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Hyperfine-interaction-induced g/u mixing and its implication
on the existence of the first excited vibrational level of the A+ 2Σ+

u
state of H+

2 and on the scattering length of the H + H+ collision
Maximilian Beyer and Frédéric Merkt
Laboratorium für Physikalische Chemie, ETH Zürich, 8093 Zürich, Switzerland

(Received 26 June 2018; accepted 29 October 2018; published online 3 December 2018)

Ab initio calculations of the energy level structure of H+
2 that include relativistic and radiative cor-

rections to nonrelativistic energies and the diagonal part of the hyperfine interaction have predicted
the existence of four bound rovibrational levels [(v = 0, N = 0 − 2) and (v = 1, N = 0)] of the first
electronically excited (A+ 2Σ+

u ) state of H+
2 , the (v = 1, N = 0) level having a calculated binding

energy of only Eb = 1.082 219 8(4)·10−9 Eh and leading to an extremely large scattering length of
750(5) a0 for the H+ + H collision [J. Carbonell et al., J. Phys. B: At., Mol. Opt. Phys. 37, 2997
(2004)]. We present an investigation of the nonadiabatic coupling between the first two electronic
states (X+ 2Σ+

g and A+ 2Σ+
u ) of H+

2 induced by the Fermi-contact term of the hyperfine-coupling
Hamiltonian. This interaction term, which mixes states of total spin quantum number G = 1/2, is rig-
orously implemented in a close-coupling approach to solve the spin-rovibronic Schrödinger equation.
We show that it mixes states of gerade and ungerade electronic symmetry, that it shifts the positions
of all weakly bound rovibrational states of H+

2 , and that it affects both the positions and widths of
its shape resonances. The calculations demonstrate that the G = 1/2 hyperfine component of the A+

(v = 1, N = 0) state does not exist and that, for G = 1/2, the s-wave scattering lengths of the H+

+ H(1s) collision are −578(6) a0 and −43(4) a0 for the F = 0 and F = 1 hyperfine components of the
H(1s) atom, respectively. The binding energy of the G = 3/2 hyperfine component of the A+ (v = 1,
N = 0) state is not significantly affected by the hyperfine interaction and the corresponding scatter-
ing length for the H+ + H(1s, F = 1) collision is 757(7) a0. © 2018 Author(s). All article content,
except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/1.5046147

I. INTRODUCTION

The H+ + H(1s) collision is the simplest reactive collision
involving two identical fermions. It is a system of fundamen-
tal importance in atom scattering1–5 and for the understanding
of molecule formation in the universe.6–11 Most treatments of
this collision have disregarded the role of the hyperfine inter-
action and thus treated the collision assuming elastic scattering
on the uncoupled potential curves of the ground X+ 2Σ+

g and
first excited A+ 2Σ+

u electronic states. This approximation is
excellent at collision energies that are much larger than the
hyperfine splittings of H(1s) and of the rovibronic levels of
H+

2 but is expected to break down at very low temperatures,
where the collision energies are comparable or smaller than the
hyperfine splittings. At such low temperatures, the hyperfine
interaction may manifest itself through two related qualita-
tive changes compared to the hyperfine-interaction-free case:
First, the common dissociation asymptote H+ + H(1s) of the
X+ and A+ states splits into two hyperfine components, sep-
arated by about 1400 MHz and corresponding to H+ + H(1s,
F = 0, 1). Second, the hyperfine interaction breaks the ger-
ade/ungerade (g/u) (and also the ortho-para) symmetry and
fully mixes the X+ and A+ states in the range of internu-
clear distances where the separation between the adiabatic

potential curves of these states is less than the hyperfine
interaction.

Both manifestations of the hyperfine interaction are well
known and have been discussed in the literature. In their
elegant measurements of transitions between weakly bound
rovibrational levels of the X+ and A+ states by microwave spec-
troscopy, Carrington and co-workers observed unexpected line
shifts and line splittings12 that were interpreted by Moss13 and
Bunker and Moss14 as arising from g/u-symmetry breaking.
Later, McNab and co-workers observed a nominally forbidden
pure rotational transition between the N = 0 and 1 rotational
levels of the X+(v = 19) state of H+

2
15 that was interpreted

as being caused by the g/u-symmetry-breaking nature of the
hyperfine interaction.16

The potential importance of the hyperfine interaction in
the discussion of the possible existence of the very weakly
(if at all) bound A+(v = 1, N = 0) state of H+

2
17–19 was also

recognized by Carbonell et al.,20 who included the diagonal
part of the hyperfine Hamiltonian in their nonadiabatic calcu-
lations in addition to relativistic and radiative corrections (see
the four equations presented in Sec. 5 of their article). They
came to the conclusion that the hyperfine interaction did not
significantly modify the binding energy of the A+(v = 1, N = 0)
state compared to an earlier calculation that disregarded the
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hyperfine interaction and relativistic and radiative corrections
to the level energies.19 The consequence of the weakly bound
nature of the A+(v = 1, N = 0) state of H+

2 is an extremely
large s-wave scattering length for the H+ + H(1s) collision,
which Carbonell et al.19,20 found to be 750(5) a0,19,20 regard-
less of the inclusion or not of the hyperfine interaction in the
theoretical treatment.

More recent theoretical investigations of the H+ + H(1s)
collision at very low collision energies (or ultracold tempera-
tures) essentially confirmed this large value of the scattering
length. Bodo et al.,4 who did not include the hyperfine inter-
action in their treatment, reported a value of 725 a0. Li and
Gao,5 who stressed the importance of the hyperfine interaction
in the H+ + H(1s) collision at low temperatures, calculated
the scattering length to be 810.52 a0. This value is in close
agreement with the earlier values of 801.2 a0 determined by
Glassgold et al.21 and of 762.8 a0 determined by Kaiser et al.,22

who, however, disregarded the hyperfine interaction. Li and
Gao5 also presented an elegant treatment of the g/u mixing
induced by the hyperfine interaction based on multichannel
quantum defect theory (MQDT). They determined the elas-
tic and hyperfine-changing inelastic collision cross sections
for the range between 0 and 5 K in MQDT calculations as
well as using the coupled-channel numerical method, taking
the hyperfine interaction to be independent of the internuclear
separation. In the MQDT treatment, the hyperfine interaction
is explicitly treated in the dissociation channels, neglected at
short range, and its overall effect is obtained through a frame
transformation, in analogy to the treatment of the hyperfine
structure in Rydberg states of atoms23 and molecules.24

This overview of previous determinations of the s-wave
scattering length of the H+ + H(1s) collision leads to several
puzzling conclusions: (i) The s-wave scattering length, which
corresponds to the zero-energy limit of the collision, should be
very sensitive to the hyperfine interaction, as discussed above.
However, theoretical treatments that include and neglect the
hyperfine interaction appear to yield very similar values for
the scattering length. (ii) Although the g/u-symmetry-breaking
role of the hyperfine interaction is widely recognized (see
above), the large value of the s-wave scattering length appears
to always be associated with the scattering length for ungerade
electronic symmetry, although, strictly, it should be reported
as the scattering length for the F = 0 hyperfine component of
the H(1s) fragment.

The purpose of this article is to present the solution
to these apparent contradictions, which we find are linked
to the g/u-symmetry-breaking nature of the hyperfine inter-
action. g/u-symmetry breaking can also be induced by an
external electric field, and a close-coupling calculation of this
effect in H+

2 was presented by Leach, Child, and Manolopou-
los.25 While searching for the solution, we found a series
of important studies of g/u-symmetry breaking or mixing in
homonuclear diatomic molecules. The terms in the molecular
Hamiltonian that are responsible for rovibronic interactions
cannot mix states of different g/u symmetries because they
are invariant with respect to all symmetry operations in the
D∞h point group.26 If the hyperfine Hamiltonian is included,
the molecular-symmetry group has to be used, which does
not contain the molecular-point-group inversion operation i

anymore so that g/u-symmetry mixing can occur. This effect is
rather small and only becomes significant when two vibronic
states of opposite g/u symmetry become nearly degenerate,
as is the case when the dissociation threshold H+ + H(1s)
of H+

2 is approached and the A+ and X+ states become
degenerate.

