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CHAPTER 1
Introduction

Hydrogen gas was discovered before the 18th century from the reaction of acid
with metals by various scientist such as Philippus Aureolus Paracelsus, Turquet
De Mayerne and Robert Boyle [1]. Cavendish was the first one to publish
studies on the generation of hydrogen gas from the reaction of sulfuric acid and
zinc, iron and tin metals [2]. Hydrogen has shown many applications, especially
in petroleum industry and chemical industry [3]. Most of the uses are based
on the power of “hydrogenation", such as hydrocracking and desulphurization
in oil refinery industry. Recently, hydrogen is drawing more attention as an
energy carrier for the goal of decarbonization [4].

Hydrogen also plays an important role in research of fundamental physics
as the subject of this thesis. H2 is the simplest neutral molecule consisting of
two protons and two electrons. Because of its simplicity, it serves as a bench-
mark molecule for testing quantum chemical theories. Since the introduction
of quantum mechanics to molecular systems in the 1920’s, a tremendous im-
provement in the precision of theoretical calculations of the H2 system has been
achieved. Heitler and London proposed the valence-bond theory by assuming
the interatomic interaction as a perturbation of two isolated H atoms [5]. Later
in 1933, James and Coolidge suggested the variational method with a set of
basis functions in ellipical coordinates, suitable for two-center problems like
H+

2 , to calculate the binding energy of H2 with uncertainty only 0.02 eV and
showed good agreement with the experimental value [6]. Starting in the 1960’s,
a series of papers by Kołos and Wolniewicz presented the most extensive cal-
culation on ground and excited electronic states of H2 and its isotopologues,
including relativistic and QED corrections [7–14]. In the past decade, further
improvements on the calculations were achieved by Pachucki and coworkers
using a perturbative approach to calculate separately the Born-Oppenheimer
(BO) energies [15], adiabatic and non-adiabatic corrections [16,17], relativistic
and quantum electrodynamic corrections [18, 19]. Until now, the calculation
uncertainty of the H2 binding energy is as accurate as 10−4 cm−1. This has
been made possible by implementing a pre-BO approach of nonrelativistic en-
ergy [20–22].

On the experimental side, the determination of the H2 dissociation energy
in X1Σ+

g state was improved alongside with the theoretical accuracy. The H2

dissociation energy was determined by spectroscopic techniques starting from
Witmer [23] using the anharmonicity constant. Later, Herzberg was inspired
by Beutler [24] and determined the n = 2 dissociation limit from the onset
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1. Introduction

of the absorption continuum of the Werner band [25], presenting a 0.3 cm−1

uncertainty. Eyler and coworkers used laser double resonance spectroscopy
to reach the onset of the dissociation continuum and improve the accuracy
of dissociation energy to 0.010 − 0.016 cm−1 for all stable isotopologues [26,
27]. The next generation of dissociation energy measurements started by Liu
and coworkers with the determination of ionization energy of H2 with only
0.00037 cm−1 uncertainty [28]. Using a similar scheme, the uncertainty of
the dissociation energy of H2 was reduced to about 3 × 10−5 cm−1 over the
past decade [29]. Aside from the dissociation energy, the measurements of ro-
vibrational transitions have been greatly improved, such as the fundamental
bands of HD and D2 [30,31] and overtone transitions on all stable isotopologues
[32–40].

This thesis will present two distinct topics of precision spectroscopic mea-
surement of rarely studied isotopologues of molecular hydrogen and highly
ro-vibrationally excited levels of molecular hydrogen to test theoretical calcula-
tions, with a specific focus on the non-adiabatic contributions. In the following
section, a brief introduction of the theoretical framework to obtain molecular
hydrogen level energies will be presented.

1.1 Theory of molecular hydrogen

The nonrelativistic Hamilonian for molecular hydrogen and isotopologues in
their center-of-mass frame, with the geometric center of the nuclei as origin, is
given by

H = Hel +H ′
1 +H ′

2 +H ′
3, (1.1)

where
Hel = −

1

2
(∇2

1 +∇2
2)−

1

r1a
− 1

r1b
− 1

r2a
− 1

r2b
+

1

R
, (1.2)

H ′
1 = − 1

2µn
∇2

R, (1.3)

H ′
2 = − 1

8µn
(∇1 +∇2)

2 and (1.4)

H ′
3 = −1

2

(
1

Ma
− 1

Mb

)
∇R · (∇1 +∇2). (1.5)

All the terms are presented in atomic units. Labels 1, 2 denotes the elec-
trons while a, b are for nuclei, R denotes the internuclear separation and rij
the separation of particle i and j. The nuclear reduced mass is defined as
µn = (1/ma + 1/mb)

−1. Hel contains the electronic kinetic energy in the
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1.1. Theory of molecular hydrogen

center-of-mass frame of the nuclei and all potential energy terms. H ′
1, H ′

2 and
H ′

3 represent the relative motion of the nuclei, the coupling between nuclear
and electronic motion, while H ′

3 is only non-vanishing for heteronuclear iso-
topologues, HD, HT and DT, resulting in gerade/ungerade (g/u) electronic
state mixing.

