been discussed. Using
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either coordinate or momentum representation (using the wave number k rather than the momentum p
to avoids A’s and using p = 1) we have

d3k d3k _ -
P(r) = (rly) = /W (rk) (k) _/W exp (ik-r)y(k), (141)
bk) = (kly) = /d?’r (klr)(r|y) :/d?’r exp (—ik-7)1(r), (142)

mathematically corresponding to Fourier transforming. Actually, Eq. 141 is just the expansion of any
wave function in momentum eigenstates using the proper counting (Eq. ??), while Eq. 142 is just the
calculation of the coefficients in this expansion.

In a box, plane waves can actually be normalized, but in that case one also has to impose boundary
conditions. Physically, one usually considers the box as the limit of a potential well with infinite walls.
Mathematically, the necessity of boundary conditions also follows from the necessity to have a hermitean
operator. The boundary condition must guarantee that —ih d/dx works to left and right with the same
result. Without boundary conditions one also would have an overcomplete set of functions in the box.

Bloch theorem

The Bloch theorem is a very nice application of translation symmetry in solid state physics. We will proof
the Bloch theorem in one dimension. Consider a periodic potential (in one dimension), V(z +d) = V (z).
One has a periodic Hamiltonian that commutes with the (unitary) shift operator U(d) = exp(+idp,/h),

[H,U(d)] =0 (143)

Thus these operators have a common set of eigenstates ¢g i, satisfying H ¢g () = E¢pr(r) and
U(d) ppr(r) = e* ¢pi(r). The latter eigenvalue is written in exponential form. Since a unitary
operator doesn’t change the normalization, kd is then real and periodic modulo 27, limited to (for
instance) —m < kd < 7. Using that U(d) is the translation operator, one has

¢p iz +d) = e op () (144)

Equivalently one can write ¢ as a Bloch wave
pp k(@) =™ up (), (145)

in which the 'momentum’ % is limited to one cell and one finds that ug r(z) is periodic, satisfying
uEyk(x + d) = uEyk(x).

To appreciate this result, realize that for a constant potential (translation invariance or invariance
for any value of d or effectively d — 0)) the Bloch wave is constant and the wave function is a plain
wave (with no restrictions on k, —oo < k < oo and it now truly is the momentum). The energy becomes
E(k) = h?k?/2m. For periodic potentials the k-values are limited (Brillouin zone) and the dispersion
E(k) exhibits typically a band structure, which can e.g. be easily demonstrated by working out the
solutions for a grid of d-functions or for a block-potential (Kronig-Penney model).
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Exercise: We consider the periodic version of a delta function potential, i.e. V(z + nd) = V(z) for
integer n (d can be considered as the lattice spacing starting with

near zero. One has the condition

lim ¢'(x) — lim ¢ (x) = — 2 ¢(O),

x]0 10 a

and the same condition around any point nd (n € Z). We have found in this section that the solutions
satisfy én x(x + d) = €'*? ¢, x(x) (Bloch condition).

(a)

5.2

Without loss of generality we can choose ¢ ;(0) = 1 and ¢_;(d) = e'*d Determine the most general
solution in 0 < z < d writing

. ) h2 q2
opk(r)=Ae'” + Be ' with E=
2m
or
h? k?
ppr(x) =Ae™ + Be ™™ with E=—
2m

(note: k =1gq).

Calculate the derivatives ¢'(e) and ¢’(—e (note the domain for which the expressions in (a) can be
used!) and take the limit e — 0.

Use this to derive the condition on ¢ (or k) and k,

sin(gd) sinh(kd)
qa = or Ka = .
cos(qd) — cos(kd) cosh(kd) — cos(kd)
q2
Shown at the right is the dispersion E(k) found under (c) or 50f
actually ¢2d? plotted as function of kd for the case a = d. The
model is suitable to study the band structure in solids (Do you 4
understand why?). Study the band structure for some other o
values of a (look at a < d and @ > d (What corresponds to
tight binding or weak binding?). What do you notice (look at 20t
band gaps, compare with free dispersion relation and bound
state energy). 10
\ I I / k
3-2-T—+—1 2 3

Rotational symmetry

Eigenfunctions of angular momentum operators

For rotations in a plane, there is only one generator, e.g. the operator L, = —ihid/dy for rotations in the
x-y plane. Its eigenfunctions are e?™¥ with eigenvalues m#h for integer m.
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To study the (three) angular momentum operators £=7xp=—ihrx V, it is useful to use their
commutation relations, [{;,¢;] = ifi€;ji £, and the fact that the operator £? commutes with all of them,
[€%,4;] = 0. To find the explicit form of the functions, it is useful to know the expressions in polar
coordinates. Using Eqs 7?7 and 77, the ? operators are given by

fx_—ih<y%—z§y>—ih<sin<p%+cot9cos<p%), (146)
- , 0 , 0 , 0
fy——zh(za—x—xa)—zh(—cosgoﬁ—i—cotHsmcpa—@), (147)
5 . 0 0 0
l, =—ih (wa—y - y%> = _m(?_gp’ (148)
and the square 2 becomes
. 1 9 0 1 02
22 g2 2 p2 9 (ging L i 14
=0+ 0+ [sinﬁ 50 <sm 89) + 74 84,02} (149)

From the expressions in polar coordinates, one immediately sees that the operators only acts on the
angular dependence. One has /; f(r) = 0 for i = z,y,z and thus also /2 f(r) = 0. Being a simple
differential operator (with respect to azimuthal angle about one of the axes) one has ¢;(fg) = f (4ig) +

(éif)g'

Spherical harmonics

We first study the action of the angular momentum operator on the Cartesian combinations z/r, y/r
and z/r (only angular dependence). One finds

R A C) B A G I

which shows that the £ operators acting on polynomials of the form

xr\ " Yy n2 zZ\ "3

ONONG
do not change the total degree ny + ne +ng = ¢. They only change the degrees of the coordinates in the
expressions. For a particular degree ¢, there are 2¢ 4 1 functions. This is easy to see for £ =0 and ¢ = 1.
For ¢ = 2 one must take some care and realize that (2 4+ y* + 2%)/r? = 1, i.e. there is one function less
than the six that one might have expected at first hand. The symmetry of 2 in z, y and z immediately
implies that polynomials of a particular total degree ¢ are eigenfunctions of 2 with the same eigenvalue
h2 \.

Using polar coordinates one easily sees that for the eigenfunctions of £, only the ¢ dependence matters.
The eigenfunctions are of the form f,,,(p) x e!™¥ where the actual eigenvalue is mh and in order that
the eigenfunction is univalued m must be integer. For fixed degree ¢ of the polynomials m can at most
be equal to ¢, in which case the #-dependence is sin® 6. It is easy to calculate the 2 eigenvalue for this
function, for which one finds A%¢(¢ + 1). The rest is a matter of normalisation and convention and can
be found in many books. In particular, the (simultaneous) eigenfunctions of £? and /., referred to as the
spherical harmonics, are given by

Cy(
Y (

L) =L+ DRZY(0, ), (150)
o) :thZm(e,s@)’ (151)

0
0
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with the value £ = 0,1,2, ... and for given ¢ (called orbital angular momentum) 2¢+ 1 possibilities for the
value of m (the magnetic quantum number), m = —¢, —+1,...,£. Given one of the operators, £ or £,
there are degenerate eigenfunctions, but with the eigenvalues of both operators one has a unique labeling
(we will come back to this). Note that these functions are not eigenfunctions of ¢, and ¢,. Using kets to
denote the states one uses |¢,m) rather than |Y,%). From the polynomial structure, one immediately sees
that the behavior of the spherical harmonics under space inversion (r — —7) is determined by ¢. This
behavior under space inversion, known as the parity, of the Y;’s is (—)*.
The explicit result for £ =0 is

1
Y0, p) = —. 152
Explicit results for £ =1 are
3 x4y 3 . ;
1 = — e — = — e — 1P
Y (0, ) —— - sinfe'?, (153)
3 z 3
0 = _—— = e
Y7 (0,0) = o 1 o 0, (154)
_ 3 x—1y 3 . i
1 — /= Y ip
Y (0, 9) —— \/ & sinfe™"%. (155)

The ¢ = 2 spherical harmonics are the (five!) quadratic polynomials of degree

“ two,
5 (22 — y?) £ 2 1 .
V20, 0) = ) T V) my:q/—?); sin? 0 e+2% | (156)
™

327 r2
[15 z(x +i [15 ;
YiE0,0) = F ngx gsirﬂcos@eiw. (157)
5 32212 5
Y3 (0, ) = ﬁT:,/m(scos?aq), (158)

where the picture of |Y3| is produced using Mathematica,
SphericalPlot3D[Abs[SphericalHarmonicY[2,0,theta,phi]],
{theta,0,Pi},{phi,0,2%Pi}].

The spherical harmonics form a complete set of functions on the sphere, satisfying the orthonormality
relations

/ dQ Y™ (0,0) Y (0,9) = 6e0r S (159)

Any function f(6, ) can be expanded in these functions,

F(0,0) = com Yi™(0,9),
L,m

with e, = [dQUY,™(6,¢) f(0,¢). Useful relations are the following,

m el 20+1 (£—|m])! _im im
Y (0,0) = (=) |)/2\/WMPJ |(cos 6) e, (160)
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where £ =0,1,2,... and m=/{,f —1,...,—{, and the associated Legendre polynomials are given by
plml 1 1 2\ |m|/2 dt+iml 2 _ 1)t 161
1 (@) = g (1= a2 e [ - 1) (161)

The m = 0 states are related to the (orthogonal) Legendre polynomials, P, = P?, given by

Py(cos 0) = ,/2£fi]»319(9). (162)

They are defined on the [—1, 1] interval. They can be used to expand functions that only depend on 6
(see chapter on scattering theory).

The lowest order Legendre polynomials P, (z)

(LegendreP [n,x]) are ///
\ 05k P
P )
P (I) =, 1o ><$5 ”9‘5 - 10
Py(z) = %(3:1:2 —1), - // N "
given in the figure to the right. e - 1ol

Some of the associated Legendre polynomials
P™(x) (LegendreP[n,m,x]) are

Pll(x):_\/ 1_$27
Pj(x) = —3z/1 — 2,

P2 (x) =3(1-4%),

shown in the figure PJ*(x) for m = 0, 1 en 2. - S /

BCH Relations, etc.
The commutation relations between exponentiated operators is generalized using the linear operations

(ad A)B = [A, B, (163)
(AdA)B = ABA™. (164)

with (ad A)?B = [A, [A, B]], etc. These operations are related through
. 1
Ade? = ¢4 or e“Be 4 =B+ [A,B]+ o0 [A[A,B]] +..., (165)

which is proven by introducing F(7) = e"™*Be~74 and showing that dF/dr = (ad A)F, yielding the
result F(7) = e™2 4B,

Exercise: If you like a bit of puzzling, look at the Baker-Campbell-Hausdorff relation

eteP = e with O:A+B+%[A,B]+1—12[A,[A,B]]+1—12[B,[A,B]]+...,

which shows that (only) for commuting operators one can ’add’ operators in the exponent just as numbers.
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Euler Rotations
7'=z) A standard way to rotate any object to a given orienta-
tion are the Fuler rotations. Here one rotates the axes
as given in the figure. This corresponds (in our conven-
tion) to
) Rp(p,0.x) = R(Z",-x)R(J, —0)R(2,—¢)
’fp/ // /i = R(éu _@)R(gu _Q)R(év _X)
- % N
X (?/ X L Correspondingly one has the rotation operator in
)/ Hilbert space
X' P
- Ug(e,0,x) = e WL/ gm0y /N gmix b/ (166)
X"’ X' g

Using the rotation Ug(p, 8, x) to orient an axi-symmetric object (around z-axis) in the direction 7 with
polar angles 8 and ¢, the angle x doesn’t play a role. In order to get nicer symmetry properties, one
uses in that case Ug(y, 0, —¢). For a non-symmetric system (with three different moments of inertia)
one needs all angles.

5.3 The radial Schrodinger equation

A very important application of rotational symmetry is its use to reduce a three-dimensional problem
to a (simpler) one-dimensional problem. In three dimensions the eigenstates of the Hamiltonian for a
particle in a potential are found from

Hu(r) = |39+ V()] 0r) = Bu(r) (167)

In particular in the case of a central potential, V(r) = V(r) it is convenient to use spherical coordinates.
Introducing polar coordinates one has

s _ 10 (L0N, 1 o[ 0\, 1 &
Ve o= 2or\' or +r2 sinf 00 Smeao +r2 sin? @ 02 (168)

10 d 22
= T_QE (’I"2 E) —_ —ﬁQ T2 . (169)

where £ are the three angular momentum operators. If the potential has no angular dependence, one
knows that [H, L] = 0 and the eigenfunctions can be written as

wném(r) = Rnm (7‘) Sfém (97 90) (170)

Inserting this in the eigenvalue equation one obtains

[ G (72 0 ) n (M + V(r)ﬂ Rue(r) = Ene Rue(r), (171)

2mr2 or or 2m r?

in which the radial function R and energy F turn out to be independent of the magnetic quantum number
m.
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In order to investigate the behavior of the wave function for » — 0, let us assume that near zero one
has R(r) ~ Cr®. Substituting this in the equation one finds for a decent potential (lim,_o 7%V (r) = 0)
immediately that s(s+1) = £(¢+ 1), which allows two types of solutions, namely s = ¢ (regular solutions)
or s = —(¢ + 1) (irregular solutions). The irregular solutions cannot be properly normalized and are
rejected’.

For the regular solutions, it is convenient to write

b(r) = RO Y 0.0) = Dy, ) (172)

r
Inserting this in the eigenvalue equation for R one obtains the radial Schrédinger equation
h? d? 260+ 1)
—-—— 4+ —=+V(r)—-E, =0, 173
9 dr2 + 2m, 12 + (T‘) 4 unf(r) ( )

Ve (1)

with boundary condition u, ,(0) = 0, since u(r) ~ Cr**1 for r — 0. This is simply a one-dimensional
Schrédinger equation on the positive axis with a boundary condition at zero and an effective potential
consisting of the central potential and an angular momentum barrier.

Exercise: Show that for an angle-independent operator O

/dgr Yi(r) OYs(r) = /0 r? dr/dQ UV 101000 (1) O Wi () = Oprp 5m/m/0 dr w),, (1) O upe(r).

Exercise: Derive the Schrodinger equation in cylindrical coordinates (p, ¢, z), following the steps for
spherical coordinates, starting with

T=pcosp, yYy=psing, z=z.

Exercise: In the previous exercise you have found that the Hamiltonian can be expressed in terms
of p, and ¢,, where p, = —ihd/Jz and £, = —ih9d/0p. Give the most general solution for a cylin-
drically symmetric potential only depending on p, using eigenfunctions of these operators and give
the Schrodinger equation that determines the p-dependence. Try to simplify this into a truely ’one-
dimensional” Schrodinger equation as was done by choosing R(r) = u(r)/r in case of spherical symmetry.

Properties of one-dimensional Schrédinger equations

Using symmetries and defining appropriate degrees of freedom (CM and relative coordinates) one can
often reduce a problem to a simpler one, in particular a two-body system can often be reduced to a one-
body problem in the CM system and using rotational invariance a one dimensional Schrédinger equation
remains.

We recall the nice properties of one dimensional problems:

L Actually, in the case £ = 0, the irregular solution R(r) ~ 1/r is special. One might say that it could be normalized, but
we note that it is not a solution of V2R(r) = 0, rather one has VZ% = 63(r) as may be known from courses on electricity
and magnetism.
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e In one dimension any attractive potential has always at least one bound state. This property is only
true if one has a one-dimensional domain —oo < x < 00, so it is not true for the radial Schrodinger
equation on the domain 0 < r < co.

e For consecutive (in energy) solutions one has the node theorem, which states that the states can be
ordered according to the number of nodes (zeros) in the wave function. The lowest energy solution
has no node, the next has one node, etc. Depending on your counting, the radial Schrodinger
equation starts with a node because u(0) =0

e Bound state solutions of the one-dimensional Schrédinger equation are nondegenerate. Let’s proof
this one. Suppose that ¢; and ¢ are two solutions with the same energy. Construct

do do
W (61, 62) = dn(z) = = dal(x) ——, (174)
known as the Wronskian. It is easy to see that
W (61,62) =0
dx 1,92) — N

Hence one has W(¢1, ¢2) = constant, where the constant because of the asymptotic vanishing of
the wave functions must be zero. Thus

(d¢p1/dx) _ (dga/dx) d _d
o e T m T
d (251 - ¢1 _
= % In <%) =0 = In (@) = constant = ¢1 X ¢25

and hence (when normalized) the functions are identical.

Besides these elementary properties one can often study asymptotic limits, implying oscillatory behavior
(sinkr and coskr or complex exponentials e*?*") for positive energies £ = h?k2/2m or exponential
behavior (e**") for negative energies E = —h%xk?/2m. Furthermore one has for a potential that is not more
singular at the origin than the angular momentum barrier, the short-distance behavior u(r) oc C 71,

5.4 The spherical solutions for plane waves

The solutions of the Schrodinger equation in the absence of a potential are well-known, namely the plane
waves, ¢ (r) = exp(ik - r), characterized by a wave vector k and energy E = h?k*/2m. But this also
represents a spherically symmetric situation, so another systematic way of obtaining the solutions is
starting with the radial Schrodinger equation in Eq. 173,
> (l+1
(— BCh k2) w(r) =0, (175)

dr? r2
depending on ¢. There are two type of solutions of this equation

e Regular solutions: spherical Bessel functions of the first kind: we(r) = kr jo(kr).
Properties:

.]O(Z) = ’

() ' 1 d\* sinz .0 ’
z) = 2 |[——— — z
Je z dz z ’

o sin(z — €7r/2)'
z
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e Irregular solutions: spherical Bessel functions of the second kind: we(r) = krng(kr).

Properties:
cos z
TL()(Z) - P )
‘
z dz z
oo Cos(z—(m/2)
z

Equivalently one can use linear combinations, known as Hankel functions,

kr WS (kr) = kr (Go(kr) +ing(kr)) =30 (=)t et
kr B2 (kr) = kr (jo(kr) —ing(kr)) 230 (@) etk

Comparing this with the other well-known solution of the free Schrodinger equation in terms of plane
waves, it must be possible to express the plane wave as an expansion into these spherical solutions. This

expansion is
o0

exp(ik ) = e'h* = e'Fr o0 =N (20 4 1) jy(kr) Py(cos0), (176)
£=0
where the Legendre polynomials P as discussed before are related to Y. Indeed, because of the azimuthal
dependence only m = 0 spherical harmonics contribute in this expansion.

Exercise: Compare the (order and pattern of) energies (including degeneracies) of bound states in a
cube with those in a sphere.

For this one needs the zeros of the spherical Bessel functions; the first few using jg(2,¢) = 0 are z,9 = n,
r11 = 4493, 21 = 7.725, T12 = 5.763, T2 = 9.095, 13 = 6.988, 14 = 8.183, 15 = 9.356.

5.5 The hydrogen atom (repetition)

The (one-dimensional) radial Schrodinger equation for the relative wave function in the Hydrogen atom
reads

B d? K2 f(f + 1)
[_% a7t gz V) B () =0, )
Ve (1)

with boundary condition u,,,(0) = 0. First of all it is useful to make this into a dimensionless differential
equation for which we then can use our knowledge of mathematics. Define p = r/ag with for the time
being ag still unspecified. Multiplying the radial Schrodinger equation with 2m a?/h? we get

e e e B € R

d? 0+ 1 e 2mag Z 2md2FE
[ et1) 02 _2ma B, e =0, (178)

From this dimensionless equation we find that the coefficient multiplying 1/£ is a number. Since we
haven’t yet specified ag, this is a good place to do so and one defines the Bohr radius

dmeq B2
ag = .

(179)

me?
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The stuff in the last term in the equation multiplying E must be of the form 1/energy. One defines the

Rydberg energy
R h? 1 e? B m e (180)
* 2mad 2 4megag 32wt h?’

One then obtains the dimensionless equation

2 (e+1) 22
_d_§2+ (52 )—?—e u (&) =0 (181)

with £ =7/ag and €e = F/Ro.

Before solving this equation let us look at the magnitude of the numbers with which the energies and
distances in the problem are compared. Using the dimensionless fine structure constant one can express
the distances and energies in the electron Compton wavelength,

e2

- ~1/137 182
@ 47 eq he /137, 152)
dreg B2 Ameghe R 1 A
ap = L0 _ ZTCRE e 2 B 053 x 10710 m, (183)
m e2 e2  mc*  a mc?
h? 1 he 1
Ro=——=-a—)==a’mc® ~13.6 V. 184
e 2a<a0) 5 me e (184)

One thing to be noticed is that the defining expressions for ayp and R involve the electromagnetic
charge e/,/€y and Planck’s constant %, but it does not involve c. The hydrogen atom invokes quantum
mechanics, but not relativity! The nonrelativistic nature of the hydrogen atom is confirmed in the
characteristic energy scale being R... We see that it is of the order a? ~ 107% — 107° of the restenergy
of the electron, i.e. very tiny! The scaled expressions can also be used to first solve for Z = 1 (Hydrogen)
and afterwards look at the Hydrogenic case (one electron and nuclear charge Ze). We simply have to
realize that one needs the replacements

e? = Ze* or a — Za, ag — ag/Z, Ry — Z? Ry (185)
Some aspects of the solution can be easily understood. For instance, looking at equation 181 one sees
that the asymptotic behavior of the wave function is found from

u (&) +eu(§) =0,

so one expects for & — oo the result u(€) ~ e€VId = e=¢, with p = &y/]el. In terms of B = —h?k%/2m
one has p = kr, showing the expected asymptotic fall-off of the wave function. For ¢ = 0 one expects for
p — 0 that u(p) ~ p. Thus it is easy to check that ui9(p) ~ pe~" is a solution with e = —1.

To find the solutions in general (using Z = 1), we can turn to an algebraic manipulation program or a
mathematical handbook to look for the solutions of the dimensionless differential equation (see appendix
on Laguerre polynomials). It is actually easier to rewrite the equation in terms of p (even if it does
depend on the specific solution). One gets

& +£(£+1)_2/\/H_1

dp? p? p

uer(p) =0 (186)

and can compare this with a general mathematical treatment of Laguerre polynomials that satisfy this
type of differential equation, identifying 2p +a + 1 = 2/+/le|, 1 —a? = 4¢({ + 1) and x = 2p. We then
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find that @ — 2¢ + 1 and with p — n — ¢ — 1 one has 1//|¢| = n, The solutions for hydrogen found this

way are
2 \"* [(n—t-1) e (26T o 2€
Uy (§) = (n—ao> e (g) Ly (g) (187)

with eigenvalues (energies)
1

Bt = —— Rec, (188)

labeled by a principal quantum number number n, choosen such that the energy only depends on n. For
a given £ one has n > £+ 1. Actually p = n — £ — 1 is precisely the number of nodes in the wave function.