Pique et al.27 reported the first experimental observa-
tion of g/u-mixing induced by the hyperfine interaction with
the example of molecular iodine.27–29 The theory of predis-
sociation caused by off-diagonal terms (within the adiabatic
approximation) of the hyperfine Hamiltonian, which repre-
sents a generalization of type I predissociation, was elaborated
by Broyer, Vigué, and Lehmann.30,31 They calculated the life-
times of the levels subject to the hyperfine-induced predisso-
ciation using Fermi’s golden rule and evaluated the interaction
matrix elements of the Hamiltonian using the wave functions
of the bound and continuum states. The treatment of Broyer
et al.30,31 cannot be followed in the case of the H+ + H(1s)
collision because this system is dominated, at low energies,
by shape resonances. Shape resonances are a single-channel
effect and one would need to include the coupling to the con-
tinuum of another electronic state (a multi-channel effect).
Fermi’s golden rule cannot be applied in this case because the
perturbation is larger than the energy separation of the unper-
turbed (continuum) states. The shape resonances of H+

2 are
actually Feshbach resonances when the hyperfine structure is
included and can, in principle, be broadened by the hyperfine
interaction. Our initial interest in this problem actually arose
from a discrepancy between the observed [0.56(8) cm−1] and
calculated (0.16 cm−1) widths of the X+(17, 7) shape resonance
of H+

2 ,32 which we initially thought might have its origin in the
hyperfine interaction. The reasons for the discrepancy have
only been identified very recently.33

Moss considered g/u-symmetry breaking in the molec-
ular hydrogen ion13 in order to explain the spectroscopic
observations made by Carrington and co-workers12 mentioned
above. Moss calculated the bound-state level shifts caused by
the Fermi-contact hyperfine interaction [see Eq. (22) for the
complete hyperfine Hamiltonian of H+

2] using second-order
perturbation theory and assuming an R-independent pertur-
bation term. He found that it was necessary to include the
effect of the vibrational continuum in order to reach good
agreement with the observed level shifts, which he did by
carrying out an explicit, truncated sum over the continuum.
He commented in his article that “adding the hyperfine inter-
action to the adiabatic potentials for the ground and excited
electronic states, allowing the Fermi-contact interaction to
couple the two potentials and using the new potentials to
determine corrected vibration-rotation levels, gave splittings
two orders of magnitude too large.”13 This difficulty men-
tioned by Moss13 was not encountered in Ref. 20 because only
the diagonal terms of the hyperfine Hamiltonian were con-
sidered and the hyperfine-interaction-induced g/u mixing was
neglected.

We will show in this article for the first time how to
rigorously solve the nuclear Schrödinger equation including
the hyperfine interaction within the close-coupling approxi-
mation, i.e., by considering the coupling of the X+ 2Σ+

g and
A+ 2Σ+

u states induced by the hyperfine Hamiltonian. The
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treatment is related to the treatment of singlet-triplet mixing
in the alkali-metal dimers in Refs. 34 and 35 (see also Ref. 36)
and to the treatment of the g/u mixing in H2 by Pachucki and
Komasa.37 Our results imply that the conclusions reached in
earlier work on the existence of the A+(1, 0) state and on the
s-wave scattering length of the H+ + H(1s) have to be partially
revised.

II. COMPUTATIONAL METHODS

In this section, we present an overview of the
theoretical and computational methods used in the present
work, which include electronic-structure calculations
(Subsection II A), nonadiabatic coupled-equations cal-
culations (Subsection II B), and scattering calculations
(Subsection II C). Subsection II D shows how these differ-
ent aspects can be combined to reach a full description of the
way the hyperfine interaction affects the structure and dynam-
ics of the H+ + H(1s)/H+

2 system. An alternative method to
treat atomic collisions would involve generalized multichannel
quantum-defect theory.5,38

In our previous studies of H+
2 ,32,33,39 we considered adi-

abatic, nonadiabatic, relativistic, and radiative corrections to
rovibronic energies, but did not consider the hyperfine inter-
action. Consequently, the X+ 2Σ+

g and A+ 2Σ+
u states could be

treated separately. The nonadiabatic corrections originating
from interactions with energetically distant electronic states
of Σ and Π symmetries were obtained by using R-dependent
vibrational and rotational reduced masses40,41 and were found
to be negligible for all states having wave functions located at
large internuclear distances R. In this region, different types of
nonadiabatic interactions become important, caused by inter-
actions between the X+ 2Σ+

g and A+ 2Σ+
u states induced by

the g/u-mixing Fermi-contact terms of the hyperfine Hamilto-
nian.13 The treatment of these latter nonadiabatic interactions
is the focus of the present article and requires the considera-
tion of only these two electronic states. Our treatment follows
the close-coupling treatment of nonadiabatic interactions of
energetically close-lying electronic states used by Dressler
and co-workers to study the electronically excited states
of H2.42

A. Solution of the electronic Schrödinger equation

The main aspects of the electronic-structure calculations
presented in this subsection have been described in Ref. 39
and are repeated here for completeness. The rovibronic (rve)
Hamiltonian of the hydrogen molecular ion, expressed in a
coordinate system with the origin at the geometric center of
the molecule, is given by43 (R is the separation between the
nuclei a and b, r designates the electron coordinates, and cn
stands for “clamped nuclei”)

Hrve = −
∇2

r

2
+

1
R
−

1
ra
−

1
rb︸                   ︷︷                   ︸

Hcn

−
∇2

RΘΦ

2µ︸  ︷︷  ︸
H′1

−
∇2

r

8µ︸︷︷︸
H′2

, (1)

where µ = mp/2 is the nuclear reduced mass and ra and rb are
the distances of the electron to the two nuclei. The electronic

Born-Oppenheimer (BO) equation

Hcnψi(r; R) = UBO
i (R)ψi(r; R) (2)

is separable in prolate spheroidal coordinates (ξ, η, γ) and can
be solved by variational methods.2,7,44 The explicit expressions
for all operators can be obtained from the general two-electron
forms derived by Kolos and Wolniewicz45 by replacing φ by
0 and Λ/2 by Λ, as defined in their work. The ansatz for
the electronic wave function ψt(r; R) used in our calculations
is44

ψt(ξ, η, γ; R) = f (ξ; R)g(η; R)n(γ), (3)

with

g(ξ; R) = (ξ2 − 1)Λ/2(ξ + 1)(R/p)−Λ−1 exp (−pξ)

×

∞∑
n=0

gn(R)

(
ξ − 1
ξ + 1

)n

, (4)

f (η; R) =
∞∑

s=0

fs(R)PΛ
Λ+s(η), and (5)

n(γ) =

√
1

2π
exp

[
iΛγ

]
. (6)

PΛ
Λ+s(η) are associated Legendre polynomials and

p = R
√
−(UBO(R) − 1/R)/2. The expansion coefficients gn

and f s are determined by requiring that the eigenvalue A
simultaneously satisfies

G · g = −Ag and

F · f = Af , (7)

where G and F are tridiagonal matrices and are given in terms
of R, p, and Λ.44 In the case of the X+ and A+ states of
H+

2 , Λ = 0.