However, solving this Hamiltonian is computationally intensive. One way to
simplify the problem is by neglecting the coupling of the fast electronic motion
and the slow nuclear motion, known as the Born-Oppenheimer (BO) approx-
imation. The total wavefunction Ψ(r⃗1, r⃗2, R⃗) is represented as the product of
electronic ϕ(r⃗1, r⃗2;R) and nuclear wavefunction Y (R⃗/R)χ(R)/R, Ψ(r⃗1, r⃗2, R⃗) =

ϕ(r⃗1, r⃗2;R)Y (R⃗/R)χ(R)/R, where Y (R⃗/R) are spherical harmonic functions.
Hel is solved separately to give the clamped nuclei potential as a function of
the internuclear distance,

(Hel − Eel(R))ϕ(r⃗1, r⃗2;R) = 0. (1.6)

The BO energy of a ro-vibrational level in a given electronic state and with
rotational angular momentum J is obtained by solving[

− 1

2R2

∂

∂R

R2

µvib

∂

∂R
+
J(J + 1)

2µrotR2
+ Eel(R)− E

]
χ(R) = 0, (1.7)

where vibrational reduced mass µvib and rotational reduced mass µrot equals
µn. The correction to the BO energy arises from the nuclear and electronic mo-
tions and can be treated by a perturbative approach. In first order, a specific
electronic state may couple with the nuclear motion, but not mixing between
different electronic states. This gives the adiabatic correction Ea(R) to the
clamped nuclear potential Eel(R), where Ea(R) = ⟨ϕ|H ′

1 +H ′
2 |ϕ⟩. Wolniewicz

has mentioned that the sum of Eel(R) and Ea(R) is sometimes called the best
potential energy curve for diatomic molecule at a given electronic state [9].
In the recent studies, Pachucki and coworkers introduced the non-adiabatic
perturbation theory (NAPT) to calculate the leading-order non-adiabatic cor-
rection of all bound levels in the ground electronic X1Σ+

g state. This is done
in the form of an additional potential δEna(R) and the R−dependent rota-
tional and vibrational reduced masses [15,17,41]. In the NAPT formalism, the
nonrelativistic energy E(2) is expanded as

E(2) = E(2,0) + E(2,1) + E(2,2) +O

((
me

µn

)3
)
, (1.8)

where E(2,0) represents the BO energy, E(2,1) represents the adiabatic correc-
tion and E(2,2) is the leading-order non-adiabatic correction. Equation (1.8)
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1. Introduction

is expanded in powers of (me/µn), where E(2,1) preserves terms with (me/µn)
and E(2,2) preserves terms with (me/µn)

2. The uncertainty is limited by the
next higher order non-adiabatic correction and estimated to be E(2,2)me/µn.
Pachucki and coworkers have published the program, H2SPECTRE, to per-
form NAPT calculations of the level energies and the ro-vibrational transi-
tion frequencies of all isotopologues [22]. Recently, they employed the pre-BO
scheme to calculate nonrelativistic energies for selected levels in several iso-
topologues with only 10−7 cm−1 uncertainty [42–45], which are also included
in the H2SPECTRE program.

At this level of accuracy, the contribution of relativistic and QED effects
need to be considered. The level energies of hydrogen molecules can be ex-
panded perturbatively into powers of the fine-structure constant α [22, 46,47]

E = mα2E(2) +mα4
(
E(4) + EFS

)
+mα5E(5) +mα6E(6) + · · · . (1.9)

The expansion terms correspond to nonrelativistic energy E(2), leading-order
relativistic correction E(4), leading-order QED correction E(5) and higher order
QED corrections. EFS denotes the correction due to the non-zero electronic
wavefunction inside the finite size nucleus. Individual terms can be further ex-
panded into powers of (me/µn) to separate out the finite-mass correction, for
example in Equation (1.8). Most of these terms are evaluated under the BO ap-
proximation and the uncertainties are estimated to be E(i)me/µn. At present
E(2) has been evaluated to very high accuracies, so that the largest uncertainty
contributions are from the leading-order QED corrections, E(5) and E(7) terms,
which amount to 10−4 and 10−5 cm−1, respectively. However, this estimation
method is not guaranteed. In 2017, the recalculations of the leading-order rel-
ativistic correction led to a disagreement of dissociation energies between the
experimental [28,48,49] and theoretical value for the stable isotopologues [18].
The revision of the experimental value of the H2 dissociation energy with an
improved accuracy of the EF1Σ+

g - X1Σ+
g transition [50], or an improved ioniza-

tion energy of H2 via GK1Σ+
g - X1Σ+

g and 56p 11 transitions [51], still showed
disagreement with the theoretical value, which suggested that the problem was
in the calculation. Later in 2018, Wang et al. and Pachucki et al. found
the non-adiabatic relativistic correction is 10 times larger than previously esti-
mated [21, 52]. The discrepancy between experimental and calculation values
of H2 and D2 dissociation energy can be explained by this missing term in the
calculation, while the discrepancy for HD remains unresolved.

1.2 Tritium-containing isotopologues

In contrast to typical stable isotopologues H2 , HD and D2, tritium-containing
isotopologues, HT, DT and T2, are rarely studied experimentally due to its
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1.2. Tritium-containing isotopologues

handling difficulties.
Tritium is a radioactive isotope of hydrogen. Its nucleus consists of 1 proton

and 2 neutrons, and is about three-times heavier than hydrogen. Tritium was
first discovered in the 1930’s by Oliphant from the bombardment of deuterated
compounds with deuterium nuclei [53]. The radioactive nature of tritium was
then found by Alvarez and Cornog [54]. The tritium nucleus will undergo
β-decay

T → 3He + e− + ν̄e, (1.10)

with a half-life of 12.3 years [55]. A natural source of tritium on Earth is
the bombardment of air with cosmic rays [56]. The most abundant natural
occurring form is in tritiated water, HTO [57]. Massive production of tritium
is mainly based on the interaction of fission neutrons in pressurized heavy water
moderators [58].

By its radioactive nature, only tiny amounts of tritium samples are al-
lowed in non-specialized laboratories. The extension of high resolution spec-
troscopic studies of hydrogen molecules including tritium-containing species
provide a wider range of parameter space for testing quantum chemical theory.
The largest uncertainty contributions in most recent calculation of the X1Σ+

g
state in molecular hydrogen and its isotopologues originates from the finite-
nuclear-mass correction in leading QED correction E(5). The uncertainty is
estimated via E(5,0)(me/µn) [22,45], to be on the order 10−4 cm−1, and vary-
ing with isotopic species. As the tritium nucleus is about three-times heavier
than hydrogen, this contribution is expected to be the smallest for the heavi-
est isotopologue T2. Studies on all isotopologues might help in disentangling
the mass-dependent terms in the calculations. Besides, there is an unresolved
discrepancy between the calculated and experimental value of the HD dissoci-
ation energy [59], while the homonuclear isotopologues H2 and D2 are in good
agreement. The spectroscopic studies on the two tritium containing heteronu-
clear isotopologues HT and DT might help resolve this mystery by providing
additional information on the g/u mixing effects.