E [Rydberg]
The spectrum of the hydrogen atom.
-1/9 ¢ (29 55 (6x) 3p (A0%) 54 For a given n one has degenerate ¢-levels
14 + (23) 2s (6x) 2p with £ =0,1,...,n—1. The degeneracy,
including the electron spin, adds up to
2n2. The hamiltonian is invariant under
inversion, hence its eigenstates are also
parity eigenstates. The parity of ¥,im,
1 () 4o is given by IT = (—)*.
=0 =1 =2

Explicitly, the lowest solutions are:

wio(r) = 2 (aio)m e~"/a0 (a%) , (189)

= (2)" e () (-3

=g (3) e (5
uzo(r) = % <aio)l/2 e~T/3a0 <alo) (1 - ; aio + % <§0)2> (192)
=535 ()" () (-42)

4 1\? m\*
_ - —r/3ao o
ug2(r) #1730 <a0> e <a0> (194)
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Useful integrals involving the solutions are expectation values like

<i> = "72 [5n* —34(¢+1)+1], (195)
ap

y= e — w1, (196)
ap 2

T (197)
a(% 2

<r_2> = BRl+1) (198)
ag - 2

) = s D (199)

The full hamiltonian for the Hydrogen atom has a number of additional terms, which give rise to splittings
in the spectrum. These level splittings give rise to splitting of lines in emission and absorption spectra.
Some of the fine structure and hyperfine structure will be discussed after the treatment of spin or as
applications of perturbation theory.
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6 Spin

6.1 Rotational invariance (extended to spinning particles)

As discussed earlier in addition to orbital angular momentum a system, elementary or composite can
have a spin, which may include internal orbital angular momentum. Hence spin is a vector operator s,
which is a part of the rotation operator. These (three) hermitean operators satisfy commutation relations

[si,85] = iheijk; Sk, (200)

similar to the commutation relations for the angular momentum operator £ = r x p. The spin operators
s commute with the operators r and p and thus also with £. That’s it. All the rest follows from these
commutation relations.

For the orbital angular momentum, we have seen the explicit link to spatial rotations, £, = —ih d/d¢.
That means that scalars (e.g. numbers) are not affected. Also operators that do not have azimuthal
dependence are not affected, which means for operators that they commute with ¢,. The various compo-
nents of a vector do depend on the azimuthal angle and ’vector operators’ such as r or p do not commute
with £,. In fact scalar operators S and wvector operators V satisty

(5] =0 o
6:,Vi] = iheijn Vi for a single particle without spin, (201)
e.g. scalars S = r2, p2, r-p or £2 and vectors V = r, p or £. Including spin vectors s, this behavior
seems to be no longer true, e.g. [{;, sj] =0 and [(;,£-s] = —ih (€ x s);. But with the ’correct’ rotation
operator

j=t+ts, (202)

we do get
[ji, Vil = iheijr Vi, for a single particle (203)

not only for the above examples, but now also for the vectors s and j and scalars like s2 and £ - s.
For a system of many particles the operators r, p and s for different particles commute. Their sums

N N N
L=Y ¢, S=)Y s, J=)»j,=L+S5, (204)
n=1 n=1 n=1
also satisfy angular momentum commutation relations [L;, L;] = ihe;jp Ly, [Si,Sj] = ihe€ijn Sk, and
[Ji, J;] = ihe€i i Ji, while only the operator J satisfies
[Ji,S]=0 .
Vi) = ih e Vi for an isolated system (205)

for any scalar operator S or vector operator V.

Exercise: Show that from [J;, A;] = ihe€; i Ax and [J;, B;| = ihie;;, By (satisfying Eq. 205) one finds
[Ji,A-B]=0,

i.e. if A and B are vector operators, A- B is a scalar operator. Prove this for J, without loss of generality.
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An important property is that rotational invariance is one of the basic symmetries of our world, which
reflects itself in quantum mechanics as

Rotation invariance of a system of particles requires
[J, H] =0, (206)

where J = L+ S =) ,(£; +s;). This is the (generalized, cf. Eq. 7?) fundamental symmetry of nature
for particles with spin!

Besides the behavior under rotations, also the behavior under parity is considered to classify operators.
Vector operators behave as PV P~! = —V, axial vectors as PAP~' = 4 A, a scalar operator S
behaves as P S P~! = +8, and a pseudoscalar operator S’ behaves as P’ P~! = —S’. Examples of
specific operators are

vector | axial vector scalar | pseudoscalar
T I 2 s-T
p s P’ s p
J s
£-s

The hamiltonian is a scalar operator. Therefore, if we have parity invariance, combinations as s-r cannot
appear but a tensor operator of the form (s1 - 7)(s2 - ) is allowed. Note, however, that such an operator
does not commute with £.

6.2 Spin states

As mentioned above, the commutation relations are all that defines spin. As an operator that commutes
with all three spin operators (a socalled Casimir operator) we have s* = s2 + s2 + 52,

[si,85] = iheiji sk, (207)
[s%,5;] = 0. (208)

Only one of the three spin operators can be used to label states, for which we without loss of generality

can take s,. In addition we can use s2, which commutes with s,. We write states X£Z> = |s, m) satisfying

s%s,m) = h%s(s+ 1)|s,m), (209)
S:|s,m) = mhls, m). (210)
It is of course a bit premature to take h?s(s + 1) as eigenvalue. We need to prove that the eigenvalue
of s? is positive, but this is straightforward as it is the sum of three squared operators. Since the spin

operators are hermitean each term is not just a square but also the product of the operator and its
hermitean conjugate. In the next step, we recombine the operators s, and s, into

S+ = Sp iy (211)
The commutation relations for these operators are,

[s%,54] =0, (212)
[s2,84] = £hsy, (213)
[s4,s_] = 2hs,, (214)



Spin 41

The first two can be used to show that

s% sy |s,m) = s18%|s,m) = h? s(s + 1) s|s,m),

Sz 8+|s,m) = (sxs, £ hsy)|s,m) = (m=x1)hsyt|s,m),
hence the name step-operators (raising and lowering operator) which achieve
stls,m) =cy|s,m£1).
Furthermore we have sTi = sz and 8% = s2 + (s1s_ + s_s1)/2, from which one finds that

les? = (s,mlskssls,m) = (s,m|s® — s —[s4,5]/2]s,m)
2

= (s,m|s* —s2 F hs,|s,m) =s(s+1) —m(m=£1).

It is convention to define

siels,m) = hy/s(s+1)—m(m+1)[s,m+1)
=hy/(s—m)(s+m+1)[s,m+1) (215)

s_|s,m) = hy/s(s+1)—m(m—1)|s,m—1)
= h/(s+m)(s—m+1)]s,m—1). (216)

This shows that given a state |s, m), we have a whole series of states

cs,m=1), |s,m), |s,m+1),...

But, we can also easily see that since s? — s2 = s2 + sfj must be an operator with positive definite

z
eigenstates that s(s + 1) —m? > 0, i.e. |m| < /s(s+ 1) or strictly |m| < s + 1. From the second
expressions in Eqs 215 and 216 one sees that this inequality requires my,., = s as one necessary state
to achieve a cutoff of the series of states on the upper side, while m,,;, = —s is required as a necessary
state to achieve a cutoff of the series of states on the lower side. Moreover to have both cutoffs the step
operators require that the difference m, 4 — Mmin = 2 s must be an integer, i.e. the only allowed values
of spin quantum numbers are

s=0,1/2, 1, 3/2,...,

m=s,s—1,...,—s.

Thus for spin states with a given quantum number s, there exist 2s 4 1 states.

6.3 Why is / integer

Purely on the basis of the commutation relations, the allowed values for the quantum numbers s and m
have been derived. Since the angular momentum operators £ = r x p satisfy the same commutation rela-
tions, one has the same restrictions on ¢ and my, the eigenvalues connected with £% and ¢,. However, we
have only found integer values for the quantum numbers in our earlier treatment. This is the consequence
of restrictions imposed because for £ we know more than just the commutation relations. The operators
have been introduced explicitly working in the space of functions, depending on the angles in R3. One
way of seeing where the constraint is coming from is realizing that we want uni-valued functions. The
eigenfunctions of ¢, = —ihd/d¢, were found to be

¥7"(60,) ox ™.



Spin 42

In order to have the same value for ¢ and ¢+ 27 we need exp(2mim) = 1, hence m (and thus also £) can
only be integer.

For spin, there are only the commutation relations, thus the spin quantum numbers s can also take
half-integer values. Particles with integer spin values are called bosons (e.g. pions, photons), particles
with half-integer spin values are called fermions (e.g. electrons, protons, neutrinos, quarks). For the
angular momenta which are obtained as the sum of other operators, e.g. 7 = £+ s, etc. one can easily see
what is allowed. Because the z-components are additive, one sees that for any orbital angular momentum
the quantum numbers are integer, while for spin and total angular momentum integer and half-integer
are possible.

6.4 Matrix representations of spin operators

In the space of spin states with a given quantum number s, we can write the spin operators as (2s+ 1) x
(2s 4+ 1) matrices. Let us illustrate this first for spin s = 1/2. Define the states

1/2
1/2,+1/2) = x{7)

1 0
Xt = [ 0 ] and |1/2,—1/2>Ex91//2%EX_E [ 1 ] )

Using the definition of the quantum numbers in Eq. 210 one finds that

(12 0 (00 (01
Sz_h[ 0 —1/2]’ S+_h[1 0]’ S—_h[o 0]’

For spin 1/2 we then find the familiar spin matrices, s = ho /2,

(o0 1 (0 —i (1 0
e=1 10> %=l o) %" o -1]"

For spin 1 we define the basis states |1, +1), |1,0) and |1, —1) or

1 L 1 0 1
Xif = 01, Xé ) = 1 , X(—i =
0 0

The spin matrices are then easily found,

o o O

10 0 0 vV2 0 0
s,=h| 0 0 0 |,sp.=h| 0 V2 |, s =h| V2
0 0 -1 0 0 0

from which also s, and s, can be constructed.

6.5 Rotated spin states

Instead of the spin states defined as eigenstates of s,, one might be interested in eigenstates of s-n, e.g.
because one wants to measure it with a Stern-Gerlach apparatus with an inhomogeneous B-field in the
n direction. We choose an appropriate notation like |7, +) or two component spinors stsi) (), shorthand

XhR) = x(m) and xU{7)(R) = x-(R)
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Suppose that we want to write them down in terms of the eigenstates of s., given above, x;,_(2) =
X+1/4- To do this we work in the matrix representation discussed in the previous section. Taking n =
(sin 6,0, cosf), we can easily write down

1 h [ cosf  sinf ]

s-n:iha-nzi sinf —cos6

We find the following two eigenstates and eigenvalues

(217)

X+(n) = [ Z?r?((z;g ] with eigenvalue 4+ 7/2,

[ —sin(8/2)

X-(n) = [ cos(0/2)

The probability that given a state x4 with spin along the z-direction, a measurement of the spin along
the +n-direction yields the value +%/2 is thus given by

2
= cos?(6/2).

] with eigenvalue — h/2.

X () xy

Instead of explicitly solving the eigenstates, we of course also can use the rotation operators in quantum
mechanics,

U@,n)=exp(ifn-J), (218)
where J is the total angular momentum operator referred to before in chapter one and in the section on
rotation invariance. The total angular momentum operator is the generator of rotations.

A simple example is the rotation of a spin 1/2 spinor. The rotation matrix that brings a spin up state

along the z-axis into a spin up state along a rotated direction with polar angle in the 2 — z plane is? is

U0) = e 97/2 = cos(0/2) T — i sin(0/2) a,.

where I is the 2 x 2 unit matrix.

To find the expansion of any rotated spinor in the original spin states one considers in general the
Euler rotations of the form
U(‘Pa 9, _<P) _ e—icsz e—iOJy eicsz

Its matrix elements are referred to as the D-functions,

(. m'[U (.0, p)lj.m) = D), (.6, —0) = /"0 a0 (). (219)
In general the rotated eigenstates are written as
dis) ()
@) = | 4% o) |- (220)
d},, (6)

2Use the relation exp (if 7t - o/2) = cos(8/2) I +io - n sin(/2). Properties of the Pauli matrices can be found in many
books.



where dy,m (0) are the d-functions. These are in fact just matrix elements of the spin rotation matrix
exp(—i 6 J,) between states quantized along the z-direction. Extended to include azimuthal dependence
it is necessary to use the rotation matrix e=*?/= ¢=%% /v ¢=iX = and the relevant functions are called
Do (0,0, x). For integer ¢ one has

DY(,6,0) = rr1 e 6, (221)
m 4 -
D (0.8.0) = (=)™ 577 YO (6. 0). (222)
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7 Combination of angular momenta

7.1 Quantum number analysis

We consider situations in which two sets of angular momentum operators play a role, e.g.

e An electron with spin in an atomic (nf)-orbit (spin s and orbital angular momentum £ combined
into a total angular momentum j = £ + s). Here one combines the R and the spin-space.

e Two electrons with spin (spin operators s; and 83, combined into S = s1 + s2). Here we have the
product of spin-space for particle 1 and particle 2.

e Two electrons in atomic orbits (orbital angular momenta £; and €2 combined into total orbital
angular momentum L = £; + £3). Here we have the direct product spaces R?® @ R? for particles 1
and 2.

e Combining the total orbital angular momentum of electrons in an atom (L) and the total spin (S)
into the total angular momentum J = L + S.

Let us discuss as the generic example
J=73,+7,. (223)

We have states characterized by the direct product of two states,
71, m1) ® |2, m2), (224)

which we can write down since not only [47,71.] = [43,72:] = 0, but also [jim,jan] = 0. The sum-
operator J obviously is not independent, but since the J-operators again satisfy the well-known angular
momentum commutation relations we can look for states characterized by the commuting operators J>
and J,, |...;J, M). Tt is easy to verify that of the four operators characterizing the states in Eq. 224,
[J?,71.] # 0 and [J?, j2.] # 0 (Note that J? contains the operator combination 23, - j2, which contains
operators like j1,, which do not commute with ji.). It is easy to verify that one does have

[J2,51] = [J*, 53] =0,
[J.,33] = [J.,33] =0,

and thus we can relabel the (251 +1)(2j2+1) states in Eq. 224 into states characterized with the quantum
numbers
|j1, J2; J, M). (225)

The basic observation in the relabeling is that J, = j1, + j2, and hence M = mj +mgy. This leads to the
following scheme, in which in the left part the possible m; and mso-values are given and the upper right
part the possible sum-values for M including their degeneracy.

M
= htl,
mla_—o—é—o—_k 4—0—0—0—0—0—&
") X I t
m, —e e e — e e e o o
) I +
r—————

\jl' jz\
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1. Since |m1| < j1 and |mg| < jo, the maximum value for M is j; + jo. This state is unique.

2. Since J4 = j14 + jot acting on this state is zero, it corresponds to a state with J = j; + jo. Then,
there must exist other states (in total 2J + 1), which can be constructed via J_ = ji_ + ja— (in
the scheme indicated as the first set of states in the right part below the equal sign).

3. In general the state with M = j; + jo — 1 is twofold degenerate. One combination must be the state
obtained with J_ from the state with M = j; + j2, the other must be orthogonal to this state and

again represents a ‘'maximum M ’-value corresponding to J = j1 + j2 — 1.

4. This procedure goes on till we have reached M = |j; — ja|, after which the degeneracy is equal to
the min{2j; + 1,242 + 1}, and stays constant till the M-value reaches the corresponding negative

value.

Thus

Combining two angular momenta j; and ja we find resulting angular momenta J with values

J=j1+j2, it — 1. — el (226)
going down in steps of one.
Note that the total number of states is (as expected)
Jitj2
> @ +1) = (2 +1)(2j2+1). (227)
J=lj1—j2]

Furthermore we have in combining angular momenta:

half-integer with half-integer — integer
integer with half-integer — half-integer
integer with integer — integer

7.2 Clebsch-Gordon coefficients

The actual construction of states just follows the steps outlined above. Let us illustrate it for the case of
combining two spin 1/2 states. We have four states according to labeling in Eq. 224,

|s1,m1) ® |s2,m2) : 1/2,41/2) ® |1/2,4+1/2) = | 1),
11/2,+1/2) ® [1/2,-1/2) = | 1),

)

)

11/2,-1/2) ® |1/2, +1/2

11/2,-1/2) @ |1/2,—-1/2) = | 11).

1. The highest state has M = 1 and must be the first of the four states above

|s1, 5255, M)
11/2,1/2;1,4+1) = | 11).

2. Using S_ = s1_ + s3— we can construct the other S + 1 states.

S_[1/2,1/2;1,+1) = hv/2|1/2,1/2;1,0),

(51— +s2-)[ 1) = A(| 1)) + [ 41)),

3

. Thus for the labeling

(228)
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and thus )
y (| M)+ | m). (220)

Continuing with S_ (or in this case using the fact that we have the lowest nondegenerate M-state)
we find

1/2,1/2;1,0) =

11/2,1/2;1,-1) = | ). (230)

3. The state with M = 0 is twofold degenerate. One combination is already found in the above
procedure. The other is made up of the same two states appearing on the right hand side in
Eq. 229. Up to a phase, it is found by requiring it to be orthogonal to the state |1/2,1/2;1,0) or
by requiring that Sy = s;4 + sa4 gives zero. The result is

11/2,1/2:0,0) = % <| - | m). (231)

The convention for the phase is that the higher m;-value appears with a positive sign.

It is easy to summarize the results in a table, where one puts the states |ji1,m1) & |j2,m2) in the
different rows and the states |j1,j2; J, M) in the different columns, i.e.

jl X j2 J
: M
mi1 mo
For the above case we have
1/2 x 1/2 1 1 0 1
1 0 0 -1

2 F12 1
Y12 —1/2 NCERYE
~1/2  +1/2 JE 1
“12 —1/2 1

Note that the recoupling matrix is block-diagonal because of the constraint M = mj+mso. The coefficients
appearing in the matrix are the socalled Clebsch-Gordan (CG) coefficients. We thus have

|j17j2; J7 M> = Z C(j17m17j27m2; J7 M) |j17m1> ® |j27m2>' (232)

mi,m2

Represented as a matrix as done above, it is unitary (because both sets of states are normalized). Since
the Clebsch-Gordan coeflicients are choosen real, the inverse is just the transposed matrix, or

|j17m1> ® |j27m2> = Z O(jlam17j27m2; Ja M) |j17j2; Jv M> (233)
I M

In some cases (like combining two spin 1/2 states) one can make use of symmetry arguments. If a
particular state has a well-defined symmetry under permutation of states 1 and 2, then all M-states
belonging to a particular J-value have the same symmetry (because j14 +j24 does not alter the symmetry.
This could have been used for the 1/2 x 1/2 case, as the highest total M is symmetric, all S = 1 states
are symmetric. This is in this case sufficient to get the state in Eq. 229.

We will give two other examples. The first is
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1x1/2 | 3/2 3/2 1/2 3/2 1/2 32
+3/2 +1/2 +1/2 -1/2 -1/2 —3/2
1 412 1

1 2

1 —1/2 L \/g
1
3

0 +1/2 2 -

0 —1/2 2 \/g

-1 +1/2 T /2

-1 -1/2 1

for instance needed to obtain the explicit states for an electron with spin in an (2p)-orbit coupled to a
total angular momentum j = 3/2 (indicated as 2pg/5) with m = 1/2 is

p(r,t) = u2’;(r) (\/%YE(@, Q) Xy + \/%Ylo(& ) m) :

The second example is

1x1 2 2 1 2 1 0 2 1 2
+2 41 +1 0 0 0 -1 -1 -2

+1 +1] 1

+1 0

0 +1

w%yw%\
D=

+1 -1

\/I 1
6 3
2 1
0 0 N VA
1
6

0 - R
10 P/
-1 -1 1

This example, useful in the combination of two spin 1 particles or two electrons in p-waves, also illustrates
the symmetry of the resulting wave functions.

Exercise: Repeat the steps outlined for 1/2 ® 1/2 = 0 @ 1 for one of the cases above and calculate the
CG coefficients.

Exercise: You can find CG coefficients using ClebschGordan[{j1,m1},{j2,m2},{J,M}] in Mathe-
matica. Check some examples from previous Tables and construct the wavefunction for the state
J =3/2,M = 1/2 in terms of the eigenstates of j%, j1.,j3 en j2, with j; = 1 and j» = 3/2.

Exercise: The table (given below) contains Clebsch-Gordan coefficients for some general cases. Verify
at least one of the entries in the first Table. Check the |l1,12;1,m) = |1,1;0,0) state explicitly using our
1 x 1 calculation above and the Table.
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Table 1: Clebsch-Gordan coefficients (j1, 3;m1, ma|jm)

1 1

J m2 = 3 m2 = —35

1 1
il jitm+3 2 ji—m+3 2
JiT s T Tl

1 1
1| (Gimmtg\? jitm+3\2
J1—3 211 2141
Table 2: Clebsch-Gordan coefficients (j1, 1; m1, ma|jm)

j mo = 1 mo = 0 mo = -1

=

. [(jl+m)(jl+m+1)} {(jl—m+1)(jl+m+1)}% [(a&—m)(h—mﬂ)}%

(271+1)(251+2) (21 +1)(J1+1) (271 +1)(251+2)
j ] 2 m [EEETEE 2
' 21 (7 +1) rGa+n] SR
1 1 1
i1 (J1—m)(J1—m+1)] 2 [ Gri=m)Gitm) |2 (G1+m)(G1+m+1) ]2
I 271 (271 1) 7125 +1) 271 (271 +1)

7.3 Recoupling of angular momenta

The possibility of finding in the coupling j; ® j2 the angular momentum j3 actually also implies that
Jj3 ® jo contains ji, or that j; ® jo ® js couples to zero. For that purpose one has introduced the 3j-symbol

( i J2 3 )

my mz mz )’

which is just a notation (no matrix or so!). It has nice symmetry properties and is related to various
CG coefficients as C(j1,m1, ja2, ma; js, ms) or C(j1, m1, js, ms; j2, m2), etc. The proportionality constants
turn out to be independent of the magnetic quantum numbers m;, but do contain typically some factors
V27 + 1 and sign factors (—)7.

Similarly one finds that the recoupling of three momenta to a total momentum J, can be done in
different ways with as intermediate steps j1 ® jo — Ji2 or j1 ® jz — Jiz. The recoupling between such
different basis states is independent of magnetic quantum numbers with overlap matrix elements being
proportional to the Wigner 6j-symbol, denoted

J2 v 2

Js J Jis |7
Again the precise form with several factors 1/27 + 1 is constructed to exhibit many nice symmetries under
the interchange of the angular momenta involved.