B. Calculation of bound rovibronic levels

Because we neglect the rotation-electronic interactions
in our treatment of g/u mixing and only consider Σ states
(Λ = 0), we have N = J and can expand the rovibronic wave
functions Ξ(r, R) in a basis of electronic-rotational functions
ψi(r; R),42

Ξ(r, R) =
1
R

∑
i

ψi(r; R)φi(R) =
1
R
Ψ · φ, (8)

where ψi(r; R) are products of the electronic functions
ψi(r; R) and the symmetric-top rotational functions |NΛMN 〉.
R and r represent the internuclear-separation vector and the
coordinates of the electron, respectively. Using the ansatz (8)
for the total Hamiltonian in Eq. (1), multiplying from the left
withψi(r; R), and integrating over the rotational and electronic
coordinates, one obtains a set of coupled equations42{

−
1

2µ

[
I

d2

dR2
− I

N(N + 1)

2R2
+ A(R) + 2B(R)

d
dR

]

+ U(R) − E

}
φ = 0, (9)

where I is the identity matrix and U is the diagonal matrix
containing the Born-Oppenheimer potential curves

Uii = UBO
i (R) = 〈ψi |Hcn |ψi〉, (10)
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and A and B are the nonadiabatic coupling matrices. For
the matrix elements between electronic states having the
same value of the orbital-angular-momentum molecule-fixed
projection quantum number Λ, one obtains42

AΛij (R) =

〈
ψi

�����
d2

dR2
−

L+L− − Λ(Λ + 1)

R2
+

1
4
∇2

1

�����
ψj

〉
, (11)

BΛij (R) =

〈
ψi

�����
d

dR

�����
ψj

〉
, (12)

where L+ and L− are the raising and lowering electronic-
orbital–angular-momentum operators.46 The expressions for
the off-diagonal block in Λ are not given here, but can be
found in Ref. 42.

Because the diagonal elements of B(R) are zero, the adi-
abatic corrections correspond to the diagonal terms of the
nonadiabatic coupling matrix A(R) and are sums of the two
integrals47

〈
H ′1

〉
i
(R) =

∫
ψ∗i (r; R)


−
∇2

RΘΦ

2µ


ψi(r; R)dτ, (13)

corresponding to the first two terms on the right-hand side of
Eq. (11), and

〈
H ′2

〉
i
(R) =

∫
ψ∗i (r; R)


−
∇2

1

8µ


ψi(r; R)dτ, (14)

corresponding to the third term, using the BO electronic wave
functions. The adiabatic potential-energy curves are thus given
by Uad

i (R) = UBO
i (R) +

〈
H ′1

〉
i
(R) +

〈
H ′2

〉
i
(R).

Bound states of the rovibronic Hamiltonian can be cal-
culated for the system of coupled equations [Eq. (9)] using
the renormalized Numerov method introduced in Ref. 48. To
take full advantage of the Numerov integration scheme, the
dynamical coupling term 2B(R) d

dR has to be eliminated by a
transformation from an adiabatic to a diabatic electronic basis,
as introduced in Refs. 42 and 49. This is achieved with the
transformation matrix M, which satisfies

dM
dR

+ B(R) ·M(R) = 0, (15)

where M is an orthogonal matrix, i.e., M̃M = I. For the
calculation of bound rovibronic states, the starting value
M(R0) = I is usually chosen at small internuclear distances
(R0 ≤ 2 a0) so that the repulsive part of the diabatic and
adiabatic potential-energy curves is identical.

C. Calculation of rovibronic continuum states

In the continuum, we use the scattering-matrix formal-
ism to describe the H+ + H(1s) system. The scattering matrix
S is obtained by applying scattering boundary conditions in
the asymptotic region and making sure that the channels are
uncoupled for R→∞.50 From Eq. (9), we define the effective
potential matrix W(R) as

W(R) = U(R)−
1

2µ

[
− I

N(N + 1)

2R2
+ A(R) + 2B(R)

d
dR

]
, (16)

which has to be diagonalized in the asymptotic region
(R→∞) using

W∞(R) = M(∞)W(R)M̃(∞) (17)

to give

W∞ij (R) ∝ δi,j

(
U ′i(∞) +

N(N + 1)

2µR2

)
, (18)

where U ′i(∞) = k2
i /(2µ) is the asymptotic channel energy.

Whereas the need for the transformation in Eq. (15) is
solely dictated by the numerical integration scheme and there-
fore optional, the transformation in Eq. (17) is compulsory in
order to remove unphysical couplings at infinite distance and
to extract meaningful information on the scattering process.
The numerically integrated radial wave functions φ(R) are
expanded in the Riccati-Bessel functions ji(kiR) and ni(kiR),
which are the solutions for long-range potentials of the form
of Eq. (18), leading to

φ = J + NK, (19)

where J and N are diagonal matrices containing the Riccati-
Bessel functions ji and ni, as explained in Refs. 48 and 51.

At energies E where open and closed channels coexist,
the K matrix is expressed in the block form as52

K = *
,

Koo Koc

Kco Kcc

+
-
. (20)

In the energy range between the H+ + H(1s) (F = 0) and
H+ + H(1s) (F = 1) dissociation thresholds, care must be taken
to avoid numerical difficulties in the determination of the K
matrix because the wave function of the closed H+ + H(1s)
(F = 1) channel diverges for R → ∞. We followed the pro-
cedure explained in Ref. 52 by replacing the closed-channel
elements. This transformation leaves the open-open part Koo of
the K matrix unchanged and the scattering matrix S is obtained
by53

S = (1 + iKoo)−1(1 − iKoo). (21)

D. Hyperfine interaction and g/u-mixing

The effective hyperfine Hamiltonian for the hydrogen
molecular ion H+

2 is given by54

Hhfs = bF(I · S) + γSR(N · S) + cI (N · I) +
d1

(2N − 1)(2N + 3)

×

(2
3

N2(I · S) − [(N · I)(N · S) + (N · S)(N · I)]
)

+
d2

(2N − 1)(2N + 3)

(1
3

N2I2 −
1
2

(N · S) − (N · I)2
)
,

(22)

where I is the total nuclear spin and N and S are the rotational
and electron-spin angular momenta of H+

2 , respectively. bF and
γSR are the Fermi-contact and the spin-rotation coupling con-
stants, respectively, and have been calculated for the lowest
rovibrational levels by Korobov et al. at high precision using a
pre-Born-Oppenheimer variational ansatz for the wave func-
tion.54 Similar expressions can be derived for D+

2 and HD+,55

which contain additional terms arising from the quadrupole of
the deuterons.
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To include the effect of the hyperfine Hamiltonian in
the calculations of the spin-rovibronic level energies, we
follow the treatment of Moss13 in the sense that we only
consider the Fermi-contact term of the hyperfine interac-
tion [first term on the right-hand side of Eq. (22)] and
neglect the spin-rotation interaction and the axial compo-
nent of the electron-spin–nuclear-spin dipolar interaction.
The corresponding terms of the hyperfine Hamiltonian are
indeed about two orders of magnitude weaker than the Fermi-
contact term.13,54 In contrast to Moss,13 however, we imple-
ment the hyperfine interaction directly into the rovibronic
Hamiltonian [Eq. (9)] as an additional nonadiabatic cou-
pling term Ahfs(R). This procedure is, in principle, exact for

N = 0, the only approximation being the neglect of the weaker
terms of the hyperfine Hamiltonian, which affect states with
N ≥ 1.

The two proton spins in H+
2 couple to give the total nuclear

spin I = I1 + I2 [the indices 1 and 2 refer to the protons a
and b in Eq. (1)], which is itself coupled to the electron spin
S (S = 1/2) to give the total spin G = I + S. We obtain
G = 1/2 for I = 0 (para) and G = 1/2, 3/2 for I = 1 (ortho)
H+

2 . Because we neglect the spin-rotation interaction, there are
no further splittings for a given rotational level and both G and
N become good quantum numbers. By taking into account the
restrictions imposed by the Pauli principle for the identical
nuclei, we obtain

X+2
Σ

+
g : even N (para) ⇔ one component: G =

1
2

odd N (ortho) ⇔ two components: G =
1
2

and G =
3
2

,

A+2
Σ

+
u : even N (ortho) ⇔ two component: G =

1
2

and G =
3
2

odd N (para) ⇔ one component: G =
1
2

.