Dieke and Tomkins performed the first emission spectra on tritium bear-
ing isotopologues from 300 nm to 3000 nm where only transitions between
excited electronic states were recorded [60, 61]. Later in the 1970’s to the
1980’s, spectroscopic measurements were done on the vibrational transitions
in ground X1Σ+

g state using Raman spectroscopy [62–64] and intracavity laser
absorption [65] with uncertainty down to 5× 10−3 cm−1. Obviously, orders of
magnitudes improvement in measurement accuracy are necessary to obtain a
valuable comparison with the latest calculated values.

Our group collaborates with the Karlshruhe Institue of Technology in Ger-
many to access all three tritium-containing isotopologues gas samples for the
spectroscopic studies carried out in Amsterdam. Regarding radiation safety,
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1. Introduction

Figure 1.1: Well-sealed tritium gas cell with planar surface aperture.

tritium-containing isotopologue gas samples have to be contained in a well-
sealed gas cell with proven material for the tritium contamination as shown in
Fig. (1.1). The total radioactivity should be kept below 1 GBq, correspond-
ing to 11.5 mbar cm3 of T2 at room temperature. Under these strict safety
regulations, spectroscopic studies on these static gas samples are performed
using Coherent Anti-Stokes Raman Spectroscopy (CARS) to measure the fun-
damental vibrational interval (v = 0→ 1). Several Q-branch lines (∆J = 0) of
tritium-containing species were measured at 10−4 cm−1 uncertainty, present-
ing an over 100-times improvement. Trivikram et al. measured the heaviest
isotopologue T2 with about 3 × 10−4 cm−1 uncertainty [66]. In this thesis,
measurements on the other two tritium containing isotopologues, DT and HT,
and revised measurements of T2 will be presented.

1.3 Vibrationally excited state and quasi-bound
resonance of H2

The majority of the precision measurements on H2 focus on the lowest vibra-
tional levels. For example, Dickenson determined the fundamental vibrational
interval (v = 0→ 1) using combination differences of Doppler-free two-photon
transition from X1Σ+

g v = 0 and v = 1 levels to a common E1Σ+
g excited

state in a molecular beam with 5 MHz uncertainty [67]. The second vibra-
tional overtone S(3) transition (v = 0 → 3, J = 1 → 3) was measured using
Doppler-broadened cavity-ring down spectroscopy at 6 MHz uncertainty [68].
The dissociation energy in both para- and ortho-hydrogen were recently de-
termined at sub-MHz accuracy [29, 51, 69]. The wavefunctions of these deeply
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1.3. Vibrationally excited state and quasi-bound resonance of H2

bound states, v = 0−3, have a radial probability density localized in the range
of 1−3 a0. In Fig. 1.2, the potential energy curves of the adiabatic correction,
the R-dependent rotational and vibrational reduced masses and the leading-
order non-adiabatic correction are presented. The deeply bound levels v = 0−3
are not sensitive to the non-monotonic behaviour of the potential curve from
non-adiabatic effect in the range of 2 a0 ≤ R ≤ 6 a0. As the non-adiabatic
contribution arises from the coupling of electronic and nuclear motion, higher
vibrational states are expected to show stronger effects of non-adiabatic cor-
rection. The non-adiabatic correction is known to be maximized at v = 9 [70].
Precision measurements on these vibrationally excited states of H2 can there-
fore test the calculations over a wider range of the potential energy curve of
the X1Σ+

g state.
Apart from the calculated 302 bound states, there are more than 20 quasi-

bound resonances. These resonance states of H2 can be obtained from Equation
(1.7) by grouping rotational and BO potential energy, corresponding to the sec-
ond and third terms, together as an effective potential. For J ̸= 0, hence the
rotating H2 molecule, this effective potential shows a local maximum, with a
centrifugal barrier, possibly high enough to accommodate one or more quasi-
bound resonances at high J . The resonance energies and lifetimes of these
resonances were first calculated by Waech and Bernstein using the BO poten-
tial of Kołos and Wolniewicz [71]. They found 47 quasi-bound resonances and
5 more “unbound" resonances (resonances at an energy higher than the cen-
trifugal barrier). In 2012, Selg presented a calculation of improved accuracy on
the 23 quasi-bound resonances with inclusion of the non-adiabatic, relativistic
and QED contributions with [72]. These levels are potentially observable with
lifetimes in the range from 10−13 to 10−12 s.

However, there is a lack of experimental measurements on these high vi-
brational states and quasi-bound resonances for comparison with calculation.
Herzberg determined level energies of the X1Σ+

g state up to the highest v = 14
from emission spectra of the Lyman band [73]. Dabrowski had revisted the Ly-
man and the Werner band and found several quasi-bound resonances with 0.1
cm−1 uncertainty in emission spectra [74]. Roncin and Launay have measured
the emission spectra from 78 to 170 nm and observed several quasi-bound res-
onances [75]. In total, 20 quasi-bound resonances from Selg’s calculation have
been observed.