The recouplings of four momenta by first recoupling particular pairs are related through 9j-symbols,
denoted

Ji g2 Ji2
Jz Ja Ja
Jiz Jou  J

Properties and definitions of these Wigner symbols can be found in e.g. Messiah.
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7.4 The Wigner-Eckart theorem

Specific matrix elements of the form (5]O|a) describe for instance transitions between states o and /.
For instance the absorption or emission of a photon in a state a produces the state O|a). The probability
that this state is observed as a state |3) is

Proba..s = |(30]a)/.

For particular operators O we can make statements on the transition being allowed for specific angular
momentum quantum numbers of the states (similar as illustrated for parity).

We first note that for any operator S commuting with the angular momentum operators ([J, S] = 0),
the quantum numbers are not changed, thus

<J/M/|S|J,M>N5JJ/ oMM - (234)

Thus one has AJ = AM = 0.
A second interesting case are vector operators, for which we also know the commutation relations. It
is easy to rewrite these using J+ = J, +iJ, and V4 =V, £7V,. One has

[Jo, Vil = FRV.,  [Jy, Vil = —ihV,, [, Vi] = 2RV, (235)
or using Ji,
[J4, Vil =[J-,V_] =0, [Js, VE] = £20V,. (236)
These can just as in the analysis of angular momentum quantum numbers be used to show that
T2V, M) =h*J(J+1)V|J,M), (237)
L Ve, M) = (M £ 1)hVy|J, M), (238)

Thus we have the selection rules stating that one can have nonzero transition probabilities only under
specific changes of quantum numbers,

for V, : AM =M — M =0,
for V, : AM =M - M' = +1,
for V_ : AM =M - M =—1.

Because of the commutation relations with the J operators one refers to this as the ’spherical basis’
‘/'ém — ‘/1”7’7/7

V, +iV,
=gt ¥ VO =v,. 239
1 + \/5 1 ( )
These are chosen such that
[J.,00"] =mhOy" and  [Jg, O] = /€€ + 1) — m(m £ 1) O+, (240)

for which one in general can write

(J'M'|O7" |7, M) ZC(f,m;J,M;J’,M')M.
V2T +1

The quantity (J'||Og||J) is referred to as reduced matrix element. The most well-known applications
of the Wigner-Eckart theorem are its application to the multipole operators describing the interactions
of photons with matter, as well as selection rules in interactions between atomic nuclei and elementary
particles with different spin states. It reduces (2J + 1)(2¢ + 1)(2J’ + 1) matrix elements to one reduced
matrix element and the use of (tabulated) Clebsch-Gordan coefficients.

(241)



Combination of angular momenta o1

Emission and absorption of light

For emission and absorption of light (photons) the relevant operator is the electric dipole operator, which
in essence is the position operator, or more precisely the position operator weighted by the charges,
D = )", e;r;. The calculation of transition probabilities are given by the matrix elements between the
appropriate states. Since the dipole operator does not involve spin operators, we have [D;, S;] = 0 and the
spin wave function doesn’t change in a dipole transition, giving rise to a spin selection rule: mgs; = mygao,
ie.

As=Amg; =0. (242)
In fact the photon polarization determines which of the components of the position operator is the relevant
operator. The photon polarizations for linearly polarized light (directed in z-direction) are

linear: €, =2 and ¢, =7,

or

circular: ey = —(Z+i9)/V2 and e = (& —i9)/V2

For polarized light we thus precisely get the (spherical) representation of the position vector in terms of

the two spherical harmonics with £ =1,
[4 m
T €m, = % rY; . (243)

We now just can do the explicit calculation

4 m
<1|’P : 6|2> = \/g/dgr d];lhml (T) rYl 7(97 90) wnzfzmz (T)7

which factorizes into

47T mq * m. m
(L]r - €|2) =4/ 5 /dr T Uy 0y (7) Unyey (T)/dQ Y0, 0) Y (0, 0) Y0, ).
From the ¢-dependence of the spherical harmonics one sees that the matrix element is proportional to
/d</7 efimlap eim’yap eim2<ﬂ — 27T5(m2 + My — m1>,

giving rise to the selection rule
Amy = +£1, (244)

each of these corresponding to a specific photon polarization. The integral for the ¢-dependent part is
simple, but more general one can use the properties of the Y;™-functions to see what happens with the
full angular integration. One only gets a nonzero result if the addition of angular momenta |¢3,ms) and
|1,my) can yield the final state |1, m;) via the well-known angular momentum addition rules. The result
is simply proportional to the Clebsch-Gordan coefficient in this recoupling,

4
(1]r - €]2) =/ ?ﬂ- /dr T Uty (7)) Ungto (1) C(1, My, bo, mos b1, m1).

which is an explicit example of the Wigner-Eckart theorem, and of course precisely follows the general
framework pointed out above.

This leads besides the m-selection rule to |A¢| < 1 Knowing the parity of the spherical harmonics one
immediately gets a parity selection rule, namely 111, = —1 or with IT = (), one is left with

Al = +1. (245)
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Rotational invariance further requires that the sum of the total angular momentum in initial and final
state is conserved. This becomes relevant if the orbital angular momentum and spin of electrons and/or
atomic nuclei are coupled to a specific total angular momentum. In many cases the orbital angular
momentum then is no longer a good quantum number. Still, even when ¢ and s are coupled to j, or for
many particles L and S are coupled to J, the transition operator involves a simple Y1m”, implying

AJ =0, +1 (246)

(with J =0 — J = 0 forbidden!).

The interactions (absorption or emission) of photons in atoms can also proceed via different operators.
The one treated here is known as electric dipole radiation (E1). In order of strength one has also the
magnetic dipole radiation (M1), electric quadrupole radiation (E2), etc. For instance electric quadrupole
radiation is governed by operators of the type x; z;, i.e. in a spherical representation the ¢ = 2 spherical
harmonics. This leads to transition selection rules in which parity is not changed and since the operators
are proportional to 72 Y, one has Al = 2.
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8 Identical particles

8.1 Permutation symmetry

In many cases, most well-known the case of many electrons in an atom, the Hamiltonian is invariant
under permutations of the particle labels, i <+ j, written symbolically as

H(A...i...j...2)=H(1...j...i...2). (247)
Consider first two identical particles and assume an eigenstate ¢(12),
H(12)$(12) = E¢(12),
Because H(12) = H(21) one has also
H(21)$(12) = E¢(12).
Since the labeling is arbitrary one can rewrite the latter to
H(12)$(21) = E¢(21).

Thus there are two degenerate solutions ¢(1,2) and ¢(2,1). In particular we can choose symmetric and
antisymmetric combinations

¢¥4 = 9(12) + ¢(21), (248)

which are also eigenstates with the same energy. These are eigenfunctions of the permutation operator
P;;, which interchanges two labels, i.e. Pijop(l...¢...5...) =¢(1...5...1...) with eigenvalues + and -
respectively. This operator commutes with H and the symmetry is not changed in time.

For three particles one has six degenerate solutions, ¢(123), ¢(213), ¢(231), $(321), $(312) and ¢(132).
There is one totally symmetric combination,

% = ¢(123) + ¢(213) + ¢(231) + ¢(321) + $(312) 4 $(132), (249)
(any permutation operator gives back the wave function), one totally antisymmetric combination
o #(123) — #(213) + ¢(231) — ¢(321) + ¢(312) — ¢(132), (250)

(any permutation operator gives back minus the wave function) and there are four combinations with
mixed symmetry. Nature is kind and only allows the symmetric or antisymmetric function according to
the socalled

spin-statistics theorem: for a system of identical particles one has either symmetric wave functions
(Bose-FEinstein statistics) or antisymmetric wave function (Fermi-Dirac statistics). For identical par-
ticles obeying Bose-Einstein statistics the wave function does not change under interchange of any
two particles. Such particles are called bosons. For particles obeying Fermi-Dirac statistics the wave
function changes sign under a permutation of any two particles. Such particles are called fermions.
This feature is coupled to the spin of the particles (known as the spin-statistics connection): particles
with integer spin are bosons, particles with half-integer spin are fermions.

For instance electrons which have spin 1/2 (two possible spin states) are fermions. The total wave
function must be antisymmetric. This has profound consequences. It underlies the periodic table of
elements. Consider again for simplicity a two-particle system which neglecting mutual interactions has a
separable hamiltonian of the form

H = Ho(1) + Ho(2).
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Suppose the solutions of the single-particle hamiltonian are known,

HO(l)(ba(l) = Ea(ba(l)? HO(1)¢Z)(1) = Eb(bb(l)a

etc. Considering the lowest two single-particle states available, there are three symmetric states and one
anti-symmetric state,

ba (1) ¢a(2)
symmetric: ¢a(1) #6(2) + du(1) Pa(2)
Pu(1) b (2)
antisymmetric: ba(1) $6(2) — du(1) Pa(2)

In particular bosons can reside in the same state, while any two fermions cannot be in the same state,
known as the Pauli exclusion principle.

A way to obtain the completely antisymmetric wave function is by constructing the antisymmetric
wave function as a Slater determinant, for instance for three particles the antisymmetric wave function
constructed from three available states ¢, ¢p and @, is

o | 20 58 28
VI 6/1) 602) 6(3)

Note that only when the states a, b and ¢ are orthonormal, the normalization is 1/ V3l

Exercise: Two (one-dimensional) particles can be in orthonormal states a or b.

(a) If the two particles are distinguishable and particle 1 is in state a, while particle 2 is in state b, the
wave function can be denoted

(21, 22) = ga(w1)Pp(2) Or |P) = [ab) = |a) @ [b).

Determine the (normalized) two-body wave function ¢(z1,2) if (i) the particles are indistinguish-
able bosons; (ii) the particles are indistinguishable fermions.

(b) Show that for distinguishable particles the expectation value of the distance squared is given by
(Bla + a5 — 22122]0) = ((w)a — (@)s)” + (A2): + (A2)j
Express in the same way this expectation value in terms of matrix elements for the states ¢, and
¢y for cases (i) and (ii) under (a)

(c¢) Explain from the answer in (b) that identical bosons tend to attract each other, while identical
fermions tend to repel each other.

8.2 Atomic structure

The most well-known application of Fermi-Dirac statistics is the consecutive filling of atomic levels giving
the periodic table of elements. For many-electron atoms a good starting point is trying to approximate
the average effect of the electron-electron repulsion term in the many-electron Hamiltonian

Z h? s Ze? Z e?
H ; = —— V- — T 251
(Tla yTZ3:D1, apZ) Z< om i 47T€07°i) +;47T€0|’l"1‘—’l"j| ( )

=1
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by an effective central potential. The effective charge felt by an electron is expected to behave like

A
Z eif
;
g =1
1 o Zeﬂ r—0
— 7

z

The behavior of Zeg(r) can e.g. be obtained from the electron densities in a self-consistent matter. Thus,
one can approximate the many-electron hamiltonian by

z
K2 Zogi (1) €2
H(rl,...,rz;pl,...,pz)%Z<——V2—L)+... (252)

P 2m 4meqr;

The advantage of this procedure is that part of the repulsion is taken into account retaining a central
interaction and a separable hamiltonian. This will modify the spectrum, lifting the degeneracy between
different ¢-values for given n. In general the higher ¢ values will, because of the angular momentum
contribution h? £(¢ + 1)/2mr? in the effective radial potential, feel a smaller charge and hence become
less bound.

E
The (schematic) spectrum for many-electron
6 (10x) 34 atoms. A possible parametrization of the levels
(2x) 3 IR 3p taking into account the screening effect is
(6x) R
—=-2p Ep=—-———"cs
(29 o RGN
where dy is referred to as quantum defect, and
one expects 0y — 0 for large ¢-values. This will
work particularly well for atoms with one electron
ﬂ 1s outside a closed shell.
=0 =1 =2

In the central field approximation, the hamiltonian is separable for the different electrons and the solution
is an antisymmetrized product of single electron states (Slater determinant), where one needs to keep
in mind the spin degeneracy (2 for each level). Operators compatible with the hamiltonian are £; (and
similarly spin operators), just as is the parity operator. Hence one has many good quantum numbers. At
this level of approximation one can label the states by giving the various (nf) levels and their multiplicities,
e.g. for the ground state of helium (1s)?2, for Carbon (15)%(2s)?(2p)?, etc. Combining the angular momenta
and spins into specific multiplets will be discussed as an application of spin but is not yet relevant, since
all states are at this stage degenerate. This remains true if one refines the picture by using an effective
central charge Z.g(r). The only effect of the latter is the splitting of different ¢-values corresponding to
the same principal quantum number n.

The structure of the periodic table is summarized in the table given below with the levels given in
order of increasing energy. In this table the noble gases correspond to situations in which there are large
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energy gaps between the filled shell and the next available one. Characteristics of these noble gases are
a high ionization energy and a small affinity to other elements, e.g. Eionization = 24.6 eV (He), 21.6 eV
(Ne) and 15.8 €V (Ar). The level scheme in the table can also be used to establish the excited states.

n summed #
1 | 2 | 3 | 4 | 5 | 6 | 7 of levels remarks

[(19)7 ] | | | | | [2(He) ] |
(25)° 1

(2p)° 10 (Ne)
(35)° 12
(3p)° 18 (Ar)
(45)° 20
(3d)0 30 Fe-group
(4p)* 36 (Kr)
(5s5)° 38
(4d)10 48 Pd-group
(5p)° 54 (Xe)
(6s)? 56

4f )14 70 Lanthanides
(5d)*° 80 Pt-group
(6p)° 86 (Rn)
(75)% || 88
(5f)1 102 Actinides
(6d)10 112 Pt-group
(7p)° || 118 (?)

8.3 Quantum statistics

When we have a large number of particles (gases, liquids) they in principle occupy available levels. The
guiding principle is the equipartition theorem, which is the assumption that all states with the same total
energy have equal probability. Extreme states, e.g. all particles in the ground state and a single one
occupying a very high level to achieve a particular configuration with high energy is then one out of an
almost infinite set, while the groundstate with all particles in the lowest state is one out of one possibility.
To deal with this one introduces temperature, which is nothing else than the average energy per degree
of freedom (modulo a constant, the Boltzmann constant, which is just defining the temperature scale).

Consider a situation in which a particular level with energy E,,,

(d3x) which has a degeneracy d,, is occupied by N, particles. The
Es——— N3 total number of particles is N = )" N, the total energy is
E =3 N, E,. The challenge of quantum statistics is to do the

(dyX) proper counting for distinguishable particles (a) or for identical
E,—=——N particles in the case of fermions (b) or bosons (c). In all of these

cases one needs the number (N, Na,...), which is the number
E, (d;x) N, of different ways to obtain one particular configuration such as
shown in the figure left.
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This is worked out for example in Griffith’s and we have

dNn
Q(N1, Na,...) = N! H & (distinguishable particles), (253)
N,!
Q(N1, No,...) = H dn ) _ H Al (indistinguishable fermions) (254)
Y L\ N LNyl (dn — Ny)! ’

Q(N1,Na,...) = H < Ny, +Ndn 1 > — H W (indistinguishable bosons)(255)

n

To put in constraints of a given total energy and/or a given total number of particles, one adds Lagrange
multipliers and minimizes with respect to the parameters, which are identified with temperature and
chemical potential, respectively. That is, one looks for the stationary point by varying

G=InQ(Ny,Na,..)+a |N— E N,|+B8|E - E N, E, |, (256)
with respect to the N,,’s and
1 w(T)
=— d = -, 257
b=ipr ™ e="07 (257)

The result, assuming that d,, > N,, and using Stirling’s formula In z! ~ z In z — z, gives the most probable
configuration for the three cases,

dn

N, = ey (distinguishable particles), (258)
dn, e .
N, = ey (indistinguishable fermions), (259)
d, — 1
N, (indistinguishable bosons). (260)

T o@tBE.) _ 1

The introduction of temperature (parameter () is the most important one. The Boltzmann constant
kp =1.38x 1072 J/K = 8.6 x 1075 eV/K, just sets the temperature scale. In cases in which the number
of particles is not conserved (e.g. photons), one omits the introduction of «, and the result is the same
with a = 0.

Quantum gases

The most well-known application are the levels in a volume V for free particles. The quantum states are

plane waves of which the density of states in momentum space is given by

1 d3k

di, = d(k) d*k = — :
e dk) R =

This can be seen by looking at the expansion of the unit operators in coordinate and momentum space

consistent with the choice of the normalization of the plane waves,

3
1:/d37~ i) (r| = %/% k) (K|.

Another way is to use box normalization, in which case one finds that for one particle in a box with sides
Liie. 0<z2z<L,0<y<Land0<z<L (ie density p= 1/L3)7 the wave function is found after
imposing periodic boundary conditions,

(261)

or(r) = # exp(i k- 7),
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with k = (27/L) (ng,ny,n.), showing a density of states in k-space given by (L/27)3. Rewriting the
density of states d(k) in terms of k and Q or E and 2, we find for the degeneracy

LR
PACIE

dy, = d(k)d’k = dk ds). (262)

Integrating over the spherically symmetric k-space and putting in the volume, p = 1/V, one gets,

Vo, 1% 2m 3/2
dy = 5 kK dk =d(k)dk or dp=_— <§) VEdE (263)

Thus for a gas one gets (take o = 0) the energy

v om 3/2 30 3 m 3/2

(using [dx z"~'e~® = I'(n) satisfying I'(n 4+ 1) = nI'(n) = n! and I'(1/2) = /7, thus I'(3/2) = /7/2
and T'(5/2) = 3y/7/4). Including the constraint for N one gets

2%m 3/2
N = Ve_a <Tﬁhz) 5 (265)
3/2
3 _, m

satisfying (with = 1/kpT) the well-known relation

o g NksT, (267)

and for which we have for the chemical potential

(268)

m

T 2\ 3/2
e-a=exp<u<T>/kBT>=§(2 B h) |

The occupancies thus are
Ng 1

nE) = Gy T dEweT o

(269)
with ¢ = 0 for a gas of distinguishable particles (Maxwell-Boltzmann distribution), ¢ = +1 for a gas of
indistinguishable fermions (Fermi-Dirac distribution) and ¢ = —1 for a gas of indistinguishable bosons
(Bose-Einstein distribution).

Exercise: Show that for a Fermi-Dirac distribution one has at T = 0 that n(E < Er) = 1 and
n(E > Ep) =0, where Erp = 11(0).

Exercise: Derive the Planck distribution of photons at a given temperature, using the energy and
momentum relation for photons, F = hw and k = w/c and show that the energy density is

huw? 1

EWT) = 535 et — 1"
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Exercise: Calculate the density of photons in the universe from the temperature of the cosmic microwave
background, T" = 2.725 K.
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9 Spin and permutation symmetry in Atomic Physics

9.1 The Helium atom

As a first-order description of the helium atom, one can consider the independent-electron approxima-
tion, starting with a hamiltonian in which the electron-electron interaction is neglected, as well as any
interactions involving the spin of the electrons. In that case one has a separable hamiltonian and for
each of the electrons the solutions are given by hydrogen-like states (Z = 2), characterized by (nf). Let
us investigate the possible ground-state configurations, (1s)? and the first excited levels (1s)(2p) and

(1s)(2s).

e The ground state configurations (1s)?.
Knowing the two angular momenta involved is sufficient to know the parity of these states, IT =
(—)4(=)* = 4. The angular momentum recoupling works in the following way.

Combining ¢; = 0 and ¢3 = 0, the only possibility is L = 0. The orbital wave function then is
symmetric under the interchange of the two electrons 1 and 2.

Combining the spins s; = 1/2 and s2 = 1/2 gives two possibilities, S = 0 or S = 1. The first
possibility is antisymmetric under the interchange of the electrons, the second is symmetric.
The total wave function (product of orbital and spin parts) must be antisymmetric for fermions
according to the Pauli principle, hence L = 0 can only be combined with S = 0. This leaves
only one possibility for the total angular momentum, J = 0. The notation for the only allowed
ground state configuration is

(n1 61)(712 62) 25+1LJ1‘[ = (18)2 1S0+-

e The configurations (1s)(2p) with parity IT = —.

We have L = 1, but appearing twice. We can construct the symmetric and antisymmetric
combinations,

s/a 1 Juis(ri) (0 u2p(r2) My u2p(r1) 0y u1s(72) 0
QSLML_E = Yo@l)#ﬁ (92)11;71}/1 () . Yy (922)

for the spatial part.

The combination of the spins gives again an antisymmetric S = 0 and a symmetric S = 1
wave function.

The allowed configurations are thus obtained by the appropriate antisymmetric combinations
of orbital and spin parts,

[(1s)2p))* "= and  [(1s)(2p)]" *Po- 1- o~

e The configurations (1s)(2s) with parity II = +.

We have L = 0, but now also appearing twice in a symmetric and antisymmetric combination.
As above, antisymmetric S = 0 and symmetric S = 1.

This gives the allowed configurations

()29 'Sor and  [(1s)(25)]" *S)-.



Spin and permutation symmetry in Atomic Physics 61

We summarize the result in tabular form including the (2p)? configuration and indicating which states
are not allowed because of the Pauli principle. To find out which states are forbidden, we indicated the
symmetry of the orbital part of the wave function (L) as well as the symmetry of the spin part ((S) for
symmetric, (A) for anti-symmetric).

Configurations in Helium
configuration EO® /R, | Parity L S 2541, terms J-values # states
(1s)? -8 + 0(S) |0(A) (1s)2 1S 1Sy 1
1(S) (1s)2 38 not allowed 3
(1s)(2p) & (2p)(1s) -5 - 1(A) [0(A) | (1s)(2p) TP | not allowed 3
1 (S) (15)(2p)3p 3P0, 3P1, 3P2 9
1(S) [ 0(A) | (1s)(2p)tP p 3
1(S) | (1s)(2p)3P | not allowed 9
(1s)(2s) & (2s)(1s) -5 + 0(A) | 0(A) | (1s)(25)1S | not allowed 1
1(S) | (1s)(28)3S 35, 3
-5 + 0(S) | 0(A) | (1s)(2s)1S 1Sy 1
1(S) | (1s)(25)3S | not allowed 3
(2p)? -2 T [0S [0A) [ (@?Ts TS, 1
1(S) (2p)? 38 not allowed 3
1(A) | 0(A) (2p)2 1P not allowed 3
1 (S) (2]9)2 3P 3P0, 3P1, 3P2 9
2(S) | 0(A) (2p)% 'D 1D, 5
1(S) (2p)? 3D not allowed 15

Important to note is that although additional terms may be present in the full hamiltonian, the solutions
found in this way do form a complete set of states for the atom. Other interaction terms give rise to
shifts in the zeroth order energies and they may mix the states. To calculate such shifts we need to use
perturbation theory.

Exercise: Including the ee-interaction the Hamiltonian for 2 electrons in an atom (see Eq. 251) is no
longer the sum of two Hydrogenlike Hamiltonians. The electron-electron interaction term breaks the
factorization. Omitting the term Hjs one can write down the wave function as a product of (1s) wave
functions. For this product wave function, the expectation value is

E© = ((15)*|Hy + Ha|(1s)*) = =2 Z° Ru,

which is for Helium E(®) = —8 R, the zeroth order approximation of the (1s)? 1Sy groundstate. A way
to account for the ee-interaction is by just adding the Hjo term to the Hamiltonian, but stick to the
approximate wave function.