The G = 3/2 hyperfine component is thus not affected by g/u-
symmetry breaking. For N = 0, it has pure A+ 2Σ+

u character.
The two G = 1/2 hyperfine components are subject to g/u-
symmetry breaking and can be obtained from the effective
Hamiltonian

Hhfs = bF(i, v/k, N)S · I, (23)

where bF(i, v/k, N) is the Fermi-contact parameter for the rovi-
brational level (v, N) of the electronic state i. In the vibrational
continuum, v is replaced by k. The explicit form of the operator
of the Fermi-contact interaction is given by13,30

HFC =
8π
3

ggpµBµN

4πε0c2︸          ︷︷          ︸
K

[S · I1δ(r − Ra) + S · I2δ(r − Rb)],

(24)

where r is the electron coordinate with respect to the geometric
center, g and gp are the electron g-factor and proton gyromag-
netic ratio, respectively, and µB and µN the Bohr magneton
and the nuclear magneton, respectively. The proportionality
constant K can be expressed in atomic units using

µB =
e}

2me
⇔

1
2

a.u., (25)

µN =
me

mp
µB ⇔

1
2mp

a.u. (26)

as

K =
8π
3

ggpα
2

4mp
, (27)

with g = 2.002 319 304 361 82 and gp = 5.585 694 702.56

In the limiting case of the hydrogen atom, i.e., for the
dissociated H+

2 ion with charge localization, we obtain from

Eq. (24) using 〈δ(r)〉 = 1/π57

〈HFC〉 = K〈S · I1〉〈δ(r)〉 =
K
2

〈
F2 − S2 − I2

1

〉
〈δ(r)〉

=
K
2

(
F(F + 1) − S(S + 1) − I1(I1 + 1)

)
〈δ(r)〉

=
K
2π

(F(F + 1) −
3
2

) =



− 3K
4π for F = 0,

+ K
4π for F = 1.

(28)

Neglecting the dipolar interaction, the hyperfine split-
ting in the 1s state of the hydrogen atom is thus
∆Ehfs/h = (K /π)(Eh/h) ≈ 1422.807 58 MHz (see Ref. 57 for
a complete discussion).

Figure 1 illustrates the correlation between the hyper-
fine structures of the H+

2 ion at short internuclear distances
and the H+ + H(1s, F) collision at R → ∞. The total spin
G = I1 + I2 + S is conserved for N = 0 and also for other N
values if the spin-rotation interactions are neglected. I and F

FIG. 1. Correlation diagram connecting the short range (H+
2 ) and long range

[H+ + H(1s, F)] spin-angular-momentum coupling cases. The colored arrows
give the relative orientation of the electron and nuclear spins.
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214301-6 M. Beyer and F. Merkt J. Chem. Phys. 149, 214301 (2018)

are good quantum numbers at short and large internuclear dis-
tances, respectively. The colored arrows indicate schematically
the relative orientation of the electron and proton spins.

To obtain the matrix elements of HFC in Eq. (24), the
ansatz

|Ψ〉 =
∑
g,u

|Σg/u; v; N〉|NΛMN〉|S(I1I2)IG〉 (29)

for the molecular wave function is used, where |Σg/u; v; N〉 is
the vibronic wave function with vibrational quantum number v
(in the continuum, v is replaced by k; see above) in the effective
potential with rotational quantum number N. Σg/u designates
the X+ 2Σ+

g or the A+ 2Σ+
u electronic state so thatΛ= 0. |NΛMN 〉

stands for the rotational wave function that is uncoupled from
the spin wave function |S(I1I2)IG〉, as discussed above.

None of the operators in Eq. (24) act on the rotational
wave functions because the spin-rotation coupling is neglected.
Consequently, we obtain〈
Σ
′
g/u |

〈
N ′Λ′M ′N |

〈
S(I1I2)I ′G′ |HFC |S(I1I2)IG

〉
|NΛMN

〉
|Σg/u

〉
= δN′,N δΛ′,ΛδM′N ,MN

〈
Σ
′
g/u |

〈
S(I1I2)I ′G′ |HFC |

S(I1I2)IG〉|Σg/u

〉
= K

[〈
Σg/u

′ |δ(r − Ra)|Σg/u

〉〈
S(I1I2)I ′G′ |S · I1 |S(I1I2)IG

〉
+
〈
Σ
′
g/u |δ(r − Rb)|Σg/u

〉〈
S(I1I2)I ′G′ |S · I2 |S(I1I2)IG

〉]
,

(30)

which implies conservation of the rotational-angular momen-
tum N and of its projections }Λ and }M along the molecular
axis and the space-fixed axis, respectively, as expected. Note
that the integration over the vibrational coordinate R is car-
ried out when solving the system of coupled equations [see
Eq. (9)].

Next, we consider the expectation value of the delta func-
tions in the Fermi-contact terms, which is responsible for the
g/u-symmetry breaking. For symmetry reasons, we find

〈Σg |︸︷︷︸
+

δ(r − Ra) |Σg〉︸︷︷︸
+

= 〈Σg |︸︷︷︸
+

δ(r − Rb) |Σg〉︸︷︷︸
+

, (31)

〈Σu |︸︷︷︸
+

δ(r − Ra) |Σu〉︸︷︷︸
+

= 〈Σu |︸︷︷︸
−

δ(r − Rb) |Σu〉︸︷︷︸
−

(32)

and

〈Σg |︸︷︷︸
+

δ(r − Ra) |Σu〉︸︷︷︸
+

= − 〈Σg |︸︷︷︸
+

δ(r − Rb) |Σu〉︸︷︷︸
−

, (33)

〈Σu |︸︷︷︸
+

δ(r − Ra) |Σg〉︸︷︷︸
+

= − 〈Σu |︸︷︷︸
−

δ(r − Rb) |Σg〉︸︷︷︸
+

. (34)

The signs indicated below the bras and kets represent the signs
of the electronic wave functions at the position of the nucleus
upon which the delta function acts and correspond to the sign
convention for the electronic wave functions given in Fig. 2.
The electron density ρg/u at the positions of the nuclei

ρg/u(Rj) = 〈Σg/u |δ(r − Rj)|Σg/u〉 = |Σg/u(Rj)|
2, where j = a, b,

(35)

is a function of the internuclear distance R, and so are the diag-
onal and off-diagonal matrix elements in Eq. (30), for which
we obtain

〈HFC〉diag = K ρg/u

[〈
S(I1I2)I ′G′ |S · I1 |S(I1I2)IG

〉
+
〈
S(I1I2)I ′G′ |S · I2 |S(I1I2)IG

〉]
(36)

and

〈HFC〉off-diag = K
(
ρgρu

) 1
2

[〈
S(I1I2)I ′G′ |S · I1 |S(I1I2)IG

〉
−

〈
S(I1I2)I ′G′ |S · I2 |S(I1I2)IG

〉]
, (37)

respectively.
The matrix elements of the operator S · Ij in the equal-

coupling representation58,59 (i.e., the two nuclear spins I1 = I2

of a homonuclear molecule are first coupled together) can be
obtained using standard angular-momentum algebra46 and are
given by

〈. . .|S · I1 |. . .〉 ± 〈. . .|S · I2 |. . .〉 ∝ δG′,G(−1)S+2I1+I′+G+1

×
√

(2I + 1)(2I ′ + 1)
√

S(S + 1)(2S + 1)

×
√

I1(I1 + 1)(2I1 + 1)

×



G I ′ S

1 S I







I1 I ′ I1

I I1 1




×
(
(−1)I ± (−1)I′

)
, (38)

where the terms in curly brackets are 6j symbols.46

The total spin angular momentum G is conserved so that
the G = 3/2 components in the case of H+

2 are not affected
by the g/u interaction, because for an even (odd) value of N,
the G = 3/2 levels in the X+ (A+) state are forbidden by the
Pauli principle and N is also conserved [see Eq. (30)]. The
off-diagonal, g/u-symmetry-breaking terms are nonzero only
if

FIG. 2. Schematic illustration of a ger-
ade (left) and ungerade (right) electronic
wave function along the internuclear
axis.
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∆I = I − I ′ = ±1,±3, . . . , (39)

which implies that the g/u-symmetry breaking is at the same
time also an ortho-para symmetry breaking, corresponding
to a reorientation of one nuclear spin with respect to the
other.