Various methods were used to produce vibrationally excited H2, for exam-
ple using chemical reactions of H atoms with hydrogen halides [76, 77] and in
hot filaments [78, 79]. These methods only produced moderately high vibra-
tional levels with v ≤ 11. In late 1980’s, Steadman observed multiple sharp
resonances in the studies of resonance-enhanced multiphoton ionization spec-
tra (REMPI) of H2S between 67000 and 70000 cm−1, which they assigned as
EF1Σ+

g - X1Σ+
g transitions with X1Σ+

g v = 10 − 14 [80]. Zhou and coworkers
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Figure 1.2: Potential energy curve of adiabatic correction (top panel), rotational
and vibrational reduced mass (middle panel) and non-adiabatic correction (bottom
panel). mp is the mass of proton. The pink shaded region represents the radial
probability density of the X1Σ+

g v = 9 J = 0 state of H2.
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1.4. Outline of this thesis

observed comb-like features in the S(1D) translational energy spectrum from
the H2S photodissociation at 139.11 nm, where each peak in the spectrum cor-
relates to different vibrational states of the H2 co-fragment [81]. Later in 2021,
they have observed the change in the S(1D) translational energy spectrum by
selectively exciting ortho-/para-H2S [82]. From the analysis of the translational
energy spectrum, it was concluded that photolysis of H2S to the 1B1 electronic
state can produce H2 fragments with vibrational states up to v = 14 in the
X1Σ+

g state. From the low translational-energy part of spectrum, they also
found indication that quasi-bound resonances of H2 were produced.

Our group employed Steadman’s method to produce vibrationally excited
H2 using photodissociation of H2S. H2S is first excited by two-photon excitation
with the UV pulsed laser set at 291.5 nm. The nascent X1Σ+

g state H2 fragment
produced are then probed by a Doppler-free 2+1’ REMPI scheme. Niu et al.
first measured F1Σ+

g (v′ = 3) - X1Σ+
g (v” = 12) transitions with 0.0035 cm−1

uncertainty [83]. Later, Trivikram et al. improved the ionization detection
stage by exciting the populated F1Σ+

g state to np Rydberg levels instead of
nonresonant ionization [84, 85]. F0-X11 transitions have been measured to an
accuracy at 0.0015 cm−1. In this thesis, measurements of vibrationally excited
levels, up to the highest vibrational state v = 14 and some quasi-bound states
of X1Σ+

g H2 will be presented. These states are prepared by photodissociation
of H2S at different wavelengths.

1.4 Outline of this thesis

In the following chapters, spectroscopic studies on two distinct topics will be
discussed, (1) tritium containing isotopologues, HT, DT and T2, and; (2) vi-
brationally excited states and quasi-bound resonances of H2.

Chapters 2 and 3 focus on the measurement of the vibrational interval in
three tritium-containing isotopologues of molecular hydrogen, HT, DT and T2.
In Chapter 2, the precision measurement on the DT fundamental band Q(J =
0−5) will be presented. The experimental measurements on tritium-containing
species were compared to results of non-adiabatic perturbation theory (NAPT)
produced by Polish theorists. Some details of the NAPT calculation scheme
are presented Chapter 2, following our collaborative publication.

Chapter 3 reports on extended measurements of HT and a revision on T2

with improved statistics. Detailed discussions on the uncertainty contribution
are presented, including the well-known inherent artefacts of CARS measure-
ment, the non-resonant background interferences. Further studies were ex-
plored on the observation of Lamp dips in saturated CARS spectra in Ref. [66].
In addition, hybrid pulsed-cw CARS setup was employed, which could poten-
tially improve the accuracy in CARS measurements.

9



1. Introduction

Chapters 4 - 7 cover the studies of highly vibrationally-excited and quasi-
bound states of the ground electronic state of H2. Chapter 4 starts with
the demonstration of the experimental setup by measuring transitions in the
neutral sulphur atom produced as a product from H2S photolysis. Seven two-
photon transition 3p4 3PJ - 3p34p 3PJ are recorded with 9 × 10−4 cm−1 un-
certainty. The fine structure splittings in ground electronic configuration 3p4

are determined and found to be in good agreement with highly accurate laser-
magnetic-resonance measurements [86]. These measurements produced an ac-
curate anchor level which can be used for determining the excited state level
energy structure of the neutral sulphur atom if infrared transitions between the
excited states were to be measured.

Chapter 5 presents the production of v = 13, 14 states in the ground elec-
tronic X1Σ+

g state of H2. These states are detected by two-photon excitation
into the F1Σ+

g outer well. For H2 in the v = 13, the highest bound rotational
level J = 7, lying only 51 cm−1 below the dissociation limit, has been detected.
Only one rotational state J = 1 from v = 14 is detected with much weaker
signal strength. The assignments of the transitions are verified by recording
excitation spectra from the populated F-states. The combination differences
of transitions from v = 13 and v = 11 levels [84] yield the vibrational inter-
vals in the ground electronic state H2. A comparison with results from NAPT
calculations produces good agreement.

Chapters 6 and 7 present the studies of the quasi-bound resonances in
the X1Σ+

g state of H2 produced from photolysis of H2S. Four quasi-bound
resonances of H2 X(v, J) = (7,21)*, (8,19)*, (9,17)* and (10,15)*, which have
level energies above dissociation limit, with lifetimes longer than multiple µs
are probed in our setup via two-photon excitation to F1Σ+

g outer well states.
A ns-lived resonance (11,13)* is also observed with shorter delay after H2S
photolysis. The signal strengths of these transitions are much stronger than the
bound-bound transitions observed in Chapter 5. It is explained by the enhanced
Franck-Condon factor between the X1Σ+

g and the F1Σ+
g outer-well state from

the extended wavefunction density towards larger internuclear separation for
X1Σ+

g quasi-bound resonances. Measurements of the F-X Q-branch (∆J = 0)
and the S/O-branch (∆J = ±2) transitions connect all 5 observed quasi-bound
resonances to give the X1Σ+

g state level intervals.
In Chapter 7, details of the calculation of the X1Σ+

g state quasi-bound
resonances are presented. The well-established NAPT calculation scheme on
molecular X1Σ+

g state is extended to quasi-bound resonances using available
potential curves in Ref. [22]. The calculated quasi-bound level intervals agree
well with the observation. These quasi-bound resonances help test the X1Σ+

g
state potential energy curve over larger internuclear distance. The s-wave scat-
tering length of the singlet H+H scattering is determined for the first time with
inclusion of adiabatic, non-adiabatic, relativistic and QED contribution up to

10



1.4. Outline of this thesis

mα6 terms.
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CHAPTER 2
Precision tests of nonadiabatic

perturbation theory with
measurements on the DT molecule

Abstract

First-principles calculations are presented for fundamental vibrational
interval energies of tritium-bearing molecular hydrogen species with the
improved treatment of the nonrelativistic, relativistic and quantum elec-
trodynamic energy contributions resulting in a total uncertainty of 0.000 11
cm−1 for DT, or about 100-times improvement over previous results. Pre-
cision coherent Raman spectroscopic measurements of DT transitions
were performed at an accuracy of < 0.000 4 cm−1, representing even
larger 250-fold improvement over previous experiments. Perfect agree-
ment between experiment and theory is found, within 1σ, for all six
transitions studied.