(a) Calculate for the product of two (1s) waves the expectation value AFEys = ((15)?|Hi2|(1s)?) and
show that the result is

5
AEg = 7 7 Rec.

(we will encounter this procedure as the first order in perturbation theory). Compare the resulting
energy with the experimental value Egg = —5.81 Ro.
A useful integral is [} da 2™ e~ = nl/a"T! for n integer.

For the next multiplets one has a spatially symmetric or antisymmetric wave function of the form ¢ =
1)1 £ 19, the sign determining the spatial symmetry and the particular spin wave function with which to
combine the spatial part.
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(b) Express the expectation energy of the Hamiltonian for the (normalized) symmetric and antisym-
metric wave functions in terms of the following integrals

(U1|e1) = (alth2) =1 1and 9y (assumed normalized),
(1| Hilthr) = E” (i=12),
(Y1lth2) = (Pol1) =S (overlap integral),

(1|Hiz|n) = (P2|Hizlp2) = C (Coulomb integral),
(Yn|Hazlp2) = (Wa|Hi2|th1) = K (exchange integral).

(c¢) Looking at the (1s)(2p) and (1s)(2s) configurations the Coulomb integral is smallest for (1s)(2s)
(could you think of a reason), while the exchange integral is positive. Sketch the spectrum of
Helium including the lowest para-Helium and ortho-Helium states and indicate some of the allowed
radiative dipole transitions.

9.2 Atomic multiplets

In a more realistic atom the ee-interaction term (or what remains after taken into account an effective
charge) must also be considered. It breaks rotational invariance in the hamiltonian for the electron
coordinate 7;, thus £; is no longer compatible with the hamiltonian. We note that L is still compatible
with the hamiltonian. Since there is no spin-dependence, spin operators s; and also S are compatible
with the hamiltonian and corresponding quantum numbers still can be used.

To illustrate how one easily finds the allowed L and S values given an electron configuration, we
consider the ground state configuration of Carbon, (1s)?(2s)?(2p)2. The allowed states in a shell can be
represented as a number of boxes, e.g. an s-shell as two boxes, a p-shell as six boxes,

mad me | 0| mad mg | 1] 0 | +1]
11/2 11/2
—1/2 -1/2

etc. Putting N electrons in these boxes with at most one electron per box (Pauli principle) one has
6!/N1(6 — N)! possibilities, e.g. for a filled only one possibility. Obviously then all magnetic quantum
numbers combine to zero, M; = Mg = 0 and one also has for the total L and S quantum numbers
L = S = 0. Hence filled shells can be disregarded for finding total (L, S) values.

As a consequence the specta of atoms with one electron outside a closed shell (Li, Na, K, Rb, Cs,
Fr) resemble the spectrum of hydrogen, e.g. the configurations for sodium (Na) are (nf) with n > 3.
The groundstate for Na is (35)25 /o, the first excited states are the (3p)2Py /o and (3p)?Ps /o levels. The
electric dipole transition 2P —2 S is the well-known yellow Na-line in the visible spectrum, which by
the fine-structure (see below) is split into two lines corresponding to the transitions 2P /2 —25 /2 and
2P1/2 —2 S1 /2. For atoms with two electrons outside a closed shell (Be, Mg, Ca, Sr, Ba, Ra) the multiplet
structure resembles that of helium.

For a particular number of electrons it is easy to look at the number of possibilities to construct
particular My, and Mg values. This is denoted in a Slater diagram

Ms| Mp||-2|-1] 0 | +1]+2|
+1 o1 J1J]1ToO
0 123271
—1 o1 1 ]17]oO
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It is easy to disentangle this into

0(010|0|O O(1}(1(1]0 0101000

1{1(1]1]1 n O(1(1|1]0 i 001100

0(010|0|O O(1}(1(1]0 0101000
(L,S)=(2,0) (L,S)=(1,1) (L,S) =(0,0)

Thus for the Carbon one finds in the groundstate configurations the multiplets
'p  p 15

Also for configurations involving more shells that are not completely filled, it is straightforward to find
the states in an Mg — My, diagram. At this point we have completed the quantum number analysis of
the spectrum. In order to find the energies one needs to use perturbation theory as well as variational
methods to be discussed next. The results of these methods have shown that for the ordering in the
spectrum a number of phenomenological rules can be formulated, the Hund rules. In particular for the
groundstate configuration one has that the terms with highest S-values (highest multiplicity) and then
highest L-values have the lowest energy, i.e. in the example for Carbon

E(GP) < E('D) < E(*9).

Exercise:

(a) Construct the possible multiplets (spectroscopic terms) of a Barium atom in a (6p)(5d) state. Give
the degeneracy of each of the terms and check that there are (as expected) 60 states. Use the Hund
rules to order the states.

(b) Construct the multiplets for all possible (np)Y configurations of electrons in an atom and give their
ordering in energy.

Exercise: Another system is that consisting of two nucleons, proton-proton, proton-neutron or neutron-
neutron. Nucleons have spin 1/2, hence are fermions. They interact with each other through a potential
of the form

3(s1-7)(s2-1)

V = Vi(r) + Va(r) s - sz + Va(r) 5

— 81824,

where 7 is the relative coordinate.

e Omitting V3, what are the good quantum numbers? Give the various ?5+1¢; quantum numbers
for pp, pn and nn. Include parity.

e Which of these quantum numbers remain good quantum numbers including the V3 term?

Exercise: Because of the similarity of the interaction for protons and neutrons, they are often considered
as a nucleon with two possible isospin states |p) and |n) in analogy to spin states (thus isospin 1/2).
Construct the isospin 0 and isospin 1 states. What is their symmetry. Show that one can use permutation
symmetry including isospin as a degree of freedom and get the same allowed quantum numbers for the
two-nucleon system.
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10 Bound state perturbation theory

10.1 Basic treatment

Perturbation theory is used to obtain in a systematic way a solution for a hamiltonian H = Hy + AV
in the form of an expansion in the (small) parameter A, assuming the solutions of Hy are known, (Hy —

E,SO)) |¢n) = 0. One inserts expansions for the energy and the solution of the form

E,=E9 4+ EM £ N2 E® 4+ (270)
|9n) = |n) + A5, (271)

into the Schrodinger equation (H — Ey,)|v,) = 0,
(Ho + AV) (|¢n) + M) +..) = (B + XED +..) (|¢n) + MolD) +...). (272)

After ordering the terms according to the power of A, one finds at zeroth order the unperturbed Schréodinger
equation for |¢,) and at first order

AVIn) + A Holto(V) = NE(V[¢n) + AEP[{V). (273)
Realizing that the unperturbed solutions form a complete set we take the scalar product with (¢, | and
with (¢, | for m # n, yielding

AES) = (0n|AV]6n), (274)

ME = EQ)(6mli)) = (@mlAVIgn)  (for m #n). (275)

To obtain the first equation we have assumed that 1/1,(11)> can be choosen orthogonal to |¢,) (thus

(Pnl]) 7(11)> = 0). This can be done without loss of generality. It may be necessary to renormalize
the final result, because we have more or less arbitrary set the coefficient of |¢,,) equalt to one. The first
equation gives the first order shift in the energy AE = FE — E,, = /\E,(ll), the second gives the correction

in the wave function. Summarizing,

EW = (4 |V ]y = Vnn, (276)

The latter result can be written down only for the case that the unperturbed state |¢,,) is nondegenerate.
The second order results involve the A2 terms of Eq. 272, giving

Holwi?) + VI = BP ) + EV[0) + BP |én). (278)
Taking the scalar product with (¢,,| gives the result
Vnm an
ER =(oalVIeD) = 3 —5 "5 (279)

EY - B

m#n
Perturbation theory is very useful if the first-order shift in the energies is small, to be more precise if

{m|AV]on)| < |E,(ZO) — E,(,g)| for all m # n. In principle the expressions have been written down for
discrete spectra, but for bound states we can generalize

o= >+ / dE p(E (280)

where the integral covers the continuum spectrum in which p(E) dFE is the number of states in an energy
interval dE around FE.
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10.2 Perturbation theory for degenerate states

In many applications we will encounter the situation that the energy levels in the unperturbed hamiltonian
will be degenrate, in which case the step from Eq. 275 to 277 cannot be made. Eq. 275, however, also
tells us how to proceed. Make sure that each subset of states |¢n1), - .., |¢ns) Which are degenerate with
respect to Hy are choosen to be eigenstates of the perturbation A V. In that case we can choose the wave
function corrections orthogonal to all |¢,,) and we have (¢n;|AV|dn;) = 0. The result is that we get

instead of Eq. 277 the result
N _ (Pm|V]gn)
B #ED oo

In practice we often look for a suitable set of states for which both the unperturbed hamiltonian and the
perturbation potential are diagonal by looking for a relevant set of compatible operators. In worst case
one can ressort to a brute force diagonalisation of the perturbation potential. One needs to diagonalize
the degenerate subspace. This assures that within that subspace the off-diagonal matrix elements are
zero and the steps towards obtaining |1/)7(11)> can be made.

10.3 Applications in Hydrogen

In the hydrogen atom there are a number of additional terms in the hamiltonian that can be attributed
to relativistic corrections,
H = HO + Hmass + HFoldy + Hso (282)

The first term is a correction coming from the difference of the relativistic and nonrelativistic kinetic
energies, the mass term,

2 4

— /122 2 4 2 P D
Hmass— p-c + m#c* — mc —%N—W (283)
Including this correction, the operators €> and £, still remain compatible with the hamiltonian, but
the radial dependence now will be modified. However in first order perturbation theory one obtains an
accurate estimate of the energy shifts by calculating the expectation value of the correction. We here
just state the result®,

4

AE nl)=nlm...|———nfm..)=—a" — | ———— . 284

() = (| Egintm. ) = —a* T (- (284)

Another interaction term arises because of the interaction of the spin with the induced magnetic field

by the orbital motion, the spin-orbit interaction. It can be up to a factor 2 be derived with classical

arguments, but a proper derivation requires the use of the relativistic Dy spectrumirac equation for the
electron. The result for a particle in a central potential is

1 1dV, ¢
22 r dr | °
When applying perturbation theory for this term one must be careful. One cannot simply calculate the
expectation value between hydrogen states [n€smyms). Since the level is 2(2¢ + 1)-fold degenerate the
perturbation mixes these degenerate states. Application of perturbation theory requires a reordering of
these states, such that they are compatible with the perturbation. Instead of the brute force way of
diagonalizing the matrix (nlsmjm/|Hs,|nlsmems), there is a smarter way. By rewriting

Hy = (285)

E-s:§[j2—£2—32},

3The calculation is treated in many quantum mechanics books, usually done by rewriting (p2)? = 4m?2(H — V(r))2.
This symmetric treatment avoids problems with non-hermiticity of p* because of boundary terms at r = 0
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one sees that the operators €2, s2, j° and j» (which from the theory of addition of angular momenta
are known to be compatible with each other) are also compatible with the hamiltonian. This is not true
for the set €2, s2, ¢, and s,. Hence if we use states |[n€sjmy), the correction term has no off-diagonal
elements, hence does (for given £ and s not mix the unperturbed degenerate states and the splitting for
the correct combinations of states is directly found as

1
2m?2c2 <

5 nd) G+ 1)~ €0+ 1) = s(s+ 1)
= — (nl|=|n — —s(s
32meg m2c? 73 T

B e? h? jG+1) —L(+1)—s(s+1) (256)
32mwep m2c? adnd Ll +1)(0+ 3)

We thus must couple £ and s to j-eigenstates. For one electron with a given £ # 0 there are two possibilities
for j, namely j = /¢ + % giving for £ #£ 0

c

AFEg(nlsjm) = o

1
nésjm|; £ - s|nlsjm)

R 1 1
AE (nlj)=a® =2 — — — 287
o0t3) =0 5 (57~ 717 (281)
and for the combined result
R 1 3
AEjmass so — — 2 > — — 288
i te=) (288)

In the Hydrogen atom one also has the Foldy term, which also is a relativistic correction. It is
proportional to §%(r) and thus only affects s-waves. It makes the above equation valid also for s-waves.
We return to this later. Schematically (not on scale) one has the following fine structure in the hydrogen
spectrum

%P3
Ep=-34ev 2P %Py
2s . 231/2\\ —
\2_\\\\\\ ZS:UZ # —6
/ — ,\,\\_::::2_: : f 4x10" eV
57x10° eV P12
Lamb-shift
2s
Ep =-136eV 15— 22 59x10° e\
sy _F=1y
spin—orbit F=o0 4
H0 spin—orbit mass
Foldy hyperfine structure

The various terms cause shifts in the order of 10~4 eV, giving within a orbit characterized by the principal
quantum number n states with well-defined j-values. We denote such a level with a term symbol, for
hydrogen
(nt) @S+1)p,

where (nf) indicates the spatial part of the electron wave function, 25+1 is the total spin multiplicity and
L is the total orbital angular momentum of the electrons (using notation S, P, D, ... for L =10,1,2,...).
In this specific case of hydrogen with just one electron S = 1/2 and the multiplicity is always 2 while
L = {. The splitting of the 25’1/2 and 2P1/2 is about 4 x 1076 eV produces a splitting of the Lyman «
line. Also transitions between both levels are possible via an E1 transition with frequency of about 1
GHz.
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Fine structure in hydrogen: the hyperfine splitting

The hyperfine structure in hydrogen is due to the interaction of the magnetic moments of electron and
nucleus. Also the proton has a magnetic moment, which induces a magnetic dipole field felt by the
electron and vice versa. It produces an interaction term, which for s-waves is of the form

1 1
Vs = : 2z, 289
Gre a2 Me py V7 (289)

We know that p, = ge (e/m.) S and p,, = g, (e/M,) I (where we use the in atomic physics conventional
notation I for the nuclear spin). The splitting thus is proportional to

AFEs < ge gp (IS - I|) = %ge gph? [F(+F1) = S(S+1)—I(I+1)]. (290)

The proper eigenstates are labeled by eigenstates for the angular momentum operators F2 and F,, where
F = S + I. For normal hydrogen in the ground state (I = 1/2), it produces two states with F' = 0
(para-) and F = 1 (ortho-hydrogen). The splitting is much smaller than the fine structure. For the
(1s)25, /2 level in hydrogen the splitting is 5.9 x 1076 eV (see figure in previous section), corresponding
to a transition frequency vy = 1.42 GHz or a wavelength of 21 cm. Although the radiative transition
is heavily suppressed (it is certainly not an electric dipole transition!) it plays a very important role in
radio astronomy. It traces the abundant occurence of hydrogen in the universe not in the least since the
21 cm wavelength is not strongly attenuated by interstellar dust.

10.4 The fine structure of atoms

When combining angular momenta, we discussed the multiplets forming the fine structure in atoms. For
not too heavy atoms, the splitting of energies within the multiplets turn out to be described well by a

spin-orbit interaction of the form
Hy, =A(L,S)L- S, (291)

with a strenght A depending on the multiplet, coming among others from the radial dependence of
the basic interaction. The spin-orbit interaction splits states with different J-values, leading to 25T1L;
multiplets and a magnitude for the splitting being given by
1
AE(LSIM) = 3 AR [J(J+1) — L(L+1) — S(S +1)]. (292)

An example of the splitting of the three terms for an (np)? configuration is given below.

25+ J J (i)
Is o 0
L (32302)
/ll, —2 ’//// \\\\
;1p 2
(0?2 - 2 @oapy (np) 2
g2 1

ok
o
I
—
=2
N
=2
O
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Note that the average (beware of degeneracy) of a multiplet gives the energy of the multiplet without the
spin-orbit interaction. The pattern of levels can in principle be obtained from atomic spectra. The use of
magnetic fields is helpful to determine the degeneracy of the levels. But already the spin-orbit splittings
contains interesting patterns, such as

E(2S+1LJ) _ E(2S+1LJ_1) B J
E(QSHLJ,l) _ E(2S+1L(]72) - J—1’

T =

(293)

e.g. for the ratio (E(*P2) — E(CPy))/(E(2P1) — E(3P,)) one expects r = 2 if LS-coupling describes the
fine structure. For Carbon the actual ratio is 1.65, for Silicium (Si) it is 1.89, but for a heavy atom as
lead (PDb) the result is just 0.36, indicating a different type of fine structure.

A different scheme, that works in some cases better for heavy atoms, is the jj-scheme in which first
the orbital angular momenta and spins of the electrons are coupled, which in turn are combined into
J-values, illustrated in the figure for the (np)? configuration, in which case the interaction is

Hjj = A(j1,j2) 31 - Jo» (294)

and the splitting is given by
. 1 . .
AE(jija M) = 5 AR [J(J + 1) = j1(jr + 1) = f2(j2 + 1)) (295)

Note that coupling two identical j-values of the electrons, one needs to account for the symmetry of
the wave function. The wave function for the maximal J = 2j is symmetric, for the next lower J it is
antisymmetric, then again symmetric, etc. This explains the J-values in the jj-coupling scheme. After
having done all recouplings and accounting for permutation symmetry, the same J-values must appear
in both schemes.
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11 Magnetic effects in atoms and the electron spin

11.1 The Zeeman effect
Interaction of orbital angular momentum with magnetic field

In a magnetic field an additional interaction is added to the hamiltonian,

h? Ze?
H=——V? - —— 4Viue, 296
2m dmegr +Vmag (296)
Ho
where Vinae = —p - B. Neglecting spin, the magnetic moment of a particle in orbit is given by
- .y (297)
He = —Ge om

with g = 1. What are the eigenfunctions and eigenvalues (energies) of this new hamiltonian. For this
it is useful to find as many as possible commuting operators. Commuting operators are H, 20, (and,
although overcomplete, the parity operator). However, the term

e
Vmag - % E . B,

implies that one only can have ¢, as an operator compatible with H if the z-axis is chosen along B, i.e.

B = Bz. In that case it is easy to convince oneself that the eigenfunctions are still the hydrogen wave

functions, while the energies are shifted over an amount

eB
AEnim, = <n€mé|% L.\nlmg) = my upB, (298)

where L ] L
uB:;—mziec%%5.8X10_5 eV/T (299)

is the Bohr magneton.

Interaction of electron spin with magnetic field

For a proper description of an electron, one needs to specify in addition to ¥ (r,t) a spin wave function.
For electrons with spin 1/2 one can resort to a description with two-component wave functions, where the
spin operators are given by matrices, s = % ho where o are the three Pauli matrices. Just as the orbital
angular momentum, the spin gives in a magnetic field rise to an interaction term in the hamiltonian.

Vinag = — 5 - B, (300)

with .
(& (&

=g, —s=-9,20. 1

g Js5—8="9s 0 (301)

The g-factor for the spin of the electron is gs &~ 2. Actually the deviation from 2 is due to subtle but
calculable effects in quantum electrodynamics, g. — 2 = a/m + ... ~ 0.00232. If the interaction of the
spin with the magnetic field is the only interaction (e.g. for s-waves), the result of the interaction term is
a simple shift in the energies for the states, that now include also spin quantum numbers.
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The Zeeman effect in many-electron atoms

In general a 25F1[ level in a magnetic field is split by an interaction term

Vinag = —p - B, (302)
where p = —up(gr. L + gs S), resulting in a number of levels with the splitting given by
AE(LSMLMs) = —,LLBB(ML—FZMs). (303)

In normal magnetic fields (say smaller or of the order of 1 T), the splittings are only fractions of an eV
and there are other effects causing different splitting patterns, such as the L - S spin-orbit interaction.
But for very large magnetic fields one does see the above normal Zeeman splitting pattern.

M, 2Mg
7 1 1
0 1
2P ——é/}:——— j-l +1
0 -1
0 -1 -1
Zeeman splitting of levels in a magnetic
field (no spin-orbit). Also indicated are
the transitions, separated into AMp =
0 (m-transitions) and AMp = +1 (o-
2 e 0 1 transitions).
ST 0 1
2 T
mo | |

Finally we note that the magnetic effects discussed here are those in an external magnetic field. This
defines a preferential direction in space and leads to dependence on eigenvalues of the (z-)component of
the angular momentum operators. This is also found back in the names magnetic quantum numbers for
me, Mg, etc.

11.2 Spin-orbit interaction and magnetic fields

Inclusion of the spin-orbit interaction is important to describe the fine structure of the multiplets in
atomic spectra. This fine structure in general turns out to be considerably larger than the magnetically
induced splittings. In that case one cannot simply use the results for the normal Zeeman effect when
spin plays a role. So consider the situation that one has an interaction term in the atom of the form

Hyp=AL-S—p-B, (304)

with p = pp(9rL + gsS)/h = pup (L + 2.5)/h. We have already seen what happens in the situations
A=0and B=|B|=0. One has

A=0: eigenstates |(...)LSMMs),
AE(LSMLMs) = ,LLBB(ML + 2Ms),

B=0: eigenstates |(...)LSJM),
AE(LSJM) = % AR?[J(J+1) = L(L+1) - S(S+1)].
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The splitting pattern for A = 0 has already been given, for B = 0 it splits the 2T L multiplet into the
different 25+1 L ; multiplets, for the 2P —2 S transition indicated as the first splitting in the figure below.

J M
3/2 +3/2
5 32 4112
2P P3/2 o 32 -12 The spin-orbit splitting lead-
e 3/2 4312 ing to the 2*1L ; multiplets
2|:)1/2 R %g +:IEI/-/22 for the 2P apd 28 .1e\{els fmd
the consecutive splitting in a
magnetic field for the case of
a small magnetic field.
_- 1/2 +1/2
’s s, 2 12

When one switches on the magnetic field, one deals with an interaction term for which neither | LS M Mg},
nor |LSJM) are proper states (check compatibility of the relevant operators!). If the magnetic field is
small the states will be in first order given by |LSJM) and one can calculate the energy shift via

AEmag = ppB (... )LSIM|L, + 2S.|(...)LSIM) = upB{((...)LSTM|J, + S.|(...)LSTM).  (305)

The part with which we need to be careful is the expectation value of S,, Evaluating it between states
with different M-values belonging to the same J gives zero, because if two M values involve the same
Mg, the M1’s must be different (remember that in the coupling M = My, + Mg). Thus we just need

JJ+1)+8(S+1)—L(L+1)

(LSJM|S.|LSJTM) = M D)

(306)

which follows from a subtle relation involving S and J operators®, J2S, 4+ S.J* = 2.J, (J - S) leading to

J(J+1)+8(S+1) - L(L+1)

Abmag = 11+ 2J(J +1)

M ppB, (307)

gJ

where g is called the Landé factor. This splitting is also indicated in the figure. Note that the procedure
only works for small B-values. For large B-values (Paschen-Back limit) the assumption of states being
approximately given by |LSJM) is not valid and one gets the previously discussed normal Zeeman
splitting.