From the expression on the right-hand side of Eq. (38),
we obtain the matrix elements

|Σg/uIG〉 |Σg0 1
2〉 |Σu1 1

2〉

〈Σg0 1
2 |

〈Σu1 1
2 |

*.
,

0
√

3
2

√
3

2 −1

+/
-

(40)

for even N values and

|Σg/uIG〉 |Σg1 1
2〉 |Σu0 1

2〉

〈Σg1 1
2 |

〈Σu0 1
2 |

*.
,

−1
√

3
2

√
3

2 0

+/
-

(41)

for odd N values.
In the close-coupling approximation that takes into

account only the X+ 2Σ+
g and A+ 2Σ+

u states and by combining
Eqs. (36), (37), (40), and (41), we find the hyperfine-induced
g/u-mixing nonadiabatic coupling matrix Ahfs(R) [see Eq. (9)]
to be

Ahfs(R) =
*..
,

0
√

3
2 K

(
ρg(R)ρu(R)

) 1
2

√
3

2 K
(
ρg(R)ρu(R)

) 1
2

−K ρu(R)

+//
-

for even N values (42)

and

Ahfs(R) =
*..
,

−K ρg(R)
√

3
2 K

(
ρg(R)ρu(R)

) 1
2

√
3

2 K
(
ρg(R)ρu(R)

) 1
2 0

+//
-

for odd N values. (43)

The diagonal (blue for X+ and magenta for A+) and off-
diagonal (green) terms of Ahfs(R) are displayed as a function
of the internuclear distance in Fig. 3. The off-diagonal term
does not vanish for R→∞ and is needed to obtain the correct
dissociation products H+ + H(1s) (F = 0) and H+ + H(1s) (F
= 1).

The hyperfine interaction does not give rise to a dynamic
nonadiabatic coupling, i.e., Bhfs(R) = 0 in Eq. (9). Because
we neglect rovibronic couplings (see below), we only retain
the diagonal (adiabatic) elements of A(R) [see Eq. (11)], to
which we add Ahfs(R) from Eqs. (42) and (43). This procedure
implies that we can replace J (the total-angular-momentum
quantum number without nuclear spin) by N (the rotational
angular momentum quantum number in Σ electronic states)
and U(R) by Uad(R) in Eq. (9) so that the effective potential

FIG. 3. Nonadiabatic g/u coupling elements in H+
2 arising from the hyperfine

interaction Ahfs(R) as a function of the internuclear distance. The subscript
“hfs” has been omitted for clarity.

matrix is

W(R) =

[
Uad(R) + I

N(N + 1)

2µR2
+ Ahfs(R)

]
. (44)

In close-coupling scattering calculations of the X+ and A+

states including the hyperfine interaction, the transformed
potential W∞(R) is uncoupled asymptotically [see Eqs. (17)
and (18)].

As an illustration, the effective potentials Uad(R), W(R),
and W∞(R) [see Eqs. (44) and (17)] of the X+ and A+ states
for G = 1/2 coupled by the hyperfine interaction are displayed
in Figs. 4 and 5 for N = 0 [which will be used below in the
discussion of the behavior of even-N states and of the exis-
tence of the G = 1/2 hyperfine component of the A+(1, 0)
state] and for N = 7 (which is representative of the behav-
ior of odd-N states), respectively. In each of these figures, the
thick gray lines correspond to the adiabatic potential-energy
functions calculated as explained in Subsections II A and II B.
The upper and lower panels depict the diagonal terms (W11

and W∞11 as dashed and solid blue lines and W22 and W∞22
as dashed and solid magenta lines) and off-diagonal terms
(W12 and W∞12 as dashed and solid green lines) of the potential
matrices, respectively. The regions of short and large inter-
nuclear distances are presented in the left and right panels,
respectively.

By construction, the off-diagonal coupling elements of
W∞(R) vanish asymptotically so that, at large R values, the
diagonal elements W∞11 and W∞22 are separated by the hyper-
fine splitting of the hydrogen atom (see the discussion above).
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FIG. 4. Effective potentials W(R) and
W∞(R) at small (left) and large (right)
internuclear distances: diagonal (upper
panel) and off-diagonal (lower panel)
elements for N = 0. Upper panel: W11
(dashed blue); W22 (dashed magenta);
W∞11 (solid blue); W∞22 (solid magenta).
Lower panel: W12 (dashed green); W∞12
(solid green). The adiabatic potential
energy curves Uad for the X+ and A+

state are shown as gray lines in the upper
panel.

By contrast, the spacing between W11 and W22 is less than
the splitting between the F = 0 and F = 1 H(1s) hyperfine
components because W12 is nonzero. The correct hyperfine
splitting at R = ∞ is obtained by diagonalizing the matrix

W(R =∞). At short internuclear distances, W11 and W22 can-
not be distinguished from the adiabatic potential functions of
the X+ and A+ states on the scale of the figure because the
elements of Ahfs(R) are all much smaller than the adiabatic

FIG. 5. Effective potentials W(R) and
W∞(R) at small (left) and large (right)
internuclear distances: diagonal (upper
panel) and off-diagonal (lower panel)
elements for N = 7. Upper panel: W11
(dashed blue); W22 (dashed magenta);
W∞11 (solid blue); W∞22 (solid magenta).
Lower panel: W12 (dashed green); W∞12
(solid green). The adiabatic potential
energy functions Uad for the X+ and A+

state are shown as gray lines in the upper
panel.
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electronic energies and their difference. At large internuclear
distances, W11 exactly coincides with the adiabatic potential
functions for even N values, whereas for odd N, it is W22 which
coincides with these functions. The asymptotic behavior also
reveals that, for even N values, W∞11 and W∞22 correlate to the
upper (F = 1) and lower (F = 0) hyperfine components of the
H(1s) dissociation product, respectively, whereas the opposite
is true for odd N values. At short range, W∞11 and W∞22 strongly
deviate from the adiabatic potential functions of the X+ and
A+ states and W∞12 becomes large and negative.

When determining the scattering K and S matrices on
the basis of Eqs. (17)–(21) by matching to the Riccati-Bessel
functions, it is important that M is independent of R. Oth-
erwise, the transformation would introduce radial couplings
that would give rise to nonzero elements in the B matrix [see
Eq. (15)].

III. RESULTS

Exact nonadiabatic energies can, in principle, be deter-
mined by solving the system of coupled equations (9), in
which Ahfs(R) is added to A(R). An infinite number of coupled
bound and continuum electronic states must be considered to
obtain exact numerical results, which is not possible in prac-
tice. Approximate treatments of the nonadiabatic interactions
with distant electronic states typically rely on the introduc-
tion of R-dependent reduced masses for the vibrational and
rotational nuclear motion.60,61

In our previous investigations of the weakly bound and
quasi-bound levels of the X+ and A+ states of H+

2 , we have veri-
fied that vibronic nonadiabatic corrections originating from the
interaction with distant states do not exceed 1% of the bind-
ing energy.32,39 Moreover, Carbonell et al.19,20 have shown
that nonrelativistic and quantum-electrodynamics corrections
make a contribution of less than 0.3% to the binding energy
of the A+(v = 1, N = 0) level. We therefore neglect vibronic
nonadiabatic, relativistic, and quantum-electrodynamics cor-
rections in our calculations, but include the g/u-symmetry-
breaking hyperfine interaction in close-coupling nonadiabatic
calculations of the X+ and A+ states for G = 1/2. In the cal-
culations, we used the procedure outlined in Sec. II. Further
details specific to our calculation procedure can be found in
Refs. 32 and 39.