This chapter is reproduction of: Lai, K.-F.; Czachorowski, P.; Schlösser, M.; Puchalski,
M.; Komasa, J.; Pachucki, K.; Ubachs, W.; Salumbides, E. J. Precision Tests of Nonadiabatic
Perturbation Theory with Measurements on the DT Molecule. Phys. Rev. Res. 2019, 1
(3), 033124
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2. Precision tests of nonadiabatic perturbation theory with
measurements on the DT molecule

2.1 Introduction

Seventy years after its development, quantum electrodynamics (QED) has
emerged to be the best-tested theory in physics. While QED is most accurately
tested using a free electron system [87–89], tests in the bound atomic hydrogen
system are at present limited by effects of the proton structure [90, 91]. Pre-
cision tests in the hydrogen atom rely ultimately on the narrowest transition
involving the long-lived 2S quantum state with a natural lifetime of 0.12 s [92].
In contrast, the additional rotational and vibrational degrees of freedom in H2

give rise to a multitude of states in the ground electronic manifold with ex-
tremely long lifetimes in the order of 105 − 106 s [93]. In addition, access to
all six isotopic variants of molecular hydrogen enables a robust verification of
nonadiabatic perturbation theory.

The additional complexity of the four-body molecular hydrogen system
presents formidable challenges in first-principles calculations. The last decade
has shown great improvements in calculation of the nonrelativistic energies
using a perturbative approach [15, 17], or a recent non-perturbative treat-
ment [42]. Concurrent developments in the calculation of relativistic [18],
QED [19], and associated recoil corrections have led to sub-MHz accuracies
in level energies of the stable molecular hydrogen species H2, HD, and D2 [52],
but have not been applied to tritiated isotopologues until now.

Parallel progress in experiments have resulted in an accurate measurement
of the dissociation energy of the H2 molecule [51, 69], the measurement of its
fundamental vibrational interval [67], as well as very weak quadrupole overtone
transitions [32–34]. Similar spectroscopic studies have also been applied to
the other stable D2 (cf. [35, 36, 48]) and the mixed isotopologue HD (cf. [37–
40]). On the other hand, very few precision studies have been undertaken on
the tritium-bearing species [62, 64, 65], on account of difficulties in handling
radioactive tritium. If these practical challenges would be overcome, access to
tritium-bearing species T2, HT, and DT would double the number of molecular
hydrogen test systems.

Here we present highly-accurate calculations of the rovibrational transi-
tions for all tritiated molecular hydrogen that are two orders of magnitude
more accurate than previous studies [94]. This improvement is obtained by
applying a recently-developed nonadiabatic perturbation theory approach to
obtain accurate nonrelativistic energies [17], as well as by systematic treat-
ment of leading, higher-order and recoil relativistic and QED corrections based
on nonrelativistic wave functions. The calculations are benchmarked by accu-
rate measurements of DT transition energies, which enables precision tests in
tritiated species that are now sensitive to QED effects.
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2.2. Experiment
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Figure 2.1: Q(1) transition of the DT X1Σ+
g (v = 0 → 1) Raman band, probed at

different peak intensities and plotted with respect to the Stokes frequency ωS (lower
frequency axis) and the Raman shift ωR (upper axis). The solid lines through the DT
data points are Gaussian fits, with the line centers exhibiting ac-Stark shifts. The
transmission peaks of the stabilized etalon and saturated I2 spectrum used in the
relative and absolute frequency calibrations of ωS are also plotted. Inset: Nonlinear
four-wave mixing scheme.

2.2 Experiment

As for the experimental study, we use the nonlinear frequency-mixing scheme
of coherent anti-Stokes Raman spectroscopy (CARS), illustrated in the inset
of Fig. 2.1. An anti-Stokes coherent beam is produced for signal detection, at
frequency ωAS = 2ωP − ωS corresponding to λAS ∼ 464 nm, whenever the fre-
quency difference between the pump (ωP) and Stokes (ωS) frequencies is in reso-
nance with a vibrational mode (ωR) in the molecule. The high-resolution CARS
setup has been described in a previous work on T2 [66]. An injection-seeded
and frequency-doubled Nd:YAG laser provides the pump beam (λP ∼ 532 nm),
while the Stokes radiation (λS ∼ 623 nm) originates from a narrowband pulsed
dye amplifier (PDA) system [95], which is seeded by a continuous-wave (cw)
ring dye laser. DT at a partial pressure of 4 mbar is contained in a 4-cm3

gas cell, prepared from a 4:1 mixture of D2 and T2 at the Tritium Labora-
tory Karlsruhe and transported to LaserLaB Amsterdam for the spectroscopic
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Figure 2.2: a) ac-Stark extrapolation for the Q(1) line position by fitting a plane
(blue-shaded area) spanned by the pump, IP , and Stokes, IS , laser intensities sepa-
rately. b) Full-widths at half-maximum plotted against the total intensity IP + IS .
The zero-intensity ωR value obtained in a) is consistent with a linear fit in c) using
the total intensity as independent parameter.

measurements [96].
Recordings of the Q(1) Raman transition at different intensities are shown in

Fig. 2.1, manifesting ac-Stark broadening and shifting. The cw-seed frequency
for the ωS radiation is calibrated using a HeNe-stabilized etalon in combination
with an absolute frequency reference from saturation I2 spectroscopy [97]. The
cw-pulse frequency offset induced by frequency chirp effects in the pulsed-dye
amplification [95, 98, 99] is measured and corrected for [100]. The frequency
of the ωP pulse is monitored online using a high-resolution wavemeter (High
Finesse Ångstrom WSU-30), which is periodically calibrated against several
absolute frequency standards at different operating wavelengths, including cal-
ibrations against a Cs clock with the aid of an optical frequency comb laser.
This wavemeter also measures the correct frequency that includes any chirp-
induced frequency offset as verified when using a narrowband titanium sap-
phire pulsed laser source with an adjustable cw-pulse frequency offset used in
Ref. [51]. The Raman shift, ωR = ωP − ωS , is derived from the simultaneous
frequency calibrations of both pump ωP and Stokes ωS laser frequencies.