Exercise:
(a) Use for the 2P states the basis states |L,S; My, Mg) and write down the spin-orbit hamiltonian

Hys, = AL - S as a matrix. Use for this the explicit expression

A
Hso = 5 (2 LZSZ + L+S_ + L_S+) .

Determine the eigenvalues and eigenstates. The latter are of course precisely the |L, S; J, M) states.

“From [J;, Aj] = ihe;j A one obtains the relations [J2,A;] = —ihie(JuA; + AyJy), which yields [J2,[J?, A]] =
2h2(J2A; + A;J?) —4h%(A - J)J;. For the proof one also needs to realize that between J? eigenstates the expectation value
(JM|[J?,0]|JM) = 0 for any operator.
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(b) On the same basis, write down the hamiltonian in an external magnetic field, Hi,, = AL-S—pu- B,
using the explicit form

A
Hint = 5 (2 LzSz + L+S7 + L78+) — UB BO (Lz + 2 Sz) .

Find all eigenvalues and check that they coincide with the approximations made for small and large
B-fields.
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12 Variational approach

12.1 Basic treatment

The variational method is used to obtain an estimate for the ground state energy and the ground state
wave function for a given hamiltonian. This is done by taking a trial wave function |4, a,,..]) depending
on a number of parameters a; and calculating the expectation value for the (given) hamiltonian,

<Q/J[O¢1,O¢2,...]|H|w[a1,0{2,...]>

Elo1,00,..] = (308)
las @2, <1/}[a1,a2,...]|1/)[a1,a2,...]>
If the true solutions and energies of H are given by (H — E,,)|¢,) = 0, it is simple to show that
Ela,,as,..] = Fo, (309)

with the equal sign being true if [¢)(4, ,,..]) = ¢0. By minimizing the expectation value of the hamiltonian
by varying the parameters,

8E[o¢1,a2,...]

80&1'

one hopes to get close to the true ground state. The succes of the method not only depends on the
number of parameters used and the calculational power of computers, but also on smart choices for the
trial wave function such as choosing the correct symmetry, the correct number of nodes and the correct
asymptotic (large and small r) behavior of the wave function.

If one wants to apply variational methods to find other (higher-lying) states, one must ensure that the
trial function is chosen to be orthogonal to any lower state. This may be achieved by looking for states
with a particular symmetry, which of course (why?) only works if the Hamiltonian one is working with,
has this symmetry. In this way one can look for the lowest p-wave in radially symmetric Hamiltonian by
using an ansatz of the form ¢ oc z f(r). One might also constrain oneself to wave functions which always
have a node, keeping in mind the node theorem for bound states.

=0, (310)

Exercise:
(a) Estimate the ground state energy in a linear potential, V(r) = Ty r. Some useful integrals might be

S D(a+1)
/0 dr r* exp(—Ar) = VS

o 2T (a+2
/ dr 13 exp (—Ar3/2) = (aif),
0 3 AO‘+§
o o 1T (a+ 2
/0 dr r** exp (—Arz) =5 71(4a+;)
valid for & > 0. Note that I'(z + 1) = z!, satisfying I'(z + 1) = 2I'(z). Some specific values are
I(1) =0l = 1, [(1/2) = /7, and ['(2/3) = 1.35412.

)

(b) To appreciate the accuracy of your result, note that the exact solution is an Airy function Ai(z),
solution of Ai”(z) — z Ai(z) = 0. Argue that the function

u(r) ~ Ai (% —e>.

with ro = (h?/2mTy)!/3 is a solution of the three-dimensional linear potential if Ai(—¢) = 0. Show
that it represents a solution with boundary condition «(0) = 0 and energy E = —e Ey, where
Eo = (h2T$/2m)/3. The first (negative) zero of the Airy function is at € = 2.3381.
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12.2 Example: electron-electron repulsion
Ground state of Helium atom
As a trial function for the He ground a good ansatz could be a simple product of wave functions,

ad

r1,T2) = —%
1/)T( 1, 2) ﬂ_age

—ari/aog

e—ar2/a0, (311)

By allowing the coefficient o in the exponent to vary, we try to incorporate the screening. We can use
the variational approach to see how well we can do. With the results from the sections on the hydrogen
atom and those of the previous section we find

n? 2 2 R, 2
<wT|_%(V1+V2) |1/1T>: m—aga =2« Rooa (312)
~Ze? (1 1 27¢?
4= = — = —4Za R, 313
rle (£ + 4 ) lor) =~ 2= ~42a (313)
(Wl ——lir) = 2o (314
T47T60T12 T _4a ot
and thus .
Ejo) =2 |:042 - <2Z - g) a} R, (315)
which is minimized for 5
=Zwg =2 — — 1
! i 16 (316)
with
5\ 2
Elomin] = 2(Z - =) Rw. (317)
16
For He this gives Eys = —5.7 R, wich is within a few percent of the experimental value of —5.81 R

= 79.0 eV and much better than the value using perturbation theory (which of course is just the result
obtained for v = 2). As expected the value Zeg = 27/16 is less than 2.

The H -ion

An interesting second example is actually the hydrogen atom, which also has a positive electron affinity,
H+ e — H™ + 0.76 eV. Here, adding a second electron actually is harder to deal with in a variational
approach. If one tries for the two electrons in H™ a simple product wave function does not produce a
positive electron affinity (check this). In order to find a positive electron affinity for the H-atom (for
which an equivalent statement is that the H™-ion has a binding energy of 0.056 R, = 0.76 €V) one can
use e.g. a trial function of the form

bp=C [e*(a1m+a2rz)/ao + e~ (earatazri)/ao | (318)

The form is suggestive for two different orbits with fall-off parameters a; and a3, but as electrons are
indistinguishable one must (anti)-symmetrize (depending on spin) the two terms.

Exercise: Apply the variational principle to find a suitable wave function for H=. Try the product wave
function that has been used for He. What do you find for the electron affinity of H in that case. Then try
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the two-orbit form proposed in this chapter and show that it at least leads to a positive electron affinity.
A useful integral is

d3 d3 e—20¢1 r1—2002 T2 B T T a0 (O[% + Of% +3 alaz) ar1=as 5 T\ 2
T1 ) f = -3 -3 3 = g (6% (—3) .
|r1 — 72 (a1 + ag) @

12.3 The Hartree-Fock model

The Hartree-Fock model is a self-consistent model for determining the effective potential for electrons
that we discussed earlier in the context of the periodic table. It starts from the Hamiltonian like in
Eq. 251 including all electron-electron interactions, The variational approach is actually done through a
self-consistent solution of

§(y[H — Elyp) =0, (319)

under varying the solution 1, restricting oneself to solutions in the form of an antisymmetrized product
(Slater determinant) of (normalized) single electron wave functions,

Y(ry, ..., rz)=Ad1(r1) ... oz(rz), (320)
which satisfy
R? _, Z e? e?
RN v o2 Br: o (r))]? ———m —F; [ di(r;) =0 321
vV 4w+§/ 1y 16,0 ey =B 1070 (321)
WI(’I"I)

The solution can be obtained iteratively by starting with an ansatz for the potential W;(r;), solve for
the single particle solutions, reconstruct the new W;(r;), continuing till convergence is reached for the
effective potential W.

Exercise: Start for Helium with W;(r;) = 0 and construct the potential W;(r;) after one step and look
if you can find Z.g(r) as in Eq. 252.
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13 Time-dependent perturbation theory

13.1 Explicit time-dependence

Repeating the case of a hamiltonian without explicit time-dependence, i.e. Hy = Hy(r,p,...). One
employs the time-independent solutions of the eigenvalue equation H(r,p,...)¢, = E, ¢,. Using the
completeness of the states ¢,, one can write

(1) = 3 ent)én, (322)

insert this in the Schrédinger equation,

ih= - = Hu(t) (323)

leading to ‘
ihén(t) = Epcn(t) = cp(t) = cp e Ent/h, (324)

with constant coefficients ¢,, = ¢, (0). There are two possibilities:

1. One starts (e.g. after a measurement) with ¢(0) = ¢;, where ¢; is one of the eigenstates of Hy with

eigenvalue/energy E;. In that case _
h(t) = pi e Pt/ (325)

known as a stationary state. All expectation values of operators (that do not explicitly depend on
time) are time-independent.

2. One starts in a mixed state, say 1(0) = c¢1 ¢1 + ¢2 ¢2. In that case one has
U(t) = c1dre B 4oy gy e TR, (326)

which leads to oscillations in expectation values with frequency wis = (Eq — E2)/A.

In the situation that the hamiltonian of a system contains explicit time dependence, i.e. H = H(r,p,...,t)
one no longer has simple stationary state solutions of the form ¢, e *#»t/" We consider the case that
the time-dependence is contained in a part of the Hamiltonian.

H = Hy+ V(t). (327)

The part Hp does not have explicit ¢-dependence, while the second part has a (possible) time-dependence.
Assume the problem Hy to be known with eigenstates ¢, and eigen-energies E,,. When doing time-
independent perturbation theory (i.e. the case that V is time-independent) one tries to express the true
eigenfunctions of H in the complete set ¢,. In the present treatment one makes the observation that if
the system at some time is in a state ¢;, it will at a later time have a nonzero probability to be in another
state. The calculation of the rate of change is what is done in time-dependent perturbation theory. This
can actually be used for both time-independent and time-dependent perturbations.

Starting with the known (time-independent) part Hy, we use completeness of the states ¢,, to write

(t) =D cnl(t) e Frt/m, (328)

Note that one could have absorbed the exponential time-dependence in ¢, (t), but not doing so is more
appropriate because the time-dependence of ¢, is then solely a consequence of V.
By substituting the expression for ¢(¢) in the Schrédinger equation,

ih g (6) = (Ho + V() 6(0), (329)
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one simply finds
ihéy(t) = Vpn(t) eat) et (330)
n

where Vy,, = (¢p|V (t)|¢rn) is the expectation value of the potential V' between the (time-independent)
eigenstates of Hy, and wp, = (E, — E,)/h. As expected if V' = 0, the righthand-side is zero and the
coeflicients are time-independent.

In the next section we solve the above equations for a simple two-state system. Often, however, one
will encounter a perturbative approach treated after that example.

13.2 Example: two-level system

Consider a two-state system, with ¢, and ¢; being solutions of the unperturbed Hamiltonian with eigen-
values FE, and Ey, Hy ¢, = F, ¢, and Hy ¢p, = Ep ¢p. Using a matrix notation and the basis

(1 (0O
ba = [ 0 ] and ¢y = [ 1 ] (331)
the Hamiltonian Hy and the perturbation V are taken to be
. E, O . Vaa (t) Vb (t) . 0 Van(t)
Hy = [ 0 B ] and V = [ Via(t) Vi (8) = v 0 . (332)

We have restrict ourselves to the simpler situation that there is only a time-dependent off-diagonal
element. Most applications can be cast in this form anyway. The solution can be written as

w0 =alt) (5 Jermmaa (] e (0T e

and the coefficients ¢, (t) and ¢,(t) obey a simple coupled set of equations of the form

m[ Cal(t) ] _ [ 0 Vap (t) eTiwart ] [ ca(t) ]

Vo (£) et 0 e (1)
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Exercise: Show that in the presence of V,,(t) = hv,(t) and Vi (t) = Avy(t) in the two-channel case one
can get again a ’simple’ coupling problem if we start with the ansatz

ca(t) e~ iBat/h o—i JEdt" va(t))

1/)(15) = Cb(t) e—iEut/h e—ifot dt’ vp(t") ] ’
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Two-level system with harmonic perturbation

Let us assume a harmonic time dependence for Vg, (¢). An example would be the following hamiltonian

for a two-state system,
H=—p-B(t) = —ys-B(t), (337)

describing the interaction of a spinning particle (with magnetic moment p proportional to its spin) in
a magnetic field. For instance for an elementary electron p = —(e/m) s where s = (i/2) o. For other
(composite particles) the factor may be different. However, for any spin 1/2 particle the spin operators
can be represented by the Pauli matrices. Starting with a constant magnetic field in (say) the z-direction,
By = (0,0, By), and using the matrix representation for a spin 1/2 particle one has

__2Bo, 2B, (1 0
Hy =~ ho. = 2h[0_1]. (338)

The solutions are easily obtained,

b = [ (1) ] with E, = —%BO h, (339)
B
by = [ (1) ] with B, = %h, (340)

If the system is in a spin-state along the z-direction, it will stay in this state. If it is in another direction,
it will start to oscillate with a frequency wap, = (E, — Ep)/h = —7 By, known as the Larmor frequency.

Next consider the system in a circulating magnetic field in the x-y plane, superimposed on By, B(t)
= By + B;(t), where B;(t) = (By coswt, By sinwt,0). In that case

B B
H = —% ho, — % h(oy coswt + oy sinwt)
o vBg 1 0 vB1 0 e~ Wi
R [o —1]_Th[e+iwt o ) (341)
We thus have a harmonic perturbation of the form
By Van(t) o, }
Vab(t) = —% e ™ and wv(t) = % etiwart — ) pmi(W—war)t, (342)

with v; = —vB1/2.
The coupled equations in Eq. 334 can now simply be rewritten into a second order differential equation
for ¢,
Co + (W — Wap) Cq + V3 cq = 0. (343)

This equation has two independent solutions of the form e??! with

p= —% (W — wap) £ wy (344)

with the Rabi flopping frequency w, = %\/(w — wap)? 4 40%. The general solution can then be written as

ca(t) = e~ 2@ wa)t (A sin(w, t) + B cos(wy 1)),

cp(t) = —— Ca(t). (345)
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Starting off with ¢,(0) = 0 and |¢;(0)| = 1, it is straightforward to check that

ca(t) = Ae2 1 (@mwan)l gin(w, 1), (346)
2 2 g2

A 2 _ U_l — v 1 347

A= = e (347)

lea()” + les(t)]* = 1. (348)

Thus, given an initial spin aligned parallel or antiparallel to the By field, the probability for transition to
the other spin state shows oscillations with a frequency w,., while the magnitude depends on the frequency
of the rotating perpendicular B; field, showing a resonance at w = wqp. In that case the spin completely
flips from parallel to antiparallel and back with frequency w, (at resonance we have w, = |v1]).

13.3 Fermi’s golden rule

In many case we are not able to exactly solve the time-dependent problem and we treat the problem
perturbatively. Writing, H = Hy + AV (¢), including a multiplicative factor A to keep track of orders. In
the case of perturbation theory, we realize that in writing a solution of the form

ep(t) = céo) )+ )\c](ol)(t) +..., (349)

the time-dependence of a specific order is determined by the next lower order,

ih el =" Vo (8) ™) (1) e ernt, (350)

Starting with ¢,(0) = dp;, one immediately sees that the first two orders are given by

e (1) = 0y, (351)
1 T i Wpi
e)(r) = = /0 dt Vy(t) et (352)

This can straightforwardly been extended and leads to the socalled ‘time-ordered’ exponential, which we
will not discuss here.
The quantity |c,(7)|? is the probability to find the system in the state ¢,, which means the probability

for a transition ¢ — p. The first order result is valid if |cz(,0) (1) + c,(,l)(7')|2 ~ 1.

Even for a time-independent interaction V', transitions occur, if the initial state is not an eigenstate of
the full Hamiltonian, but only of Hy. For a time-independent interactions V', and slightly more general
for an interaction with a harmonic time dependence proportional to e *“!, we can easily obtain the

coefficient 01(71). If V is sufficiently weak, we find the result in first order perturbation theory,

Oy = el / "t emitomwt — _ WVoil i
p ih J R(w — wpi) 0

Vi i(w—wpi) 2Vl —i (w—wpi) /2
= il () emiemwp)T) — 2Tl — wpi)T/2) et Wmwp)T/2 (353
R — wy) ( e ) R — wyr) sin((w — wpi)7/2) € (353)

and thus for p # i,

4 |V;m-|2 sin2((w — wpi)T/2)

P_(l) (T) =4 (w — wpi)2 (354)

1—p

The function
sin?(wt/2)
2

flw) =

w
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is for increasing times 7 ever more strongly peaked around w = 0. The value at zero is f(0) = 72/4, the
first zeros are at |w| = 27/7. Since

.2
sin®(wt/2) w7
we approximate
.2
sin®(wt/2) w7
Then we find®
(1) 271' 2
POL(r) =72 [Vl 8(B, — B — Q) (357)
where ) = hw, or for the transition probability per unit time,
. 2
Wiop ~ PO = % Vyil?6(E, — E; — Q)  Fermi’s Golden Rule. (358)

Including a harmonic perturbation, Fermi’s golden rule implies £y = E; 4+ @, where @ is the energy
transferred to the system in the interaction. Although the allowed final state is selected via the energy
delta function, it is often possible that the system can go to many final states, because we are dealing
with a continuum. In that case one needs the density of states ps(E), where p;(E)dE is the number of
states in an energy interval dE around E. The transition probability per unit time is then given by

2 27
Wisg ~ /dEp pr(Ep) - Viil?6(Ey — B — Q) = - Vil s (Bi + Q) (359)

(Fermi’s Golden Rule No. 2).

Exercise: The cross section do in scattering theory is defined as the ratio between number of particles
scattered under a particular angle divided by the flux of incoming particles

The left hand side is given by W;_, ; = W,_,,, which is the transition probability per unit time of a plane
wave ¢; = ¢, into a plane wave ¢ = ¢,/, for which we use Fermi’s Golden Rule.

(a) Calculate for a plane wave ¢;(r) = ¢p(r) = \/p exp(ip - r) the flux |5,].

(b) Calculate the density of states in the final state,

pr(E") dE' dQ =

(c) Show that the matrix element V}; is proportional to the Fourier transform of V (),

Vii=p /d37° V(r) exp(iq-r) = pV(q).

Express g in p and p’.
(d) Combine all results to find do/dS2.
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14 Emission and absorption of radiation and lifetimes

14.1 Application: emission and absorption of radiation by atoms

We take a plane wave for the scalar and vector potential,
¢ = ¢(k,w) expli(k - — wt)], (360)
A = A(k,w) expli(k - r — wt)], (361)

with w = |k|e, corresponding with the energy and momentum relation, E = |p|c, for a massless photon.
Although the physical fields are real, we can work with the plane waves by always taking also the complex
conjugate solution into account. The corresponding behavior for the electric and magnetic fields can be
obtained from the potentials®

E = i?(k,w) expli(k - r — wt)], (362)
B = B(k,w) expli(k - r — wt)]. (363)

The interaction of matter with an electromagnetic field is given by
Hint = [ @r [p(r) o(r) = 5(r) - A(r)] (364

where p and j are the charge and current distribution. The dipole approximation is valid when the wave
length A\ = 27/|k| is much larger than the typical size of the system, e.g. for light (A ~ 6000 A) and
atoms (size ~ 1 — 10 A). In that case one can restrict oneself to the first nontrivial term in

expli(k-r—wt)] =e "' (1+ik-r+...). (365)

One obtains
Hie = e_i“’t/d3r {(1 +ik-7)p(r)d(k,w)— (1 +ik-7)j(r)- A(kz,w)} (366)
= et [Qé(k,w) — D E(k,w)—p-Bk,w) +...|, (367)

where we have used that ik ¢ = —E + (w/e) A and ik x A = B. The charge and current distributions
give rise to charge, electric and magnetic dipole moments,

Q= /d3r plr) = Zqi, (368)
D= /d3r rp(r) = Zqi ri (369)
u:/d3rrxj(r):>2%ﬂi, (370)

The results after the arrow in the above equations indicate the results for a number of charges ¢; at
position r;, i.e. p(r) =>, ¢ §3(r — r;). For a neutral system the first interaction term disappears and
the next important one is the interaction with the electric dipole moment (D).

6Recall that

E--vo_194
c Ot

B=VxA
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The radiation fields can be obtained from the vector potential

A =¢€(k,w)

% expli(k - r — wt)] (371)

and ¢ = 0. The vector € is called the polarization. One has

E = € Ey expli(k - 7 — wt)], (372)
B = % Ey expli(k -7 — wt)]. (373)

In the dipole approximation the interaction with matter is given by
V(t)=—-D-E(t)=—-D-eEye"“t. (374)
We already calculated for such a time-dependent interaction, the transition amplitude,

<¢;D|D - €|¢i) Eog et (wpi—w)T _ |

M () =
¢ (7) ih i (wpi —w)

p

: (375)

which gives as before rise to a delta function §(w —wp;). With w being the positive photon frequency, this
can only describe absorption of a photon, hw = E, — E; > 0. For the real electromagnetic fields also the
complex conjugate solution must be considered, which gives the same result with w — —w. This gives
rise to a delta function §(w + wp;) and describes the emission of a photon, fw = —fw,, = E; — E, > 0.
The transition probability can be summarized by

_ Ew)
==

o T

P(l) (T) 7

i—p

[(¢p|D - €]i)| (W — [wpil)- (376)
If one is not working with monochromatic light one has an integral over different frequencies w. In-
stead of the intensity of the field Fy = Ep(w) one can use the number of incident photons N(w)
(number/(areaxtime)). This number is determined by equating the energy densities in a frequency

interval dw,

1
5 €0 E2(w)dw = ——dw, (377)

Integrating over the photon frequencies, one sees that the atom absorps or emits photons of the right
frequency leading to a transition rate

(1 m
P = e lonil N(lwml) (D - €[} (375)
For electrons D = — ). er; = —e R. For unpolarized light € is arbitrary and averaging gives a factor

1/3. In terms of the fine structure constant a = e? /4 €y hic the averaged transition rate is

) 4
Wiy = P, = 57 o lupal N (Joal) | (| R (379)
Note that by treating also the electromagnetic field quantummechanically one finds in addition to the
stimulated absorption or emission rate a spontaneous emission rate

w3

t. 4 i
WL = 2 a =7 (6, | RIon)I, (380)

i—p 3

governed by the same transition matrix element and thus obeying the same selection rules.
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14.2 Application: unstable states

In many circumstances one encounters unstable states, i.e. the probability P to find a system in a
particular state decreases in time,

dpP
Pt+dt)=Pt) (1—~vdt) = i —v P(t),
where v is the decay rate or decay probability per unit time. The solution is
P(t)=P(0)e " = P(0)e /T, (381)

with T'= 1/y = h/T the lifetime. The quantity T is referred to as the width of a state. For a decaying
state we thus write _
[ (t)) oc e Ent/hmmt/2, (382)

We can expand a decaying state in eigenmodes according to

* dw

efiEnt/hf'ynt/Q H(t) — / had c(w) efiwt, (383)
oo 2m
(including the Heavyside step function 6) with
@ = | "t ettt

0

— —i e+i (w—wn+ivn/2)t
W — wp + Y,/2 0

N (384)

W — wy +iv,/2°

For unstable states the transition amplitude for emission or absorption of a photon is then proportional
to

dw! duw}
Tw) = [ 5252 Gl 2niw - uf + )

dw’

- [ e al +w)

dw/ oo oo _.( . By . . / . | N
dty dty e\ T2 i72/2)t2 o+i (W tw—witivi/2)t
2m Jo o

/oo " /OO dts ot (watiya/2)ts eti (w—wi+iv1/2)t1 5(t1 _ t2)
0 0

= dt €+7: (w_w12+i’712/2)t = Z . ) 385
/0 w — w2 + i712/2 >

where wis = w1 — wso and 12 = 71 + 2. Thus the line-intensity becomes instead of a delta-function
d(w — |wpi|) proportional to
1

(W —wi2)? + 77, /47

I(w) o |T(w)[* o

or normalizing to the peak intensity

I'%,/4
h? (w — w12)2 + 1—‘%2/4,
showing the reason for the name width. The quantity I'15 is precisely the width of the peak at half-

maximum intensity, when plotting I as a function of the photon energy fiw. The function is known as a
Lorentzian distribution or a Breit-Wigner distribution.