We first present the results we obtained for the weakly
bound high-vibrational levels of the X+ state in Subsec-
tion III A, then proceed, in Subsection III B, to analyze the
effects of the hyperfine interaction on the shape resonances
of H+

2 observed in Refs. 32, and finally discuss the impli-
cations of the hyperfine interaction on the existence of the
A+(v+ = 1, N+ = 0) state in Subsection III C and on the
H+ + H(1s) scattering length in Subsection III D.

A. Hyperfine-induced g/u-mixing and line shifts

In this section, we present our results concerning the
hyperfine-induced g/u-symmetry breaking and its effects on
the weakly bound states associated with the X+ state of H+

2 .
To validate our treatment of the g/u interaction, we calcu-
lated the expected shifts for different rovibrational levels of

the X+ state and compared our results to the values obtained
by Moss13 in a perturbative treatment, as described in the
Introduction.

Our calculations are based on Eq. (44) and on the adi-
abatic potential curves of the X+ and A+ states obtained as
explained in Subsections II A and II B. The nonadiabatic
coupling between the X+ and A+ states originates from the off-
diagonal elements of the hyperfine interaction matrix Ahfs(R).
The hyperfine-induced level shifts of the highest bound lev-
els of the X+ state were determined by solving the systems of
coupled equations and are presented in Table I, where they are
compared with the results of Moss.13

The level shifts we calculate agree within 10 kHz with
the results reported by Moss, except for the X+(18, 2), (19,
0), and (19, 1) levels. The largest discrepancies between our
results and those of Moss do not exceed 300 kHz and might be
attributed to the simplified treatment of the continuum and the
use of R-independent coupling parameters in Ref. 13, and we
conclude that our procedure adequately takes into account the
g/u-mixing effects of the hyperfine interaction. Bound states
can also be calculated using the transformed potential matrix
W∞(R), and we have verified that the level energies do not
depend on whether the effective potential is transformed or
not, as expected.

The calculations of Moss presented in Table I show that the
contribution of the continuum to the g/u-symmetry-breaking
correction becomes the dominant part for the highest rovi-
brational levels. One would therefore expect an effect of the
hyperfine interaction on the position and widths of the shape
resonances of H+

2 .

B. Contribution of the hyperfine-induced
predissociation to the lifetimes of the X+(17, 7)
and (18, 4) shape resonances

In our previous study of the shape resonances of H2, we
have observed the X+(17, 7) and (18, 4) resonances and com-
pared their positions and widths to the positions and widths cal-
culated without considering the hyperfine interaction. Whereas
we found agreement between calculations and experiment for
the positions of both resonances and for the width of the
X+(18, 4), the calculated width of the X+(17, 7) resonance was
found to be about four times narrower than observed. Because
the X+(17, 7) has nominal ortho (I = 1) character, we first

TABLE I. Electronic g/u-symmetry-breaking corrections (in MHz) to the dis-
sociation energies of the highest vibrational levels of the ground electronic
state of H+

2 with G = 1/2.

Moss13

Bound Continuum
Level contribution contribution Total This work

(18, 0) +0.211 +0.152 +0.36 +0.365
(18, 1) +0.243 +0.174 +0.42 +0.419
(18, 2) +0.317 +0.526 +0.84 +0.574
(18, 3) · · · +1.031 +1.03 +1.040
(19, 0) −2.101 +4.879 +2.78 +2.838
(19, 1) −2.035 +11.911 +9.88 +10.170
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thought that the cause of the discrepancy might be related to
the hyperfine interaction.

For the shape resonances (strictly speaking, they should
be considered as Feshbach resonances when the hyperfine
interaction is considered), the coupled equations were solved
up to R > 200 a0 using the transformed potential W∞(R).
To determine the resonance positions and widths, the K
matrix was extracted following the procedure described in
Subsection II C. The eigenphases η̃α and η̃β and their energy
dependences were determined from the S matrix [Eq. (21)]
using

S̃ = P−1SP = *
,

e2iη̃α 0

0 e2iη̃β
+
-
, (45)

and the eigenphase sum was monitored as a function of the
energy.62 In Eq. (45), η̃α (η̃β) corresponds to η̃A+ (η̃X+ ) and
η̃X+ (η̃A+ ) in the case of even and odd N values, respectively
(see Figs. 4 and 5), for collision energies significantly larger
than the hyperfine splitting in the hydrogen atom (see Fig. 8
below and related discussion). The resonance positions and
widths were then extracted from the eigenphases as explained
in Ref. 39.

Table II summarizes the results obtained for the X+(17, 7)
and X+(18, 4) resonances that were observed in Ref. 32. In
order to assess the role of the hyperfine interaction, the calcu-
lations were performed for the adiabatic potentials with and
without the g/u-symmetry-breaking coupling terms.

Nonadiabatic effects could, in principle, be included in the
coupled-equation approach by explicitly taking into account
the coupling to the higher 2Σ+ and 2Π states of H+

2 in Eq. (9).
However, we showed in Ref. 39 that the inclusion of the nona-
diabatic interactions did not change the calculated line widths
for the X+(17, 7) and (18, 4) shape resonances by more than
0.02 cm−1, which is much smaller than, and cannot be the
explanation for, the observed broadening of 0.56(8) cm−1 for
the X+(17, 7) resonance. Table II indicates that the correc-
tions to the positions of the resonances caused by the hyperfine
interaction are larger than those for the bound states. Neither
the broadening of the G = 1/2 component nor the splitting of
about 1 GHz between the G = 1/2 and 3/2 components is, how-
ever, large enough to explain the experimental results for the
X+(17, 7) resonance, which thus must have another origin. We
refer to Ref. 33 for the interpretation of this effect.

C. The A+(1, 0) state of H+
2

In this section, the influence of the g/u-symmetry break-
ing on the existence of the presumed A+(1, 0) state19,20

TABLE II. Electronic g/u-symmetry-breaking corrections to the widths and
dissociation energies of the X+(17, 7) and (18, 4) shape resonances of H+

2
with G = 1/2 calculated in the adiabatic (AD) approximation. The dissociation
energies are taken from Ref. 32.

AD AD + g/u mixing g/u correction

Eres/h Γ Eres/h Γ ∆Eres/h ∆Γ

Level (cm�1) (cm�1) (cm�1) (cm�1) (MHz) (MHz)

(17, 7) �11.2101 0.1765 �11.1875 0.1796 678 92
(18, 4) �1.8794 0.2048 �1.8775 0.2019 57.64 �87

is studied. This state is thought to be responsible for the
large proton–hydrogen-atom scattering length. The long-range
behavior of the proton–hydrogen-atom molecular potential is
governed by the charge–induced-dipole interaction that is pro-
portional to −1/R4. The proportionality constant is half the
polarizability of the hydrogen atom, i.e., α/2 = 9/4 in atomic
units.63 The charge–induced-dipole interaction is attractive.
As R decreases, the electron-exchange forces, which are attrac-
tive for the electronic ground state and repulsive for the first
excited electronic state of H+

2 , become dominant. The A+

potential is therefore mainly repulsive and supports only the
(0,0), (0,1), and (0,2) states and potentially also the (1,0)
state.