The ac-Stark shift for the Q(1) transition is plotted in Fig. 2.2 panel a)
as a function of the pump IP and Stokes beam IS intensities; and in panel c)
as a function of the total intensity, IP + IS , of both pump and Stokes beams.
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2.2. Experiment

It was established that the extrapolation to the unperturbed zero-intensity
frequency by fitting, a plane in a) or by a line in c), yields the same value
within 2 MHz. This linear dependence is expected since the polarizabilities at
λP and λS for both the v = 0 and v = 1 levels of molecular hydrogen are very
similar [101]. In this manner, the ac-Stark dependence on the total intensity
for all other Q(J = 0, 2 − 5) transitions was treated by linear extrapolation
and found to be accurate to 6 MHz. The full-widths at half-maximum are
plotted in Fig. 2.2 b), which extrapolates to the Doppler width at zero intensity.
Collisional shifts on the DT transitions are conservatively estimated to be ∼
1 MHz based on investigations of the stable molecular hydrogen species [102–
104]. Since we cannot vary the pressure of DT, we have verified the estimates by
pressure-dependent measurements of D2 in an identical gas cell. The hyperfine
structure of DT is expected to be similar to that of HD with the hyperfine
splittings spanning within ∼ 1 MHz, and is not observed in our Doppler-limited
linewidths. Possible shifts in the hyperfine center-of-gravity of the transitions
are expected to be well below a MHz and are neglected. Table 2.1 shows the
uncertainty contributions, where a final uncertainty of 12 MHz or 4×10−4 cm−1

is estimated for the Q(J = 0, 2 − 5) lines. The Q(1) transition has a slightly
smaller uncertainty due to more measurements collected for the assessment of
systematic shifts. The reproducibility of measurements performed on multiple
days is indicated in the statistics entry in Table 2.1.

Measurements of the Q(0), Q(1), and Q(2) transitions of the fundamental
band of D2, with 8-mbar partial pressure inside the same DT cell, were also
performed. High-accuracy D2 measurements using molecular beams have been
performed with a completely different spectroscopic approach [67,105], allowing
for the in situ assessment of any other systematic effects. D2 comparisons with
Ref. [105] yield an average deviation, shown in Fig. 2.3, that is consistent with
and validates the independently estimated uncertainty of the present CARS

Table 2.1: Systematic and statistical contributions to the frequency uncertainties
in the DT fundamental vibrational Raman transitions. Values are given in MHz.

Contribution Q(J ̸= 1) Q(1)
Pump (ωP ) calibration 6 6
Stokes (ωS) cw calibration 2 1
Stokes cw–pulse chirp correction 5 5
ac-Stark analysis 6 3
Collisional shift 1 1
Statistics 7 5
Combined (1σ) 12 10
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2. Precision tests of nonadiabatic perturbation theory with
measurements on the DT molecule

study. These experimental results are compared with the theoretical results
presented in the following discussion.

2.3 Theory

In order to calculate molecular rovibrational levels and transition energies accu-
rately, we use a variant of nonrelativistic quantum electrodynamics (NRQED)
– an effective theory approximating QED at low energy scales [19]. It assumes
an expansion of the binding energy in powers of the fine-structure constant α

E(α) = α2E(2) + α4E(4) + α5E(5) + α6E(6) + . . . , (2.1)

where E(i) is a contribution of order αim (with the electron mass m) and
may include powers of lnα. Each E(i) can be expressed as an expectation
value of some effective Hamiltonian with the nonrelativistic wave function.
The E(i) terms can be calculated directly (see e.g. [21,42,59,106]) or expanded
further in the m/µn mass ratio (with µn = MAMB/(MA +MB) – the nuclear
reduced mass) in the spirit of the nonadiabatic perturbation theory (NAPT)
[17,107]. This yields the well known components of the nonrelativistic energy—
the Born-Oppenheimer (BO) energy E(2,0), the adiabatic correction E(2,1), and
the nonadiabatic correction E(2,2) for a given rovibronic state. Similarly, NAPT
enables the relativistic E(4) and QED E(5) corrections to be evaluated as a sum
of the leading (inifinite nuclear mass) and the recoil (finite mass) components,
although finite mass QED corrections has not yet been incorporated.

The Schrödinger equation for a hydrogen molecule isotopologue, written in
a center-of-mass frame, with the origin in the geometric center of the nuclei, is

(H +Hn − E(2))
∣∣∣Ψ(r⃗1, r⃗2, R⃗)

〉
= 0, (2.2)

where

H = −1

2

(
∇⃗2

1 + ∇⃗2
2

)
+ V, (2.3)

V = − 1

r1A
− 1

r1B
− 1

r2A
− 1

r2B
+

1

r12
+

1

R
, (2.4)

Hn = − 1

2µn

(
∇⃗2

R + ∇⃗2
el

)
+

(
1

MA
− 1

MB

)
∇⃗R∇⃗el, (2.5)

and where the 1, 2 indices denote electrons, A, B denote nuclei, R⃗ = R⃗A− R⃗B,
and ∇⃗el = (∇⃗1 + ∇⃗2)/2. The last term in Hn is present in heteronuclear iso-
topomers and is a source of the gerade/ungerade mixing effects, of relevance
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2.3. Theory

to the DT species investigated here. Within NAPT, the wave function is rep-
resented as