I(w) = I (386)
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15 Adiabatic processes

15.1 Sudden and adiabatic approximation

The sudden approzimation, where an instantaneous jump between (time-independent) Hamiltonians H_
and Hy at time ¢t = 0 is considered, in essence involves reexpressing the instantaneous wave function 1 (0)
in terms of the new eigenstates of H, which determines the time evolution for ¢ > 0. Its validity can
be investigated and requires the timescale of the change to be much faster than the typical timescales
related to the initial motion.

The opposite is an adiabatic approximation, where the change in the Hamiltonian is slow. Although
the treatment is similar on some parts, the difference with time-dependent perturbation theory is that
the whole system (full spectrum) changes, usually due to the environment, expressed as H(t) = H(R(t)).
One might think here of moving the center of mass of a complex system through an environment that
determines (part of) the Hamiltonian, but also of changing gradually some other external parameters,
such as slowly increasing the strength of a confining harmonic oscillator well or of slowly varying electric
or magnetic fields.

We simply start with writing down instantaneous sets of (normalized) eigenfunctions,

H(t)¢n (t) =E, (t) ®n (t)7 (387)
and solve for 9
ih &1/) = H(t)¥(t). (388)

For the solution we use the ansatz

W(t) =Y calt) du(t) e, (389)
with
1 t
i0,(t) = — / dt' E,(t'), (390)
ih 0
satisfying 6, (t) = E,(t)/il = —iwy(t). Singling out this phase is just convenient, generalizing the time-
independent treatment. For a time-independent Hamiltonian with time-independent eigenfunctions and

eigenvalues we actually get i0,,(t) = —iw,t.
We find from the Schrédinger equation that
Ep == (dpldn) cn e, (391)

n

Note all quantities in this expression are time-dependent. The matrix element can be related to the
matrix element of H, starting from Eq. 387, Hop,, = —H¢,, + E,¢n + Endy, giving

(9 H|6n) = (En — Ep) ($plén)- (392)
This gives the result .
. H|opp, (6, —
&p = —(plop) cp — Z <%p| _|g > e /000, (393)
n#p " P

In the adiabatic limit the change of the Hamiltonian is assumed to be small compared to the intrinsic
time-dependence, which is of the order of h/AFE, where AE are typical energies or energy differences in
the spectrum. Therefore, omitting the second term, and starting with ¢(0) = ¢,,(0) in the nth eigenstate,
one gets in the adiabatic limit

(1) = 00 1O (1), (304)
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where the phase v, defined as
t
ity =i [ dt (onldn), (395)
0

incorparates the effect of the (first) term on the righthandside in Eq. 393. As defined, the phase 7, is
real, because it’s imaginary part (the real part of (¢,|¢,)) is zero for normalized wave functions. The
phase v, is known as Berry’s phase.

15.2 An example: Berry’s phase for an electron in a precessing field

For an electron in a precessing magnetic field one has (using wg = —y B),
hwg . : .
Hit) = —yS-B= > (cosa o, +sina cos(wt) o, + sin o sin(wt) o)
_ hwo cos e~ sina
2 et sina —cosa :

The energies are Fy = +fwy/2 and the normalized eigenspinors are

N e v B S CLTh

In this case the exact solution is actually known (see Eq. 346). With the appropriate starting point and
realizing that in this case the Rabi frequency is

wy =2 \/(w—wo cosa)? + wi sin o = 1 \/w2+w(2) — 2wwp cos a,

one has
® cos(a/2) e~ ™/2 (cos(wyt) — i (WQ"‘;“}) sin(w;-t) (396)
x(t) = , " .
sin(a/2) et™/2 (cos(w,t) — i W;—:Tw) sin(wyt)
The overlap with x_(t) is (exactly)
2 w2 . 9 . 9
|- Ix(@)" = —5 sin”a sin®(wt).
In the adiabatic limit (w small) the Rabi frequency becomes
1
wr N (wp — w cosa),
and one has w < wg ~ w,.. The overlap with x_(¢) disappears and the remaining part is
X(t) ~ efiwgt/Q ei(o.: cosa)t/2 Xt (t) (397)

Using
.. cos(a/2) e~ /2
’LXJr(t) = %w [ —SlI(l(C{/;) €+iwt/2 ] )

Berry’s phase is indeed also found from Eq. 395

t
O =i [t (elie) = (o cosat.
0



Adiabatic processes 86

15.3 The geometric nature of Berry’s phase

Berry’s phase is an example of a phase that depends on the nature of solutions and their dependence on
parameters, such as shape of potential, position in external fields. Such positions or shapes can return
to their original position but still the phase may persist. The phase, however, does not depend on the
time it takes to get back to the original situation, but on the path in the parameter space. Such a phase
is called a geometric phase. To see the geometric nature of Berry’s phase, one realizes that the time
dependence in ¢,, comes from the ’environment’, summarized as the motion R(t) in parameter space.

The change in ¢, (t) = ¢, (R(t) becomes

. dR
n — n 1) —,
dn = Vo (R() - 7
and the phase is given by
) t , dR ) Rf
%(t):z/ dt W-<¢n|VR¢n>:1/ AR - (6,]V 1 6n)- (398)
0 Rz

For a closed contour C' in R-space, enclosing a surface .S, this phase can also be written as a surface
integral

Example 1: Electron in rotating magnetic field

The example worked out in the previous section, can for the phase after a full cycle, also be done for the
spinor corresponding to spin pointing in the direction (6, ¢).

B cos(0/2)
X+ 7= | evsin(9/2) |-
(Note that this choice is well-defined at § = 0). Performing the calculation (use polar coordinates) one
finds

. 2 .
_sin(9/2) o
<X+|VX+> —Zm@ and V x <X+|VX+> = 5,2 .
In one cycle of the magnetic field, the phase is
1 [7-da 1 1
'Y+(CYC1€):—§/r—2:—§/dQ:—§Q, (400)

where (2 is the solid angle swept out by the magnetic field, which is in the example of the electron in a
rotating magnetic field was Q = w(1 — cos ).

Example 2: the Bohm-Aharonov effect

Another famous example of a Berry type of phase is the phase acquired by an electron moving around a
magnetic field enclosed in an infinitely long solenoid. In such a solenoid (radius R and taken along the z-
axis) the B-field is uniform inside the solenoid, it is zero outside and it is described by an electromagnetic
vector potential

2 2 2

BR? —BR?y BR%zx
: A= D = 0
rea 2r ¥ ( 272 7 2p2 )

r<a: A:&go: (_—By7@70>7
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In quantum mechanics the field A is very relevant. In fact the Hamiltonian for a charge in an electro-

magnetic field is described by

1 ) 2
H= % (—ihV — q A)" + q ¢. (401)

Taking the electric field zero, one sees that the solution is found by looking for eigenstates
(=il — qA) éx(r) = hks . (r). (402)
Outside of the solenoid, where V x A = 0, the exact solutions involve a line integral
q [T
or(r; A) = exp (z 5 / ds - A(s)) exp(ik-r). (403)
o

This result is in fact nothing else than Berry’s phase modifying the plane wave solution. Eq. 401 imme-
diately gives us the gradient of ¢y (7), which can be used in Eq. 398 to get the phase.
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16 Scattering theory

16.1 Differential cross sections

The quantummechanical treatment of a scattering problem is that of a particle (with mass m and incoming
momentum p) scattering in a given potential V' (r). We assume that the particle is scattered into a final
state with momentum p’. The latter is the result of a measurement with a detector with opening angle
dQ, located under an angle (6, ¢) with respect to the incoming momentum.

The number of scattered particles per unit time per solid angle, n(6, ¢), is proportional to the incoming
flux j;n, the number of particles per area per unit time,

(0, ¢) dQ = |j;,| do(6, ¢). (404)

This is the definition of the differential cross section do, from which it should be immediately clear that
the unit of cross section indeed is that of an area.

Typically cross sections have something to do with the area of the target as seen by the in-
coming particle, e.g. for proton-proton scattering a characteristic cross section is 40 mb, where
1 barn =1 b= 10728 m2. The number 40 mb, indeed, is roughly equal to the area of a proton
(with a radius of about 1 fm = 10715 m). Besides the area of the target the cross sections
also depends on the strength of the interaction. For instance electromagnetic interactions are
typically a factor 100 or (100)* smaller, e.g. op = 100 pub and op = 1pub, corresponding to
the presence of the fine structure constant o or o respectively, where a = e? [4mweghc = 1/137.
Weak interactions, e.g. neutrino-proton scattering, again have much smaller cross section in
the order of 1072 pb, indicative for the weakness of the "weak” interactions.

16.2 Cross section in Born approximation

We use the result of time-dependent perturbation theory to obtain an expression for the cross section,
namely the unperturbed situation is the free case, with as possible solutions, the incoming particle in a
plane wave, ¢;(r) = \/p exp (ip-r/h), with energy E = p?/2m and the detected final state, ¢y(r) =
VP exp (ip'-7/h), with energy E' = p'?/2m. Note that we allow processes in which the energy of the
scattered particle changes. writing Q = E’ — F one has Q = 0 for an elastic scattering process, an energy
release, @ > 0, for an exothermic process and energy absorption, @ < 0, for an endothermic process.
The potential V' is a perturbation that can cause transitions between these states. Using Fermi’s golden
rule, we have for the number of particles with momentum p’ (of which the direction with respect to p is
given by the angles 6, ¢),

n(6,0)d02 = 2 [[(6;1V101)* p(E) (105)

E=E+Q

In order to get do we need to get the flux .# in the initial state and the density of states p(E’) in the
final state.
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o Initial state flux.
The initial state flux is obtained from the wave function in the initial state via the expression for

the current,

3l 1) = g (6 V= (V) 9) = p 2 = po. (106)

The incoming flux is along p and, as expected, given by . = pv = pp/m (we use p = |p|).

e Final state density of states. The final states are plane waves and the density of plane waves is in
momentum space given by
1 d&p
dp==-——.
p(p) d’p > @nh)?

This can be seen by looking at the expansion of the unit operators in coordinate and momentum
space consistent with the choice of the normalization of the plane waves,

(407)

1 d3p
1= [a = | — : 408
Jarimal== [ ot o) 6l (108)
Another way is to use box normalization, in which case one finds that for one particle in a box with
sides L,ie. 0 <2 <L, 0<y<Land0<z<L (i.e. density p = 1/L?), the wave function is
found after imposing periodic boundary conditions,

bp(r) = L;:/Q exp(ip-r/h), (409)

with p = (2nh/L) (ny, ny,n.), showing a density of states in p-space given by (L/27h)3. Rewriting
the final state density p(p’) in terms of E' and Q' we find

p/2
(2mh)3

L _myf
p @rh)?

p(p)d®p' = dp' dQY = dE'dQY = p(E')dE' dSY'. (410)

DI

With the flux and density of final states, we get immediately

2

o (M2 ]il 3 o )
o(0,0) = a2 (5755)" 2| [ ¢ e (3 0= 7) V) o (411)
or introducing the Fourier transform
V(k) = /d3r V(r) exp(ik-r), (412)

one obtains the following expression for the differential cross section in the socalled Born approximation,

! 2

)

V(q)

do - (= )2 L (413)

o — \2zn2) p

where ¢ = (p — p’)/h is the momentum transfer in the process. Often the differential cross section
is azimuthally symmetric and one uses dQ) = dcosfd¢ = 2w dcosf to obtain do/df. Integrating the
differential cross section over all angles one obtains the total cross section,

o(E) = / d0 %(E, Q). (414)
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Note that in the case of elastic scattering one has p’ = p in which case the momentum transfer squared
is given by

Rq* = |p—p'F=p"+p” +2pp cos(0)
= 2p*(1 —cosf) = 4p* sin?(0/2). (415)
A dependence of the differential cross section (do/d?)(E, ) on this combination is a test for the validity of

the Born approximation. This dependence is in particular applicable for central potentials, V (r) = V (r),
in which case the Fourier transform

Vig) = /d3r V(r) exp(iqg - 7)

0 1
= 271'/ dr/ dcosa r?V (r)etdr cos
0 -1
47

am [~ dr rV (r) sin(qr), (416)
qa Jo

only depends on ¢ = |q|.

Exercise: Derive for elastic scattering the relativistic expression for do/dQ(E, ). The differences with
the nonrelativistic case are the use of a relativistic density (p = E/mc?) and the use of the relativistic

expression for the energy (E = \/mZ2c* + p2c?) and the velocity (v = pc?/E) which will modify the form
of the density of states p(E).

16.3 Applications to various potentials
The square well potential

As a first application consider the square well potential, V(r) = Vj for r < a and zero elsewhere for
sufficiently weak potentials at low energies and small angles (ga < 1). We will come back to the
applicability of the Born approximation in a later section. The Fourier transform is given by

~ ArVy [
Vig) = UL / dr r sin(gr)
q 0
4 aa
= W;/() / dx x sin(x)
q 0
4
= w;/() [sin ga — ga cos qal]
q
a1 4TV 1 1 4am
v 7 {qa - g(qa)3 —qa+ g(qa)3 +.. ] =5 Voa?, (417)

leading for £ — 0 to
do 1 (2mVya2\”
—Uz§<7m 0a> a® (418)
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The Coulomb potential
The integral

~ Ze? 4 &
Vig)=-227T / dr sin(qr) (419)
dmeg q Jo

diverges and we need to consider for instance the screened Coulomb potential, multiplied with exp(—pur).
In that case one obtains

- Ze2 4x [
Vig) = —

— dr si —Hr
Tres 7 Jo r sin(qr)e

2 [ee]
_ L An dr 1 (ei(qﬂﬂ)r — ei(qfiu)r)
dmeg q Jo 27
Ze? 1
€ ¢*+p

allowing even the limit ;1 — 0 to be taken. Thus

do m N2 [ Ze2\? 1 Ze? 2 1
E(E’e)_(%rfﬂ) (?) q_4_(8ﬂ'eopv) sin4(6‘/2)' (421)

This result is known as the Rutherford cross section.

Exercise: Derive the relativistic expression for the elastic Coulomb scattering cross section using the
result of the exercise in the previous section.

Processes near threshold

If the volume integral over the potential exists, one knows that f/(O) is finite and one sees that for small
values of the momentum transfer one can write

y o |E
o(E) x ; = \/; (422)

Thus for an endothermic process (energy absorption or ¢ < 0) one has a threshold value for the incoming
energy, Eiyny = |@Q| and one has for E ~ Eyy,

o(E) « \E— En. (423)

For an exothermic process (with energy release @@ > 0) one can scatter for any (positive) energy E and
one has near £ ~ 0

o(E) (424)

5l

Application to two-particle collisions

In most applications, the target is not an ”external” potential, but rather two particles that collide
(collider experiments) or one particle that is shot onto another one (fized target experiments). This can
in general lead to several possibilities corresponding to several scattering channels,

a+b — a+b (elastic scattering)

— c1+ co

N dy + do + ds } (inelastic scattering) (425)
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Nevertheless, one can deal with these processes, at least the two — two ones, by considering the problem
in the center of mass (CM) system. Considering two particles with momenta p; and p, and masses
m1 and me, for which the only translationally invariant interaction that is allowed must be of the form
V(ry —re) = V(r) with » = 71 — r5 the relative coordinate. Since the flux factor is just given by

p b
I =plor v =p |t~ T2
mi mo

— |B|. (426)
‘M‘

where p is the relative momentum and p the reduced mass one sees that the collision of two particles

indeed can be described by considering the scattering of one particle with reduced mass p having the

relative momentum p, scattering of the potential V().

ip
:
k

Notes:

e Note that in the scattering of one particle in an "external” potential, there is no translation in-
variance, hence no momentum conservation, while for two particles with a potential depending on
the relative coordinate there is translation invariance. The latter requires conservation of the total
momentum P = p; + p,, but not of the relative momentum.

e In the limit that one of the masses becomes very large, the light particle’s momentum and mass,
indeed, coincide with relative momentum and reduced mass, so one finds (consistently) that the
heavy particle can be considered as scattering center.
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17 Scattering off a composite system

17.1 Form factors

Consider the scattering of an electron off an extended object, e.g. an atomic nucleus consisting of Z
protons with charge +e each (and N neutral neutrons) or an atom with a nucleus with charge +Ze and
7 electrons with charge —e each. The hamiltonian is given by

H = Hyystem + He + 'V, (427)

where Hgygtom is the hamiltonian for the nucleus or the atom, H, is the free electron hamiltonian and V'
describes the interaction between the scattering electron and the system. Let us start with the simplest
situation in which the system is described by a wave function ¥(7'), remaining the same during the
collision. The wave functions of the scattering electron in initial and final states are as before plane
waves characterized by the momenta p = hk and p’ = hk’, respectively. The full initial state and final
state wave functions are then W;(r) = exp(i k- 7) ®(r') and V¢(r) = exp(i k' - r) ®(r’), respectively. The
Fourier transform of the potential needed in the cross section now becomes

olr—17| ®a

_ 3 3./ 1 * /
Vig) = /dr/dr exp(—ik r)@B(r)47T€

- < /d3r exp(iq-r)/d3r' p(r') (428)

47 € |r — /|’

Y

(r')exp(ik - r)

which shows how the potential is modified by the fact that the system has a finite extension. To evaluate
this, we exchange the integrations and introduce 7" = r — 7’ as integration variable to obtain

2 /
Vig) = —4:_ o /dgr’ exp(iq - r’)/dgr” exp(iq-r") pfj;)
e? A4r
= — — F 429
47T 60 q2 (q)7 ( )
where we have introduced the form factor
Fla)= [ & expliq-r)plr) (130)
which is the Fourier transform of the density. The result for the cross section is
do me? 2 p 9
—=|—— ] —|F . 431
o= (o) Lir@l (431)

and shows the possibility to determine the charge distribution of the system.
In realistic cases the charge density often corresponds to a many-particle system, e.g. an atomic
nucleus. In that case one has a charge density for each of the Z positively charged protons, leading to

z z
ppa(r) = Z/Hdgrk B —r)O5(r1,...,r2)Pa(r1,...,77)
=17 k=1

z
Z/H O (rre,...,rz)Pa(r,re,...,1z) = Z ppa(r). (432)
k=2

The second line of this equation could be written down because the wave functions ®4 and ®p are fully
antisymmetric under interchange of particles (Pauli principle). The quantity ppa(r) is called the one-
nucleon (transition) density and its Fourier transform is the (transition) form factor Fpa(q). The effect
in the cross section is a factor Z2 |Fpa(q)|*.
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One can in turn also include the intrinsic density of the protons, which in the cross section will appear
as a multiplicative factor |F,(q)|?, where F,(q) is related to the charge distribution within the proton.
Then one should also include the charge densities of the neutrons.

In the case of scattering off an atom one obtains contributions from the atomic nucleus and the
electrons. These contributions are additive in the form factor, leading to a contribution in the cross
section of the form Z2|6a — Fyal?.

17.2 Examples of form factors

Form factors as encountered in the previous section are defined as the Fourier transform of a density,

F(q) = /dgr exp(iq - r) p(r). (433)

As before in discussing the potential in momentum space, one has for a spherically symmetric density,

F(q) = %T /dr r p(r) sin(gr). (434)

For a spherical distributions it is trivial to find by expanding the exponential exp(iq-r) =1+ iq -7 -
1(g-r)*+..., that 1
Fl)=Q- g () +..., (435)

where
Q= / d>r p(r), (436)
(rt) = /d3r 2 p(r). (437)

This is the reason that the small-g behavior of a form factor can be used to determine the charge radius
of an atom or similarly of elementary particles, like pions or nucleons.
Some examples of form factors corresponding to specific densities are:

e A uniform density
p(r) = po forx <R (438)

(and zero elsewhere). If pg = 3/4ma?, i.e. the integrated density is one, the Fourier transform is
given in terms of the Bessel function ji,

3j1(qR)
F(q) = ——= 439
(0 = 2100, (439)
where )
sinz  cosx
i = — . 440
i) = S <o (140)
Note that 32 (2) )
nx) Lo
. ~ 1 0% +..., (441)
and, indeed, the charge radius of a uniform distribution is (r?) = £ R%.
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e A (normalized) Yukawa distribution

(442)

has as form factor

F(q) = = : 443
W=are =T (45)

which is called a monopole form factor. We have encountered this example already in a previous
section where we derived the momentum space screened Coulomb potential.

e The form factor of the exponential distribution
13
p(r) = —e ", (444)
8m

is simply found by differentiation of the Yukawa form factor with respect to p,

d (e M
—HT — T
‘ du< r >

1

This gives

Flg) = ———3: (445)
(1+¢%/pu2)?
which is called a dipole form factor.
e Finally a normalized Gaussian distribution
p(r) = poe 37 /R (446)
has also a Gaussian form factor N
F(g)=e 4R (447)

Exercise: Give the differential cross section for elastic scattering of an electron off a proton with charge

distribution
e—r/R

/)= S
with R = 0.8 x 107'® m. Show that the typical value of ¢ at which one notices the composite nature of
the proton, implies that the electrons should be ultra-relativistic (X = A/m.c ~ 4 x 10713 m).
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18 Time-independent scattering solutions

18.1 Asymptotic behavior and relation to cross section

In this section we will attack the scattering of a potential in a different way, namely by solving the
Schrédinger equation. The time-independent Schrodinger equation can be rewritten as

(V24 k2) 6(r) = “2 V(1) o(r), (448)
where E = h?k?/2m. This is a linear equation of which the righthandside is referred to as source term.

There is a whole family of solutions of such an equation. Given a solution of the above inhomogeneous
equation, one can obtain all solutions by adding any of the possible solutions of the homogeneous equation,

(V2 + k%) dpnom(r) = 0. (449)
The solutions of the homogeneous equation are well-known, namely the plane waves,

or(r) =exp(ik - r),

characterized by a wave vector k. This plane wave can be expanded in terms of spherical harmonics
multiplying spherical Bessel functions, which will be used to treat scattering problems using a Partial
Wave Ezxpansion.