The adiabatic potential of the A+ state, calculated within
the single A+ channel and thus neglecting the hyperfine-
induced g/u-symmetry breaking, is depicted in Fig. 6. This
potential is adequate to describe states with total spin quantum
number G = 3/2 that are not subject to the g/u-symmetry-
breaking part of the hyperfine interaction. The binding energies
of the G = 3/2 states one obtains are given with respect to the
H+ + H(1s, F = 1) upper dissociation threshold. The calculated
adiabatic dissociation energy of the A+(1, 0) state we deter-
mine with this potential is 7.0067 MHz, and its wave function,
also depicted in Fig. 6, has a considerable amplitude up to
5000 a0. The nonrelativistic dissociation energy of this state
was determined to be 7.139 254 798(7) MHz in Ref. 19 and
the energy including relativistic and radiative corrections is
7.120 664(3) MHz,20 both results differing from our approxi-
mate result by less than 150 kHz. Consequently, the nonadia-
batic, relativistic, and radiative corrections do not significantly
modify the properties of this state, as expected.

The coupled equations [Eq. (9)] including the hyperfine-
induced g/u-symmetry breaking were solved up to
Rmax = 20 000 a0. We first varied the strength of the hyperfine-
induced g/u-symmetry-breaking interactionHFC [see Eq. (24)]

FIG. 6. Adiabatic potential of the A+ state (black) of the molecular hydrogen
ion. The vibrational wave functions of the A+ (0,0) and (1,0) states of H+

2
calculated without consideration of the hyperfine interaction are displayed in
blue and magenta, respectively, and the corresponding dissociation energies
are indicated by dotted lines of the corresponding color.
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by varying a scaled hyperfine-coupling constant Kscaled to (i)
validate our implementation of the numerical integration of
the coupled-equations by reproducing the single-channel dis-
sociation energy for Ahfs(R) = 0 and (ii) observe the gradual
change of the A+(1, 0) dissociation energy while increasing
Kscaled from 0 to its final value K given by Eq. (27).

The calculated dissociation energies of the A+(1, 0) level
with respect to the H+ + H(1s) (F = 0) dissociation threshold
are depicted as a function of Kscaled in Fig. 7. In the coupled-
equation calculations, which no longer distinguish between
X+ and A+ states, the A+(1, 0) state appeared as the 22nd state
with N+ = 0 because there are 20 vibrational states related to
the X+ potential and the A+(0, 0) at lower energies. Figure 7
indicates that the dissociation energy of the A+(1, 0) state grad-
ually decreases when the hyperfine coupling constant Kscaled

is increased from zero to its actual value of K ≈ 4469.88 MHz.
For a g/u coupling strength exceeding 14% of K in Eq. (27),
the level is shifted above the H+ + H(1s) (F = 0) dissociation
limit.

Because the A+(1, 0) state with G = 1/2 has the character
of the H+ + H(1s) (F = 0) dissociation channel, there is no
possibility that this state could emerge as a F = 1 Feshbach
resonance between the H+ + H(1s) (F = 0) and H+ + H(1s)
(F = 1) dissociation limits. We therefore conclude that this state
does not exist, which has implications on the sign and magni-
tude of the scattering length of the H+ + H(1s) collision. This
conclusion is supported by the fact that the calculated phase
does not exhibit any jump of π between the two dissociation
limits.

D. Scattering length of the H+ + H(1s) collision

Given that the A+(1, 0) state was identified as the rea-
son for the large positive value [750(5) a0] of the scatter-
ing length of the H+ + H(1s) collision reported in Refs. 19
and 20, we made a new calculation of the scattering length
following the method described at the end of Subsection II D
(see also below). In particular, the scattering length might be
affected by states associated with the H+ + H(1s) (F = 1) chan-
nel which could predissociate into the open H+ + H(1s) (F = 0)

FIG. 7. Dissociation energies of the A+(1, 0) relative to the H+ + H(1s) (F = 0)
dissociation limit as a function of the hyperfine-induced g/u coupling strength
Kscaled. For Kscaled reaching 14% of its final value K in (27), no bound state
could be detected anymore (indicated by the gray area).

continuum (type I predissociation; see Refs. 30, 31, 64, and
65). In the discussion of the H+ + H(1s) collision at ultralow
temperatures, it is important to note that in the 0 K thermal
limit of the H+ + H(1s) collision, only the H(1s, F = 0) level is
populated so that only the G = 1/2 level correlated to this limit
is relevant. One can, however, also determine s-wave scatter-
ing lengths for the G = 1/2 and G = 3/2 components of the
upper H+ + H(1s, F = 1) dissociation limit. For the G = 3/2
component, our calculations give the same binding energy as
reported in Refs. 19 and 20. Reference 20, however, assigns
the corresponding state as a G = 1/2 state associated with the
lower [H+ + H(1s, F = 0)] dissociation limit, which contradicts
the correlation diagram presented in Fig. 1.

The N = 0 eigenphases [see Eq. (45)] are displayed as
dashed lines (blue for η̃α and magenta for η̃β) in Fig. 8, where
they are compared to the phase shifts ηX+ (full blue line) and
ηA+ (full magenta line) obtained in a treatment neglecting the
g/u mixing induced by the hyperfine interaction. The figure
reveals the correspondence of the X+ and A+ N = 0 channels
with the α and β channels, respectively [see discussion below
Eq. (45)].

For G = 1/2, no π phase jumps of η̃A+ are detected between
the two dissociation limits related to the two hyperfine compo-
nents of the 1s level of the hydrogen atom. Consequently, there
cannot be any N = 0 Feshbach resonances associated with the
H+ + H(1s) (F = 1) collision channel. A closer inspection of
Fig. 8 leads to the following additional conclusions:

• the X+ s-wave scattering phase shift ηX+ is small and
positive at low energies and first increases slightly
before decreasing monotonically at higher energies,

• the A+ s-wave scattering phase shift ηA+ is negative
and falls off rapidly at low energies and then decreases
with a similar slope as the X+ phase shift at higher
energies,

• the s-wave scattering eigenphase shift η̃β starts slightly
above zero and shows a small increase before decreas-
ing monotonically at higher energies and finally over-
laps with the X+ scattering phase shift ηX+ , and

FIG. 8. Comparison of the s-wave scattering phases ηi (full lines) of the
uncoupled X+ (blue) and A+ (magenta) channels and the eigenphases (dashed
lines) η̃A+ (blue) and η̃X+ (magenta) channels in the treatment including the
hyperfine interaction. The lines drawn in light color indicate the extrapolated
limiting behavior at threshold. The collision energy is the energy with respect
to the H+ + H(1s, F = 0) dissociation limit.
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• the s-wave scattering eigenphase shift η̃α rises sharply
at low energies, shows an oscillation at≈1.4 GHz when
the F = 1 channels opens, and then decreases monoton-
ically at higher energies to become identical to the A+

scattering phase shift ηA+ .

Consequently, we expect negative scattering lengths A0

for channels with increasing phase shifts at zero energy (i.e.,
the X+ and the α and β channels), whereas the channel with
a decreasing phase shift at zero energy (i.e., the A+ channel)
should have a positive scattering length.

The scattering length is known to diverge in situations
where a state is weakly bound or almost bound. This behavior
is observed in Fig. 8, which compares the A+ scattering phase
shift ηA+ (full magenta line) with the scattering eigenphase
shift η̃α (dashed blue line). Both exhibit the same behavior at
high energies, but the A+ phase shift ηA+ converges to the next
integer from below at zero energy, whereas η̃α converges to
the next lower integer from above. This behavior is in agree-
ment with Levinson’s theorem (see Ref. 66) that connects the
zero-energy phase shift to the number of bound levels for a
given rotational angular momentum. As is shown in Fig. 7, the
A+(1, 0) level disappears when the hyperfine-induced g/u mix-
ing is taken into account and, consequently, the F = 0 channel
loses one bound state.