Ψ(r⃗1, r⃗2, R⃗) = ψ(r⃗1, r⃗2)Y (n⃗)χ(R)/R+ δΨ(r⃗1, r⃗2, R⃗), (2.6)

where one assumes ⟨δΨ|ψ⟩el = 0 (integration over electronic coordinates only),
Y (n⃗) is a spherical harmonic, and n⃗ = R⃗/R. ψ(r⃗1, r⃗2) is an eigenfunction of
the electronic Schrödinger equation

H |ψ⟩ = E(2,0)(R) |ψ⟩ , (2.7)

with the eigenvalue dependent on the internuclear distance R. In the NAPT
leading order, the function χ satisfies the following nuclear equation

HNχ(R) = E(2,0)χ(R), (2.8)

HN = − 1

2µn

d2

dR2
+ E(2,0)(R) + J(J + 1)

2µnR2
, (2.9)

where J is the rotational quantum number. E(2,0)(R) from the electronic
Schrödinger equation (2.7) serves as a potential for the movement of the nuclei,
present in the nuclear equation (2.8). We solve Eq. (2.8) with a discrete variable
representation (DVR) method [22,108] for χ, which is then used in a perturba-
tive manner to calculate the rovibrational energy contributions ⟨χ| E(i,k)(R) |χ⟩,
where E(i,k)(R) denotes a correction of the order αim·(m/µn)

k to the electronic
potential. Regarding E(2), its BO approximation E(2,0) is surely not accurate
enough for our purposes. At the same time, direct calculation of E(2,1) and
E(2,2) is not very convenient. This is why the nuclear Schrödinger equation
is solved again instead – with the NAPT-corrected Hamiltonian, including the
nonadiabatic effects up to the (m/µn)

2 level

H̃N =

[
− d

dR

1

2µ∥(R)

d

dR
+

J(J + 1)

2µ⊥(R)R2
+
W ′

∥(R)

R
+ Y(R)

]
. (2.10)

All the functions µ∥(R), µ⊥(R), W ′
∥(R), and Y(R) in the above are defined

and provided as analytic fits in Refs. [17,22,107]. Note that Y(R) incorporates
both the adiabatic and nonadiabatic effects, and the g/u-mixing term from
Eq. (2.5) in particular.

The E(4) and E(6) corrections are calculated as

E(4) =E(4,0) + E(4,1), (2.11)

E(6) = ⟨χ| E(6,0)(R) |χ⟩ (2.12)

+ ⟨χ| E(4,0)(R) 1

(E(2,0) −HN)′
E(4,0)(R) |χ⟩ ,
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where

E(4,0) = ⟨χ| E(4,0)(R) |χ⟩ , (2.13)

E(4,1) = ⟨χ| E(4,1)(R) |χ⟩ (2.14)

+2 ⟨χ| E(4,0)(R) 1

(E(2,0) −HN)′
E(2,1)(R) |χ⟩ .

The rest: E(5), E(7), and EFS (the correction due to the finite nuclear sizes),
are calculated just as expectation values with χ(R). All the needed potentials
are taken from, respectively: E(2,0)(R) – Refs. [15, 22], E(2,1)(R) – Ref. [16],
the nonadiabatic potentials – Refs. [17, 107], E(4,0)(R) – Ref. [18], E(4,1)(R)
– Ref. [52], E(6,0)(R) – Ref. [19]. The potentials E(7,0)(R) and EFS(R) make
use of the electron-nucleus Dirac δ values obtained in Ref. [18]. Their cal-
culation method follows the approach of Refs. [52, 59] respectively (based, in
turn, on Ref. [109]). The leading QED contribution E(5,0)(R) combines re-
sults from Refs. [18, 19, 46]. More details concerning particular potentials
are available in Ref. [22]. The theoretical uncertainty of an E(i) compo-
nent includes the missing next term E(i,kmax+1) ≈ E(i,kmax)m/µn, where kmax

is the highest included term in the m/µn expansion. For E(2), E(i,kmax) is
E(2,2) ≈ E(2) − ⟨χ| E(2,1)(R) |χ⟩ − E(2,0), for E(4) it is E(4,1), and E(i,kmax) =
E(i,0) = E(i) for i = 5 and 6, as well as for EFS. The uncertainties also include
an estimate of the numerical error of the respective potential used, and the
EFS error comprises a contribution from uncertainties of the nuclear radii. For
E(7), for which only an approximate formula is known, a relative 25% error
is used [59] instead. Total theoretical uncertainties of all the transitions re-
ported in this paper are dominated by the missing E(2,3) in the nonrelativistic
contribution. The calculated contributions to the Q(1) transition energy in
the fundamental vibrational interval (v = 0 → 1) for all tritiated species DT,
HT, and T2 are listed in Table 2.2. The theoretical results obtained here are
in agreement with Ref. [94], with the present accuracy of 0.000 11 cm−1 rep-
resenting more than a 100-fold improvement. The 0.02 cm−1 uncertainty in
Ref. [94] is dominated by the uncertainty in the nonadiabatic nonrelativistic
correction (E(2,2)), and only included leading order relativistic (E(4,0)) and
QED corrections using a Bethe logarithm that is 20% off from the modern
value, or a deviation of > 0.001 cm−1 in E(5).
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2.4 Discussion and Summary

The experimental and theoretical values for Q(J = 0 − 5) transition energies
in DT are listed in Table 2.3. The present measurements with 0.0004 cm−1

accuracy are consistent with, but are two orders of magnitude more precise
than the previous investigation in Ref. [64]. The comparison of the present
experimental and theoretical values demonstrates excellent agreement as listed
in Table 2.3 and shown graphically in Fig. 2.3, with the differences falling well
within 1σ of the combined measurement and calculation uncertainty.