In order to construct solutions of the Schrodinger equation that describe a scattering process, one
wants the appropriate asymptotic behavior, which includes a plane wave part, describing the incoming
part and outgoing spherical waves, describing the scattering part, pictorially represented below

Hi= 1 v -

We thus require the following asymptotic form,

ikr

o) "2 explik-r)+ — f(k: 6, ). (450)

We have seen in the previous chapter that for r — oo, this is a solution of the homogeneous equation.

Exercise: For the second part in the above ansatz one has to be aware that one makes the ansatz
for r — oco. One can simply check that the above represents a solution in this limit by inserting it
into the homogeneous equation. In order to select the leading part for large r one needs to use that

V£(k;0,6) < 1/r and V> f(k; 0, $) oc 1/72.
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For the asymptotic solution the current corresponding to the first part is given by

hk
o= — 451
J'LTL m 3 ( )

while the second part up to €(1/r) corresponds with a radially outward directed flux of magnitude

ot o oo (o) o] - Ut Ol 152
From it, one derives the cross section using that
[jinl do (8, ¢) = n(6, ¢) dQ = j, v* dQ, (453)
ie.
= 1iks0,0)" (154)

The above considerations require a careful analysis of the forward direction (6 = 0), where also the
interference term becomes important. For an acceptable asymptotic scattering solution one must have
that f dQ j.|r=r = 0 for large R, i.e. that there is no loss of probability. This leads to the optical theorem
or Bohr-Peierls-Placzek relation,

k
Im fe(0 =0) = —or, 455
m fa(0=0)=—or (455)
where or is the total cross section and f,; is the scattering amplitude for elastic scattering.

In order to derive this result, one can just consider the current corresponding to the full wave
function in Eq. 450. Keeping only the dominant contributions when r — oo, this is given by

Bk 2 ikr(1—cos 0)
Jr = —{cos@—l— % + Ze [(1 + cos 6) eif]
m T r

Integrating over the polar angle (writing cos = X ) gives for the interference term:

1 i kr(1-X)
%e/ dX 1+X)— f
,

-1

:%e/l d(eikr(l—X)) (1+X)f
-1

—i kr?
B 2 f(k;0 =0) b ethrd=X) g
2. m (k0 =0) 1
T kr? +o (T_3) '

The interference term thus actually only contributes at forward angles if r — oo. Neglecting
any contribution disappearing faster than 1/r? the integral over the angles gives

/dﬂ i

yielding the optical theorem. In fact the result is only derived if the total cross section is given
by the integration over |f|?, but it should be clear that flux conservation needs only to hold
if we integrate over elastic and inelastic channels, while the interference only occurs for the
elastic channel. We will encounter the result again in the section on partial wave erpansions.

1
r=R R?

[/dﬂ 7P =2 gm0 = 0)]
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18.2 The integral equation for the scattering amplitude

In order to solve the inhomogeneous equation with which we started, we solve the Green’s function
equation
(V2 + k) G(r,r') = =8%(r — 7). (456)

With the help of the Green’s function an inhomogeneous solution for
(V2 +E) ¢(r) = p(r),
can be written down, namely

6(r) = Grom(r) — / & G, ') p(r).

By choosing an ’appropriate’ Green’s function one can built in boundary conditions. Note that
the difference between any two Green’s function is a solution of the homogeneous equation.

It is possible to check that two particular Green’s functions in our case are

exp (i k|lr — 7))

G(i)('r - = 47 |r — ']

(457)

Note that the difference between these two is a solution of the homogeneous equation.

Exercise: In this exercise we look at the ingredients needed to find the Green function for the 3-
dimensional Schrédinger equation.

v? (1) =0 ifr#0 and /d% V2 (1> = —4m,
T T

v? (1> = —4mw 8 (r).

(a) Show that

which implies that

r

(b) Argue that G(r,r') in the inhomogeneous equation which on the righthandside has §°(r — ') only
depends on 7 — r’, thus we have to solve

(V2 + k%) G(r) = —8%(r).

(c) Show that G(r) = e®™*" /Axr are solutions of the equation under (b).

In particular G(*) has the correct asymptotic behavior as discussed in the previous section. As an ezact,
but implicit, solution valid for all r, we can the write the scattering solution

/d3,r/ €Xp (+Z k|’!‘ — TJD V(’l"/) ¢(T/)- (458)

o(r)=exp(ik-r)— i — 7]

m
21 h2
This result is the desired integral representation of the inhomogenous Schrédinger equation, which has

the advantages that the boundary conditions for interpretation as a scattering solution have been built
in. It is therefore a good starting point for approximations
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The result for f(k;0, ¢) is obtained by taking the limit for r — oo in the integral equation, in particular

/

r-r 72 ror
|7"—7"I|_’r'\/1—2r—2+r—2m~.«7"|:1— ’]"2 —|—:|7

i klr — ! ikr
exp (+1 klr —7'|) ~ e—exp(ikl-’r/)—l—...,

v — 7|
where k' = k#. This gives
oo ei kr m ,
) =3 exp(ik-r)— — 512 /dST/ exp (=i k' - ') V(r') {5 (r"). (459)
r 27
and thus the exact expression is
F(ki0,6) =~ [ d*" exp (<ik -1') V(') o0 (). (460)

18.3 The Born approximation and beyond

The Born approximation is obtained by using perturbation methods, namely to approximate in the above
expression ¢(r’) = exp (i k - r’), yielding the result

F(k:0.6) =~ 57 [ & expliq ) Vi), (461)

where g = k — k’. This gives for the cross section the same result as we found using Fermi’s golden rule.

We can go beyond the first order result by introducing the scattering amplitude T. It is defined
by
Veld) =T,
where ¢§i) is the scattering solution and ¢ the incoming plane wave part of it. One then finds
that the integral equation, V(;Sgér) =Vop+V G V(;Sgér) turns into T =Vo+V C:'T(b, i.e. an
equation for T, 5
T=V+VGT, (462)

the socalled Lippmann-Schwinger equation. Here G is the Green’s function with factor —2m /h?
absorbed, which is the inverse of E — Hy. The exact expression for the scattering amplitude
f is thus given by

F(k:0.9) = — 5= (p'T|p). (163)

The lowest order (Born approximation) result is the first term in the expansion obtained from
Eq. 462, B o
T=V+VGV+VGEVGEV +....

To judge the validity of the Born approximation one requires that the scattering term in the wave function

is small, i.e.
m

21 h?2

_
[ SR v o0 )| < 1. (464)
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The disturbance of the plane wave is near r ~ 0, while for selfconsistency ¢>§j ) (r) should be dominantly
plane wave, thus

o2m h?

/ g SRORT TR 1) ol o

,r./

27 h2
< ,
m

1
27r/ dX/dr/ 7 etk (1+X) V(r'
-1

/dr’ (ezi hr! 1) V(r') Wk

L — = ho.
m
We see two limits in which the Born approximation is applicable

e Weak potentials with a finite range.
Starting with the second of the above estimates, we see for a potential with average depth V and
range a one has after bringing the absolute value under the integral Vp a? < h?/m, i.e.

ﬁ2
WK a2 (465)

a condition where an approximately equal sign usually is already ok.

e High energies (but nonrelativistic!).
In the last of the three expressions the exponential is fast-varying for high momenta k£ and can be
neglected, so Vo a < h? k/m, i.e.

mVp a? m V2 a?
0 or E > 0

= —5— (466)

ka >

18.4 Identical particles

We already discussed how to treat the scattering of two particles in the center of mass frame. In the case
that one has two identical particles the scattering in the following two situations both leads to the same
final state,

p p
L»—J///”/ﬁ(pe— 2 2 L«r: S éip 1

Thus if ¥ is the wave function in which particle 1 is coming from the left and is scattered over an angle
0 and 197 is the wave function in which particle 1 is coming from the right and is scattered over an angle
T =0,

eikr

Pra(r) = €'** + f(k;0,9)

467
- (167)
eikr

b1 (r) =e * 4 f(ksm — 0,0+ ) —, (468)

one has the same final state. One should use the appropriately symmetrized or antisymmetrized wave
functions, leading to (omitting ¢-dependence)

n(6, ¢) d = % (ki 0) £ fkm — 0)]2 d2
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In the cross section,

do

J— . . 2
o= 10+ Sk - 6)]

|F(k:0)]% + | f (ks 7w — 0)]> £ 2 e [£*(k: 0) f (ks — 0)], (469)

the (third) interference term gives rise to oscillations. Note that in order to determine the total cross
section one has to integrate over the range 0 < 6 < 7/2 in order to avoid double counting. Note that the
cross sections at angles 6 and m — 0 are identical. For destructive interference (a minus sign) the cross
section is zero at € = 90 degrees.

For example in the (hypothetical) scattering process of two pions the amplitudes interfere construc-
tively as pions are bosons (spin 0 particles) and the wave function must be symmetric. When scattering
two electrons (spin 1/2 particles) off each other the total wave function is antisymmetric, but the sym-
metry of the scattering solution depends on the spin state. In the spin 0 state (singlet) the spin wave
function is antisymmetric, while in the spin 1 state (triplet) the spin wave function is symmetric. Hence

dog 9
dQ = |fs(6‘)+fs(ﬂ—_9)| ’ (470)
dO't 2
o) = fe(0) — film = 0), (471)

If one scatters unpolarized electrons, the initial state has a probability 1/4 to be in the singlet state, 3/4
to be in the triplet state, thus for a spin-independent potential

do 1dos 3 doy

= 1 T S | F s 02 + £ (ks — 0)F — e [ (Rs0) F (ks m — 6)]. (472)
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19 Partial wave expansion

19.1 Phase shifts

At low energies a particle scattering off a target with impact parameter b has an angular momentum

ha/L(L+1) = pb

If the potential has a finite range a the angular momenta that are important correspond to b < a. From
this we obtain #¢ < pa = hka or £ < ka. Therefore it is especially at low energies convenient to expand
into different partial waves, eigenstates of angular momentum, because the lower partial waves dominate.
Also for central potentials, which satisfy [L, V(r)] = 0, it is useful to expand in partial waves, since each
angular momentum state in that case is a proper scattering solution.

Starting off with the plane wave, we have

e** = (20 + 1) jo(kr) Py(cos 6). (473)
4

The expansion only contains the ¢-independent spherical harmonics, Y2(0) = /(20 + 1)/4w Py(cos®).
Assuming azimuthal symmetry the scattering amplitude only depends on # and also can be expanded in
Legendre polynomials,

f(k;0) = (20 +1) fo(k) Pu(cos). (474)
¢
Thus one obtains
i kr
bse(r) = Z (20 + 1) Py(cos 0) i* [jg(kr) + (—4)* er fo(k)] . (475)
¢
952 (r)
Rewriting the scattering wave in the following way,
oo in(kr — fw/2 i kr
6O (1) s sin(kr — ¢m/2) + (=) S— fu(k)
kr r
1 e—i(kr—fﬂ/2) ei(kr—fﬂ/2) - A

= 5k | " + " (1+2ikfo(k))|, (476)

Conservation of flux tells us that the incoming and outgoing fluxes should be equal in magnitude, i.e.
14 2ikfo(k) = %K) (477)

where (k) is called the phase shift. Going back and expressing f;(k) in the phase shift it is easy to see

that
e2i0c(k) _ 1 ei0e(k) sin 6, (k)

Jlh) == — = 2 ’ (478)

and

¢gi) ('P) Ti;j ei Se(k) Sln(kT — £71;{2 + 5[(k)) ' (479)
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Exercise: In fact a phase shift is a characteristic feature of a one-dimensional problem if one only has
reflection. You may remember the following problem, in which one investigates the wave function in the
case of the potential step

V(I)_{ Vo 2<0

0 x>0

a. Give the possible solutions of the Schrodinger equation for negative and positive = for energies
0<E<VW.

b. Write the wave function for x > 0 as
#(x) = e~he 4 Apetike,
calculate Ar and show that |Ag| = 1.
c. The phase shift § of the reflected wave compared with the incoming wave is defined as
Ap = —e*°,

Rewrite the wave function as a sine with the phase shift in the argument. Calculate for a given
energy E the phase shift §(E) and sketch as a function of E/Vj.

d. Wat are Ar and the complete wave function in the limit Vy — oo and explain the result.

19.2 Cross sections and partial waves

At this point it is useful to slightly generalize the result of the previous section. If also inelastic scattering
is possible a particular /-wave amplitude is parametrized

14 2ikfo(k) = ng e 0™, (480)
where 7, is called the elasticity. One then has for the elastic cross section
dael

o = f(E0) = 47r;; (2L + 1)L +1) fulk) fo (k) Y. (6) Y (0). (481)

Integrating over angles the orthonormality of the Y,™’s can be used to get
4n . 9
0 =13 > (24 1) sin® 5y (k) (482)
¢

Via the optical theorem, which relates the forward scattering amplitude to the total cross section one

finds
2

=2 (204 1) (1 — ne cos26g), (483)

14

ar

which indeed is identical for purely elastic scattering (n, = 1). The difference is the inelastic cross section,

Cinet = 73 220+ 1) (1= n}). (484)
l
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19.3 Application: the phase shift from the potential

The easiest illustration of the calculation of the phase shift is the calculation for a square well, V(r) =V,
for r < a and zero elsewhere. We immediately know that for > a the solution must be the asymptotic
solution. Inside the square well we use the radial Schrédinger equation to get the radial wave function
u(r). Thus for

Gem(T) = Y0, 9), (485)

we have

n? d* 0+ 1)

2m dr? r2

Knowing that u,(0) = 0 we obtain for s-waves (¢ = 0)

+ V(T):| up(r) = Eug(r). (486)

2
r<a u(r) = A sin Kr with K = h—rg(E—Vo),
. . 2m
r>a u(r) = B sin(kr 4+ &) with k = =) E,
Matching the logarithmic derivative (du/dr)/u(r) at r = a gives
k
tan(ka + dp) = 174 tan Ka (487)

or

k
= tan Ka — tanka

tan 0 (k) = 1K T (488)
+ 7 tan Ka tanka

" k tanKa_l
kak1 : a [kKa2 tanK]a7 (489)
+( CL) Ka
Ka<1 tan Ka K?a3
k -1 = k 490
a{ Ka ] 3 (490)

For low energies, where s-waves are the dominant contribution, the above result and its limits can be used
to understand many qualitative features in the cross section, e.g. the disappearance of the cross section
at specific energies, because of a zero in 1 — tan Ka/Ka (the Ramsauer-Townsend effect) or the behavior
of the cross section near threshold for weak potentials. The first two coefficients of the phase shift in an
expansion in the momentum,

1
60(k):a0k+§rek2+..., (491)

have specific names, namely scattering length and effective range, respectively.

else.

Exercise: We now look at a potential of the form V(r) = Vja§(r — a), which represents a ’sharp’ wall
at 7 = a. Determine the s-wave phase shift for this potential and the s-wave contribution to the cross
section (consider what happens in the limit that Vj becomes very strong or very weak).



Relativity and Quantum Mechanics 105

20 Relativity and Quantum Mechanics

20.1 Lorentz transformations

In section 7?7 we have seen the Gallilei transformations. The 10 generators of the Gallilei transformations
have specific commutation relations which are similar as operators in space-time and as operators in
Hilbert space. For the operators in Hilbert space the expectation value is time-independent.

For a relativistic theory the relevant transformations are the Poincaré transformations, consisting of
four (space and time) translations, three rotations and three boosts, the latter six transformations are
also referred to as Lorentz transformations. The difference with the Gallilei transformations is in the
boosts, which in the relativistic situation mix space and time, explicitly for a boost in the z-direction, we
have

Special Gallilean transformation Lorentz boost
ct' = ct ct' =vyct — Byz,
=z ¥ =ux,

/_ /I
y =y y =y
2 =z—Bect 2 =~yz— Byet,

where we work with ¢t (multiplied with the velocity of light ¢) such that all coordinates have the same
dimensions. The quantity S = w./c corresponds to the boost velocity (divided by ¢). Hence, there are
three boosts. The quantity v = 1/4/1 — B°. Tt is easy to see that ¢2¢2 — 2?2 is invariant, telling us that

the velocity of light
c = 299792 458 m s~ !, (492)

is the same in any reference frame), if z = ct then also 2’ = ct’. The quantity
=x-x=c -2 = -2t — P -2 (493)

is called the invariant length of the four-vector (z#) = (2°,2) = (ct,,y, ), which lives in Minkowski
space (see Appendix B). Its invariance is actually the definition of Lorentz transformations. Lorentz
transformations thus include the three boosts and three rotations, where the latter are a subgroup that
does not affect time and leaves x? = x? + y% + 22 invariant. While rotations mix two coordinates in a
plane, the boosts mix time with any of the spatial coordinates. Because of the minus sign in the definition
of the invariant length, one sees that while the rotations can be parametrized using the cosine and sine of
an angle «, the boost can be naturally written as cosine and sine hyperbolic of an real number 7, known
as rapidity. Considering rotations around z-axis and boosts in z-direction,

Rotations
ct' = ct

2’ = cos(a) x — sin(a) y

Boosts
ct" = cosh(n) ct — sinh(n) z,

, in(a) (@) ' =z,
= sin(a) x + cos(a
y/ y yl y7
2" = —sinh(n) ¢t + cosh(n) z,

thus v = cosh(n) and B = sinh(n). From the explicit matrices in Minkowski space, one can also find
the generators and their commutation relations. We have for rotations around the z-axis Ag(a,2) =
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exp(i ¢ J?), infinitesimally given by Agr(a, 2) ~ I —ia J3. Thus

1 0 0 0 00 0 O

~_ | 0 cosaa —sina 0 3 |00 — 0
Ar(a,2) = 0 sina cosa O — ST = 0 7 0 O (494)

0 0 0 1 00 0 O

For boosts along the z-direction we have Ap(n, 2) = exp(+incK?), infinitesimally given by Ap(n, %) ~
I +incK3. Explicitly we have

coshn 0 0 —sinhp 0 0 0 =2
o 0 10 0 s | 00 00

Ap(n, 2) = 0 0 1 0 — cK® = 00 0 0 (495)
—sinhn 0 0 coshp i 0 0 0

In this way one finds all generators for the Lorentz transformations and one can determine their commu-
tation relations,

[Ji, J) = iédk gk,

[J5, K] =il KF,

[Ki KT = —iek gk /2,

Exercise: Include translations and denoting their generators as P = (P*) = (H/c, P), one can look
at the generators of the Poincaré transformations. Convince yourself that they satisfy the commutation
relations

[Pivpj] = [szH] - [Jl,H] = O7
(T8, J9] = iedk gk [J, PI) =i Pk (g1 K9] = iR K,
(K H) =i P, [K' K| =—ie® %/, [K' PI]=isH/c. (496)

20.2 Symmetry generators in Relativistic Quantum Mechanics

In non-relativistic quantum mechanics, the symmetry operators in Hilbert space satisfied the appropriate
commutation relations after introducing momentum operators (p*) = (ih9*) = (H/c¢,p) and imposing
canonical commutation operators. A quantum theory starting with positions r as relevant degrees of
freedom, with (nonzero) commutation relations [r?,p/] = ih 6% and [s',s/] = ihe¥sk and with H =
p?/2m is consistent with the requirements of Galilean invariance.

This can be extended to a relativistic theory for a free particle, in which case the generators of the
Poincaré group are given by

H = +/p?2c2+m?2ct,

P = p,

J = rxp+s,
1 P XS

K = — (rH+Hr)-1 - 497
5z (PH + Hr) —tp+ 7o (497)

As soon as one wants to extend this to a theory for more degrees of freedom with interactions, one runs
into problems, such as the fact that interactions are needed not only in the Hamiltonian, but also in the
boost operator. These do not matter in the non-relativistic limit (¢ — o0), that’s why many-particle
non-relativistic quantum mechanics is ’easy’.
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Exercise: Check the commutation relations for [J!, K?] and for [K!, K?] starting from the canonical
commutators.

Note that in a function space of functions f(z) = f(¢,x) the generators of boosts and translations are
MM = ih(z"0” — zV0oM),

for boosts and rotations. One has J2 = M2 and cK?3 = M?3°. It illustrates that, in Minkowski space, the
tensor nature of the rotations and boosts is that of an antisymmetrix second rank tensor. In Euclidean
space the J' = 1€k MI* and cK' = M are three-vectors.

20.3 Relativistic equations

It is not that hard to get relativistic equations. We will discuss the examples of the Klein-Gordon equation
and the Dirac equation, starting with an covariant equation (valid in any reference frame). Consider, for
example, the relation
2
E =mc? + p_
2m

It makes sense in classical mechanics. It involves scalar quantities such as the energy F and a vector
quantity p. In the equation both sides are scalars. But it doesn’t make sense in a relativistic theory.
In a relativistic theory one has scalars, such as mass m, four-vectors such as x = (2*) = (ct,x) or
p = (p*) = (E/e,p). The above equation then relates a zero component of a four-vector to something
else.

If you really want to see that the equation is not invariant, just apply a Lorentz boost on the four-
momentum p = (me, 0) which gives p = (mecy, mefvy) and see that the equation is not covariant.

A covariant wave equation for a wave function can be obtained by making the covariant equation p*p, =
m? into an operator acting on the wave function under the replacement

pH — thO*,

which implies p® = E/c — ihd° = ihd/0t and p* — ih0' = —ihd; or p — —ih V. The result acting on
a wave function is

2 52
(h28#aﬂ + m2c2) 1/)(:17) — (ﬁ2|:| + m202) 1/}($) — <ZJ_2% _ h2V2 + m202) 1/)(:17) _ 0,
which is known as the Klein-Gordon equation.

It will turn out that in a consistent relativistic theory, the functions ¢ (z) in these relativistic equations
need a completely different interpretation. They in turn will become operators containing creation and
annihilation operators. The x-dependence, however, found by solving the equations, will remain useful,
describing the space-time dependence of the modes that can be created. We will look at this space-time
dependence and indicate some of the problems that need to be addressed in a full relativistic treatment

in the next sections (Chapter 15 of Bransden & Joachain).
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21 The Klein-Gordon equation

21.1 Solutions of the Klein-Gordon equation
We have seen how the Klein-Gordon (KG) equation,

(R*c*0"9, + m204) Y(z) = (BP0 + m204) P(z) = <52§—:2 — AV + m264> P(x) =0, (498)

has been constructed as a covariant equation. Indeed, its solutions are easily found to be
r(2) = exp(—ik - ), (199)
or making explicit time and space dependence,

Yr(x,t) = exp(—iwt + ik - x), (500)
where p = hk is the momentum (eigenvalue of p* = i 9*), a four-vector that is constraint to be p? = m?2c?.
This implies

E = £+/p?c? + m2ct,

This infinite number of negative energy states clearly constitutes a problem.

But this is not the only problem with the KG equation. To interpret the function, we want to identify
things like density and current, to be precise the components of the four-current (j#) = (5°,3) = (cp, 5),
that satisfy the (covariant) continuity equation,

Exercise Show that -
. ? * *
I = o (0 = (047, (502)

satisfies the continuity equation if ¢ and ¢* satisty the Klein-Gordon equation.