The elastic-collision cross section for a single-channel i
is given by67

σel
i =

4π

k2
i

∞∑
N

(2N + 1) sin2 η(N)
i , (46)

whereas the elastic (σel
ii ) and inelastic (σr

fi) collision cross

sections in multichannel problems are given by67

σel
ii =

π

k2
i

∞∑
N

(2N + 1)���1 − S(N)
ii

���
2
, (47)

σr
fi =

π

k2
i

∞∑
N

(2N + 1)���S
(N)
fi

���
2
. (48)

At low collision energies, the sum over the partial waves N
in the expressions above can be truncated because of the dom-
inance of s-wave scattering (N = 0). The s-wave-scattering
cross sections are depicted in Fig. 9 for the uncoupled scat-
tering problem [i.e., for the X+ (full blue line) and A+ (full
magenta line) channels] and after taking into account the
hyperfine-induced g/u-symmetry breaking [i.e., for the F = 0
(dashed blue line) and F = 1 (dashed magenta line) channels].
Figure 9 also depicts the inelastic cross sections for spin exci-
tation (F = 0 → F = 1, full green line) and de-excitation
(F = 1 → F = 0, dashed green line). In the latter case, the
cross section diverges at the F = 1 dissociation limit because
k2 in Eq. (48) approaches zero more rapidly than S12. In the
former case, this divergence does not occur because k1 is finite
at the F = 1 dissociation limit and S12 = S21. The overall
behavior of the cross sections displayed in Fig. 9 agrees with
that reported in Ref. 5 for the lowest energies, where s-wave
scattering dominates.

The s-wave scattering cross sections for the X+ and
A+ channels have a sharp minimum at collision energies of

FIG. 9. Comparison of the elastic s-wave scattering cross sections σel
i (full

lines) of the uncoupled X+ (blue) and A+ (magenta) channels and the elastic
[σel

11 (F = 0, blue dashed line) and σel
22 (F = 1, magenta dashed line)] and

inelastic [σr
12 (F = 1→ F = 0, dashed green line) and σr

21 (F = 0→ F = 1,
full green line)] cross sections in the two-channel problem. The dotted vertical
line indicates the top of the N = 1 centrifugal barrier. The collision energy for
σel

11 is given with respect to the H+ + H(F = 0) dissociation limit. For σel
22,

σr
12, and σr

21, it is given with respect to the H+ + H(F = 1) dissociation limit.

≈0.26 GHz and ≈7.65 GHz, respectively. Because the scat-
tering phase shift of the X+ state at zero energy is positive
(corresponding to a negative scattering length), it crosses 0 (or
a multiple of π) at low energies, which leads to a vanishing
cross section according to Eq. (46). The zero-energy scattering
phase shift of the A+ channel is negative (corresponding to a
positive scattering length) so that it crosses 0 (or a multiple of
π) at higher energies. Because the contribution of higher par-
tial waves to the total cross section at low energies is negligible
(the vertical line in Fig. 9 indicates the energy corresponding to
the top of the N = 1 centrifugal barrier), the total cross section
becomes zero at ∼0.26 GHz in the X+ channel. This behavior
is known as the Ramsauer effect68 and was first observed in
the scattering of slow electrons with rare-gas atoms. For the
A+ channel, the minimum in the s-wave cross section occurs
at higher energies, where higher partial waves are dominant so
that the effect is strongly reduced.

The s-wave scattering length A0 is determined by fitting
the low-energy phase shift to the expression

k cot η(N=0) = −
1

A0
+
πα

6A2
0

k +
α

3A0
k2 ln

[
αk2

32

]
+ ck2, (49)

where α = 9/2 is the polarizability of the ground state of the
hydrogen atom57 and c is a constant given in Ref. 69, where
the effective-range theory was extended in order to include the
effects of potentials that fall off as 1/R4. Because the proton–
hydrogen-atom interaction potential also contains terms in
1/Rn≥6, we determined c in a least-squares fit. The scattering
lengths obtained in this way are summarized in Table III. We
find good agreement in comparison with the values reported
by Carbonell19 for the scattering lengths calculated without
considering the hyperfine interaction. The values reported by
Glassgold,21 Bodo et al.,4 and Li and Gao5 for the A+ state are
similar. When the hyperfine interaction is included, the scatter-
ing length changes sign and is reduced in magnitude by about
25%. It is important to note that the 0 K thermal limit of the
H+ + H(1s) collision only involves the F = 0 ground state of
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TABLE III. Scattering lengths for the H+–H collision (all values in atomic
units) for the lower (X+) and upper (A+) states of H+

2 . If the hyperfine inter-
action is included (hfs, last line), the lower and the upper states correspond to
a collision with the H(1s) (F = 0) and H(1s) (F = 1) state, respectively.

Lower state Upper state

Carbonell et al.19
�29.3 750(5)

Glassgold et al.21 801.2
Bodo et al.4 �28.8 725.2
Kaiser et al.22

�30.75(25) 762.8
Li and Gao5 a

�30.371 810.52

This work (no hfs) �29(2) 757(7)b

This work (hfs and g/u mixing, G = 1/2) �578(6) �43(4)

aThe MQDT formalism of Ref. 5 could, in principle, be used to determine the scattering
length for the G = 1/2 component.
bThis value also corresponds to the G = 3/2 hyperfine component (see the text).

the H atom and thus corresponds to s-wave scattering between
H+ and H(1s, F = 0) with G = 1/2 and with scattering length
−578(6) a0.

The large change in the scattering cross section and scat-
tering length upon including the g/u-symmetry-breaking part
of the hyperfine interaction can also be deduced from the scat-
tering wave function at zero energy, depicted in Fig. 10. For
small k and N = 0, we obtain the relation

φ(R) ∝ sin(kR) cos η(0) + cos(kR) sin η(0) ∝ R +
tan η(0)

k
(50)

using the asymptotic expressions of the spherical Bessel
functions. The scattering length A0 is thus given by

A0 = − lim
k→0

tan η(0)

k
. (51)

In Fig. 10, one sees that the wave function intersects the hor-
izontal axis at R > 0 for the A+ channel (blue) and at R <
0 for the F = 0 channel (magenta). The values of the scat-
tering lengths indicated by the vertical lines are in agreement
with the values given in Table III, which were obtained in a
least-squares fit based on Eq. (49).

FIG. 10. Zero-energy wave function (calculated 0.02 MHz above the respec-
tive threshold) for the A+ (blue) and the F = 0 (magenta) channel, respectively.
The scattering length, given by the intersection of the zero-energy wave
function with the R axis, is indicated by a vertical dotted line.

IV. CONCLUSIONS

The calculations presented in this article are the first to
rigorously take into account the hyperfine interaction in the
treatment of the elastic and inelastic proton–hydrogen-atom
scattering. They demonstrate that the hyperfine interaction
plays an important role in the structure and dynamics of
H+

2 near the H+ + H(1s) dissociation threshold. In particu-
lar, they prove that the G = 1/2 hyperfine component of the
A+(v = 1, N = 0) level of H+

2 does not exist, which has a
large implication for the value of the H+ + H(1s) scattering
length.

The calculations also revealed a very rich behavior that
could in the future be studied experimentally, e.g., using cold,
spin-polarized H atoms. Such atoms can be produced with
a Zeeman decelerator.70 The generation of cold samples of
protons with densities sufficient for collision experiments,
however, remains a challenge.

The procedure followed in our calculations can be gener-
alized to any charge–hydrogen-atom or charge–anti-hydrogen-
atom interaction. An example is the formation of the negative
hydrogen ion

H + e− → H− + hν, (52)

which plays an important role in the formation of molecular
hydrogen in the universe by associative detachment,11

H− + H→ H2 + e−. (53)

Another example, for which the cross section and scatter-
ing lengths are expected to be the same as those determined
here, is the formation of the anti-hydrogen molecular ion (H̄−2 )

H̄− + H̄(1s)→ H̄−2 + hν. (54)

Although anti-molecules have not been produced yet, the cur-
rent rapid improvements in sources of cold anti-protons and
anti-hydrogen atoms (see, e.g., Refs. 71 and 72) are likely
to make their synthesis possible in the coming years. The
present results are relevant in this context, as well as in
the discussion and modeling of the abundance of H2 in the
universe.6,8,11,19,20
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