In particular, one has
ih . 0 0 .
_ b — = . 503
p= s (¢ O —vly (503)
Since 1 is a second order differential equation one can find solutions for any given value for ¢ and ¥
at a given time, thus one not only has negative energies, but also negative densities. These problems
are solved by considering the negative energy modes as positive energy anti-particle modes. The positive
energy solutions of the Klein-Gordon equation can be used to describe the wave functions of spin-less
(spin zero) particles.

21.2 Charged particle in an electromagnetic field

By minimal substitution,
10y — 10, — q Ay, (504)
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where (A*) = (¢/c, A) is the field known from covariant electrodynamics one obtains the KG equation
for a particle with charge ¢ in an electromagnetic field,

2
CiQ (ih% - q¢> ¥ = ((—ihV — qA)?> + m*c?) 1. (505)

It simply follows that introducing

(,t) = e P g (a0, 1), (506)
one gets in the limit that |g| < mc? the nonrelativistic Schrédinger equation,

(—ihV — qA)?

ih%wNR = ( + Q¢) YNR- (507)

Exercise: Show that in the case where the remaining time dependence of ¥xg in Eq. 506 is slow enough
_ 2
one gets p = |{nr/[°.

One can actually exactly solve Eq. 505 for stationary solutions with energy F in a central electric field,
which are of the form

wirt) = “Dymg gy e-imem,

r

satisfying
Zahe\? aof & L(l+1) )4
<E—|— " > u(r) = <h c <_W + T) +m“c ) u(r), (508)
o &2 +1) — 222 EZah
22 d° +1)-Z7a"\ 2EZahc 5 54 _
(h c ( e + ;- ) . (E° —m=c*) ) u(r) = 0. (509)

Exercise: By mapping this into a ’generalized Laguerre polynomial’ form show that one finds solutions
with energies

By = —m—, (510)
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22 The Dirac equation

To solve the problem with positive and negative energies and get a positive definite density, an attempt
to construct a first order differential equation for the time evolution would be to write,

zi—i— (r,t) = (—itha -V +mcp)y(r,t), (511)

where 1) is a wave function and the nature of a and § (numbers, matrices, ...) is left open for the moment.

Exercise: Show that relativistic invariance, i.e. making sure that each component of 1) satisfies the
Klein-Gordon equation (in terms of differential operators 8,0* + m? = 0) requires the anticommutation

relation” o - _
{a', 0’} =261, {a",} =0, and B*=1.

From this one concludes that « and S must be matrix-valued and ¥ must be a multi-component wave
function. Next one might try to see if the positive definite quantity Tt (generalization of 1)*1 to more
components) is suitable to represent a density.

=4 and j=¢lay.

Thus, the answer is ’yes’, there is a candidate (positive definite) density.

Next problem is covariance. We see that H = o« - pc + mc?3. To assure covariance we need that 3 is
a zeroth component of a four-vector (of Dirac matrices), 3 = v°. Multiplying Eq. 511 with 3 and using
the requirement (see Exercise above) that 3% = I, we rewrite that equation into

(il 9y, — me) (x) = 0, (512)
the Dirac equation where v = Sa and the Dirac matrices satisfy
{2 =2g". (513)
We have found a covariant equation, linear in p. The covariant form of the four-current is
j=0") = @9 )
which is usually written as _
I =9y, (514)
with 1) = 170, There is no unique set of  matrices, since one can make arbitrary unitary transformations

in Dirac space. We will use the following set (known as the standard representation), which is particularly
useful to take the non-relativistic limit,

1 0 0 oF .
70:[0 _1]:p3®1, 7’“:[ P ]:zp2®ak. (515)

—0

We have used here a (direct) product notation where the 4 x 4 Dirac matrices are written as direct
products p ® o (with ® usually suppressed) of 2 x 2 Pauli matrices.

"We denote the commutator as [A, B] = AB — BA and the anticommutator as {A, B} = AB + BA.
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Using properties of the (three) Pauli matrices (with Euclidean indices), such as
0; 05 = 0ij + i €iji Ok,
[O’i,O'j] = 2i Eijk Ok,

one can easily verify the (anti)-commutation relations of the y-matrices.

Lorentz invariance

We have introduced a four-vector of matrices with components «#. This implies that Lorentz trans-
formations should change this vector in the required way. The resulting operations in Dirac space,
y# — Ly*L~' must be such that they have the effect of a boost, thus Ly*L~! = A¥~*. We will just
give the answer for the generators in Dirac space, they are J? = £h[y!,7?%], etc. and cK? = £h[y3,79],
etc., or explicitly

h o 0 h h 0 —10

The contribution to rotations from the internal part is known as spin. The full rotation operator in Dirac
space thus is

h
J:rxp+s:—ihr><V+§2. (517)

The explicit form of the Hamiltonian is

2 .
H=o- pc+mc® = [ U””fcpc fmfzg ] (518)

We note that H doesn’t commute with L or S,

[H,£] = —ihe (ax x p), (519)
[H, s8] = —ihc(a X p), (520)

but [H, J] = 0 as required by Lorentz invariance for a single particle (without having potentials).

Free particle solutions of Dirac equation

Show, by acting on the Dirac equation with (7”9, + mc?), using the symmetry of 8,0, = 9,0, and the
commutation relations of the v matrices that a solution of the Dirac equation,

(70, — me) (z) = 0,
also is a solution of the Klein-Gordon equation
(R20"9, +m*c®) ¥(z) = 0.
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Since the Dirac equation also obeys the Klein-Gordon equation, it also has positive and negative energy
solutions. Starting with a plane wave for the space-time dependence, we have solutions

U(@) = ulp,s) /" and  (x) = o(p,s)e PN (521)
with positive and negative energies, respectively. Inserting the solutions into the Dirac equation, one gets
(Ypu +me)u(p,s) =0 and (y"p, —mc)v(p, s) = 0. (522)

Indicating with x, and X,, respectively the two possible two-component spin eigenstates (of o,) for these
solutions, the explicit solutions are

Xs
u(p,s) =N op with F =+E, = +v/p%c? + m?c?, (523)
E,+mc? CXs

and op
Eptmez € Xs
v(p,s) =N with FE = —-E, = —/p?c? + m2c*. (524)
Xs
(with usually the normalization taken as N = /E, +mc?). For a particle in its restframe (three-
momentum is zero) one has two positive energy solutions with only upper components and two negative
energy solutions with only lower components (interpreted already by Dirac as antiparticle solutions).
At any finite momentum, however, the relativistic description will mix upper and lower components,
although the mixing of components is suppressed as long as |p|c < mc?.

Dirac equation in an electromagnetic field
Looking for stationary solutions with positive energy, 1 (x) = ¥(r,t) = ¥(r) e P/ we can write the
Dirac equation or (H — E)¢(z) = 0 in an electromagnetic field using minimal substitution, £ — E — ¢®

and p = —iAV — —ihV — qA, as
Yu(r) ] [ 0 ]
= , (525)
ti(r) 0

where E,, = E — mc?. We can write down coupled equations for upper and lower components and use
one of them to eliminate (for instance) the lower component, which gives us the Pauli equation,

1
2mc? + By — q®

—Ep + q® heo - (—iV — qA)

hco - (—=iV —qA) —2mc? — Eyy + q®

Epthu(r) = W2 o - (—iV — qA) o (—iV — qA) Pu(r) + qP Py (7). (526)

We did put explicitly the 1/(2mc? + E,; — ¢®) in the middle as it is an operator, of which the inverse
can be written in a series,

1 1 Eun —q® n
2me2 + Euy — q®  2mc? 2mc? )

We will consider two cases in more detail.
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Spin 1/2 particle in an electromagnetic field
Taking the leading term, we get the non-relativistic limit of the Pauli equation,

2

En ¢u(7“) = 2h_m o (_ZV - qA) g (_ZV - qA) "/Ju('r) + q(I) ¢u(7“)- (527)

Using 007 = 6% + i€"%g* and being careful with the interchange of gradients and A,
i €0k AT = i €981 AT Yoy + i €98 AT (i) = i BEqpy + i €9F AT (91apy),
the result is R(—iV — gAY o
Buw (1) = =5 () = 0 Buu(r) + g0 (r). (528)

This shows that the interaction of a spin 1/2 particle for which the spin operator is given by s = ho /2
in a magnetic field involves a g-factor, to be precise

Hmagnctic = —Js % S - B; (529)

with g, = 2.

Higher order corrections in Hydrogen atom

Again we start from the Pauli equation (Eq. 526) considering only the potential V' (r) = ¢®(r), assuming
it to be a central potential. We have

h? En =V
Enrwu(,’a) = —% (0' . V) (1 - TQ(T)

+ .. ) (- V) hu(r) + V(1) hu(r). (530)
The first thing to investigate here is the operator combination, where we get contributions because

VV(r) = #dV/dr. Furthermore, to assure hermiticity of the Hamiltonian one averages actions of the
= —

derivative to right and left, V.=V=V — V|

(o V)V(r)(o- V) = (%QV(T)—FV(T‘) 32>—(a-r L )~ (0 9)

1
3 )orar (@
1

_ 2 v2)_ilo. 1dv) [1dV O
= 2(V Vir)+V(r) V ) 2{0' (rxV),ZT - o T’T[)r
- %(§2V(T)+V(r)32>+ldve'” .

(note derivatives without arrows act to the right or to the left with a opposite sign). It gives precisely all
correction terms discussed for Hydrogen,

H =

2 2 .2 2
P2, 1 (p% P 1 1av 2o,

- Vi(r) — ———4F- —— V7V (r). 531
om © ) 4dmc? { 2m’ 2m w2 rar - Y s (r) (531)

This Hamiltonian shows the relativistic corrections, such as the p* term for the kinetic energy, the
spin-orbit interactions and the Darwin term. This last term is for the Coulomb interaction given by

wh3 3
HDarwin = —2m2c Zad (’l") (532)
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A Generalized Laguerre polynomials

For the solution of a dimensionless equation such as that for the Hydrogen atom we can turn to an
algebraic manipulation program or a mathematical handbook. The solutions of the equation

2p+a+1 1-a®> 1
1 _ 3 —
y' +go(x)y=0 with  go(z) = 5 + w2 Tl (533)

are given by
y(z) = e~/ glat1)/2 Ly(x). (534)

where Ly are polynomials of degree p. They are normalized as

o0 |
/ dw 2" e [L8@)] = 2p+a+1) (p ;“)', (535)
O .
and also satisfy the differential equation
xd—2+(a+1—x)i+ Li(x)=0 (536)
dx? dz P =

Note that depending on books, different conventions are around, differing in the indices of the polynomials,
the normalization, etc. Some useful properties are

Ly(z) = Lg(x) = %T % [P e "] = I% (% - 1) P, (537)
L3(2) = ()" o [Lpra(@)] (538)

Some general expressions are
Li(z) =1, Li(z)=14a—x.

Some recursion relations are

P+ 1) Lypa(2)=2p+a+1-x)Ly(x) - (p+a) Ly (z), (539)
z Lyt (@) = (¢ = p) Ly(2) + (p + a) Lj_y(2), (540)
Li(z) = Ly (x) + LE_, (). (541)

Some explicit polynomials are

1(z) =1-ux, 1
1 Li= <1——x),
Lg(x):1—2x+§x2, 2
1
3 L%(m)=3<1—x+6:v2>.
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Appendices
3
2
1 2
1
-1 1 2 3 4
-2 -1
-3 -2
The L,(z) or LaguerreL [p,x] functions for p The Lg(z) or LaguerreL[p,a,x] functions for a

=0, 1,2, and 3.

=1landp =0, 1, and 2.
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B  Three-vectors, four-vectors and tensors

We start with vectors in Euclidean 3-space E(3). A vector @ can be expanded with respect to a basis é;
(i=1,2,30ri=x,Yy, 2),

3
i=1

to get the three components of a vector, z;. When a repeated index appears, such as on the right hand
side of this equation, summation over this index is assumed (Einstein summation convention). Choosing
an orthonormal basis, the metric in E(3) is given by é; - é; = d;;, where the Kronecker delta is given by

1 ifi=j
5 = {0 fid (543)

The inner product of two vectors is given by
T Y=Y € =x;y;0i = TiY;. (544)

The inner product of a vector with itself gives its length squared. A vector can be rotated, @’ = Rx
or z; = R;jz; leading to a new vector with different components. Actually, rotations are those real,
linear transformations that do not change the length of a vector. Tensors of rank n are objects with n
components that transform according to Tj, ; = Ri,j, ... Ri,j, Tj,..j,- A vector is a tensor of rank 1.
The inner product of two vectors is a rank 0 tensor or scalar. The Kronecker delta is a constant rank-2
tensor. It is an invariant tensor that does not change under rotations. The only other invariant constant
tensor in E(3) is the Levi-Civita tensor

1 if 45k is an even permutation of 123
€ijk = —1 if ¢jk is an odd permutation of 123 (545)
0 otherwise.

that can be used in the cross product of two vectors z = x x vy, in which case z; = €;;i z;y;. Useful
relations are

die Oim  Oin
Eijk €/mn = 5j 5jm 5jn y (546)
Oke  Okm  Okn
€ijk €imn = 6jm 6kn - 5jn 5km7 (547)
€ijk €51 = 20k (548)

We note that for Euclidean spaces (with a positive definite metric) vectors and tensors there is only one
type of indices. No difference is made between upper or lower. So we could have used all upper indices
in the above equations. When 3-dimensional space is considered as part of Minkowski space, however,
we will use upper indices for the three-vectors.

In special relativity we start with a four-dimensional real vector space E(1,3) with basis 7, (¢ =
0,1,2,3). Vectors are denoted x = z#n,. The length (squared) of a vector is obtained from the scalar
product,

2 =z-x = v n, - n, = ata¥gu. (549)
The quantity g,, = 7, - 7, is the metric tensor, given by goo = —g11 = —g22 = —g33 = 1 (the other
components are zero). For four-vectors in Minkowski space we will use the notation with upper indices

and write = (ct,z) = (2%, 2!, 22, 23), where the coordinate ¢ = 20 is referred to as the time component,

z' are the three space components. Because of the different signs occurring in g, it is convenient to
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distinguish lower indices from upper indices. The lower indices are constructed in the following way,
z, = guwx”, and are given by (zo,x1, T2, 23) = (ct, —x). One has

? = atz, = AP -2t (550)
The scalar product of two different vectors x and y is denoted
w-y = 2"y = 'y, =zt = %y —x-y. (551)

Within Minkowski space the real, linear transformations that do not change the length of a four-vector
are called the Lorentz transformations. These transformations do change the components of a vector,
denoted as V'* = A*, V¥, The (invariant) lengths often have special names, such as eigentime 7 for the
position vector ¢?72 = 22 = ¢?t2 — 2. The invariant distance between two points x and y in Minkowski
space is determined from the length ds* = (z — y)*. The real, linear transformations that leave the
length of a vector invariant are called (homogeneous) Lorentz transformations. The transformations that
leave invariant the distance ds? = c?dt? — (dz? + dy* + dz?) between two points are called inhomogeneous
Lorentz transformations or Poincaré transformations. The Poincaré transformations include Lorentz
transformations and translations.

Unlike in Euclidean space, the invariant length or distance (squared) is not positive definite. One can
distinguish:

e ds? > 0 (timelike intervals); in this case an inertial system exists in which the two points are at the
same space point and in that frame ds? just represents the time difference ds? = c2dt?;

e ds? < 0 (spacelike intervals); in this case an inertial system exists in which the two points are at
the same time and ds? just represents minus the spatial distance squred ds? = —dz?;

e ds? = 0 (lightlike or null intervals); the points lie on the lightcone and they can be connected by a
light signal.

Many other four vectors and tensors transforming like T'#H1-#n = Ak1 . AFn T¥i¥n can be con-
structed. In Minkowski space, one must distinguish tensors with upper or lower indices and one can
have mixed tensors. Relations relating tensor expressions, independent of a coordinate system, are called
covariant. Examples are the scalar products above but also relations like p# = m da* /dr for the momen-
tum four vector. Note that in this equation one has on left- and righthandside a four vector because 7
is a scalar quantity! The equation with ¢t = 2°/c instead of 7 simply would not make sense! The mo-
mentum four vector, explicitly written as (p°, p) = (E/c,p), is timelike with invariant length (squared)
pPP=p-p= pp, = E?/c? — p? = m?c?, where m is called the mass of the system.
The derivative 9, is defined 9, = 9/0z" and we have a four vector 0 with components

19 9 0 9 10
(00,01, 02,03) = (E&,%,a—y,a) = <E§’V) . (552)

It is easy to convince oneself of the nature of the indices in the above equation, because one has

" =gy (553)

Note that g,; with one upper and lower index, constructed via the metric tensor itself, g, = g,,9”" and

is in essence a 'Kronecker delta’, g = g1 = g2 = g3 = 1. The length squared of 9 is the d’Alembertian

operator, defined by
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The value of the antisymmetric tensor €#V# is determined in the same way as for €%, starting from
i (555)

(Note that there are different conventions around and sometimes the opposite sign is used). It is an
invariant tensor, not affected by Lorentz transformations. The product of two epsilon tensors is given by

’ ’ ’ ’

guu/ gt gupl gW/
[N gyu QUV QUP gVU
HvPo VPO - _ out! o op’ P , (556)
g g g g
gau' g gUP/ g‘TUI
1 gVU: ng/ gua:
EMUPUEHIJ p o — _ gpu gpp gPU , (557)
gau gap gaa
%, )T = =2 (gpp/ 977 — gpa/ 97’ ) ) (558)
Euupae,uugl = _6900/7 (559)
g oy (560)

The first identity, for instance, is easily proven for €123 9123 from which the general case can be obtained
by making permutations of indices on the lefthandside and permutations of rows or columns on the
righthandside. Each of these permutations leads to a minus sign, but more important has the same effect
on lefthandside and righthandside. For the contraction of a vector with the antisymmetric tensor one
often uses the shorthand notation

ABOD — evP7 A B,C,D,. (561)
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C Exam questions 2012

Hand in at T224, T238 or mailbox of Mulders at latest on Thursday October 25, 2012

Exam exercise 1

In classical mechanics total energy, total momentum, total angular momentum and "boosts’ are conserved
quantities (time-independent).

(a) How does one obtain these conserved quantities? Give the quantities for the free-moving CM
system.

(b) What are the forms of the corresponding operators in quantum mechanics?

(c) Check the commutation relations of these quantities with the (free) Hamiltonian and discuss the
time dependence of the expectation values.

Exam exercise 2

Consider the three-nucleon atomic nuclei *H (one proton, two neutrons) and 3He (two protons, one
neutron). In the groundstate the spatial part of the wave functions of protons and neutrons can (in first
approximation) be taken as symmetric s-waves (in the relative coordinates).

(a) Construct the (spin part of the) wave function of these nuclei in terms of proton and neutron spin
states, [p 1), [p 1), In 1) and |n ]). You can best start with writing down the spin wave function
for the two protons or two neutrons and then add the third nucleon.

(b) The magnetic moment of the nucleons is given by
e e
My :gpmsp and p, :gnmsna

where M is the nucleon mass, s, and s, are the individual nucleon spin operators and g, ~ 5.6
and g, ~ —3.8. The magnetic moment operator of the nucleus is found as the sum of the nucleon
magnetic moments,

e
By = Z 9i 577 Si-
- 2M
and can be written in terms of the total spin S (why? This is actually not a trivial question!),

(&
=g—5.
KA 92M

Calculate ¢ for H and >He.

Exam exercise 3

We now go one level down and consider the three-quark description for protons p (two up quarks, one
down quark) and n (two down quarks, one up quark). Again for the groundstate the orbital part of the
wave functions of the quarks can be assumed to be s-waves. An important difference is that there is an
additional degree of freedom, namely the color of the quarks. This color part of the wave function is a
singlet wave function for three colors which is the completely antisymmetric combination,

1
|color) = 7 (Irgb) — |grd) + |gbr) — |rbg) + |brg) — [bgr)) .
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(a) Construct the (spin part of the) wave function of the nucleons, that have spin 1/2, in terms of
quark spin states, |u 1), |ul), |d 1) and |d |). You can best start with writing down the spin wave
functions for the two up quarks or two down quarks, respectively and then add the third quark
(using appropriate Clebsch- Gordan coefficients).

(b) The sum of the magnetic moment operators of the quarks (being elementary fermions with g-factors

being 2) are given by
€q €q
= Sy — — S
fhy ngq 4 qu "
q q
where m, is a quark (constituent) mass, which we as a first guess take to be m,, = mq = M/3. The

charges are e, = +2/3e and eq = —1/3e. What do you find for the nucleon magnetic moments,
i.e. calculate g, and g, in

e
KHyN = gN oM SN-
(c) Show that it is possible to construct other three-quark spin states if all quarks remain in the

(symmetric) lowest orbital wave function? What is the spin of this/these state(s) and give their
wave function for that the state(s) that has/have two up quarks and one down quark.

Exam exercise 4

Look at the exact solution of a two-level problem where the unperturbed Hamiltonian Hy has eigenvalues
E§O) and Eéo) and the perturbation is of the form

Vit Vio
V= .
[ Vo1 Va ]

(a) Show in the limit that the matrix elements of V' are much smaller than the difference of the
unperturbed energies that the results for first and second order perturbation theory arise after
expanding the exact results up to the appropriate order.

(b) Show that the diagonalization process also gives the new eigenstate and check that its expansion
agrees with the result in perturbation theory (first order).

Exam Exercise 5

(a) Derive for elastic scattering the relativistic expression for do/d2(E, ). The differences with the
nonrelativistic case are the use of a relativistic density (p = E/mc?) and the use of the relativistic
expression for the energy (E = y/m2c* + p2c?) and the velocity (v = pc?/E) which will modify the
form of the density of states p(E).

(b) Use the result to get the relativistic expression for the elastic Coulomb scattering cross section.

Exam exercise 6

(a) Determine the s-wave phase shift for a hard core potential of the form V(r) = oo for r < b and
V(r) =0 else.

(b) We now look at a potential of the form V(r) = Vyad(r — a), which represents a ’sharp’ wall at
r = a. Determine the s-wave phase shift for this potential and the s-wave contribution to the cross
section (consider what happens in the limit that V5 becomes very strong or very weak).
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Exam exercise 7

One can exactly solve the Klein-Gordon equation for stationary solutions with energy F in a central
electric field. The solutions sre of the form

w(,mt) — U(T‘) lem(6.7(p) e—iEt/?i7

r

Show that they satisfy

<E + Zo‘hc>2 u(r) = <h202 <—d—2 + w) + m2c4) u(r). (562)

r dr? 72

By mapping this equation into a ’generalized Laguerre polynomial’ form show that one finds solutions

with energies
2

mc

Z2a? ’
VIt s

B = (563)

where 6, = £+ 1/2 — \/({ + 1/2)% — Z2a2.