In summary, we have determined Q(J = 0 − 5) transition energies of the
fundamental band of DT with a 250-fold improvement over all other previous
measurements. Highly-accurate calculations are also presented with similar
improvements of uncertainty. Studies using the heavier tritiated species are
useful in disentangling various mass-dependent effects that have been frequently
overlooked in the literature [112]. In view of a present 2.7σ discrepancy in
experiment and calculations in the dissociation energy of HD [106] while there
is perfect agreement for H2 and D2, investigations on heteronuclear species
such as DT may be helpful in the resolution of the HD discrepancy.

Since the present experimental and theoretical values are in very good agree-
ment, these can be used to constrain hypothetical long-range fifth forces be-
tween hadrons [113]. In fifth-force investigations on diatomic molecules, the
hypothetical interaction is parameterized as a Yukawa potential

V5(R;α5, λ5) = N1N2
α5 exp{(−R/λ5)}

R
, (2.15)

where α5 and λ5 are the interaction strength and length parameters, respec-
tively, while R is the distance between the two nuclei of nuclear number N1

Table 2.3: Fundamental vibrational (v = 0 → 1) intervals of the Q(J) transitions
in DT. The measured values appear in the second column while the theoretical values
are listed in the third column, with uncertainties indicated within parentheses. The
last column is the difference (ωexp −ωcalc) with the combined experiment-calculation
uncertainty indicated. All values in units of cm−1.

line experiment calculation difference
Q(0) 2 743.341 71 (40) 2 743.341 74 (11) −0.000 03 (41)
Q(1) 2 741.732 04 (33) 2 741.732 09 (11) −0.000 05 (35)
Q(2) 2 738.516 59 (40) 2 738.516 97 (11) −0.000 38 (41)
Q(3) 2 733.704 70 (40) 2 733.704 66 (11) +0.000 04 (41)
Q(4) 2 727.307 34 (40) 2 727.307 55 (11) −0.000 21 (41)
Q(5) 2 719.341 93 (40) 2 719.342 02 (11) −0.000 09 (41)
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Figure 2.3: a) Comparison of the experimental and calculated DT Raman intervals
(squares) demonstrating very good agreement. b) A comparison of D2 Q(J) lines
(circles) also measured with the present CARS setup and DT gas cell are also shown.
A comparison of D2 molecular beam measurements in Ref. [105] (triangles) is also
plotted in b). The dashed lines indicate the average in the experiment-calculation
differences, ωexp − ωcalc, while the shaded regions indicate the standard deviation.

and N2. The most stringent constraint for these hypothetical fifth forces in
the range λ5 = 1 Å is derived from HD+ [114] of α5 < 1 × 10−9α, where α
is the electromagnetic coupling strength. This tight bound is largely due to
the sub-MHz uncertainties obtained in the HD+ measurements. Applying the
method in Ref. [113] on the DT Q(1) transition, the strength of a fifth force
for an interaction range of ∼ 1 Å is constrained at α5 < 2.1 × 10−8α, which
is more than an order of magnitude weaker than the HD+ derived bound. Av-
eraging over the six DT transitions results in a slightly tighter of constraint
α5 < 8.4× 10−9α, which is still about an order-of-magnitude weaker than the
HD+ derived bound. With the sixfold enhanced sensitivity of DT with respect
to the lightest species H2 as seen from Eq. 2.15, the present DT results yield
a limit that is slightly more stringent than that of H2. This is despite the H2

(v = 0→ 1) Q lines [67,105] having 2.7 times better accuracy than the present
DT study. With the inherent sensitivity of the heavier tritiated species (with
Nt = 3) this limit can be further tightened when an accuracy in the kHz level
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is reached, for example by using techniques recently applied to HD [39].
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CHAPTER 3
Precision measurement of the

fundamental vibrational
frequencies of T2, DT, HT

Abstract

High-resolution coherent Raman spectroscopic measurements of all
three tritium-containing molecular hydrogen isotopologues T2, DT and
HT were performed to determine the ground electronic state fundamen-
tal Q-branch (v = 0 → 1,∆J = 0) transition frequencies at accuracies
of 0.0005 cm−1. An over hundred-fold improvement in accuracy over
previous experiments allows the comparison with the latest ab initio cal-
culations in the framework of Non-Adiabatic Perturbation Theory in-
cluding nonrelativisitic, relativisitic and QED contributions. Excellent
agreement is found between experiment and theory, thus providing a veri-
fication of the validity of the NAPT-framework for these tritiated species.
While the transition frequencies were corrected for ac-Stark shifts, the
contributions of non-resonant background as well as quantum interfer-
ence effects between resonant features in the nonlinear spectroscopy were
quantitatively investigated, also leading to corrections to the transition
frequencies. Methods of saturated CARS with the observation of Lamb
dips, as well as the use of continuous-wave radiation for the Stokes fre-
quency were explored, that might pave the way for future higher-accuracy
CARS measurements.

This chapter is reproduction of: Lai, K.-F.; Hermann, V.; Trivikram, T. M.; Diouf, M.;
Schlösser, M.; Ubachs, W.; Salumbides, E. J. Precision Measurement of the Fundamental
Vibrational Frequencies of Tritium-Bearing Hydrogen Molecules: T2 , DT, HT. Phys. Chem.
Chem. Phys. 2020, 22 (16), 8973–8987
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3. Precision measurement of the fundamental vibrational
frequencies of T2, DT, HT

3.1 Introduction

Molecular hydrogen represents a benchmark molecule for testing quantum
chemical theories. The comparison between precision spectroscopic measure-
ments on the level structure of hydrogen and the results from calculations has
made H2 and its isotopologues a test bed for searches of fifth forces [113], higher
dimensions [115], and physics beyond the Standard Model of physics [116]. On
the experimental side the measurement of the dissociation energy of H2 has
witnessed great improvements in the past decade [28, 29, 51, 69] now reaching
a relative accuracy of 3 × 10−10. Each isotopologue supports over 300 bound
and long-lived rovibrational levels, that provide an extended playing field for
performing fundamental tests, such as the ground tone vibrational interval [67],
the quadrupole overtone transitions of H2 [32–34] and in the D2 species [35,36],
as well as in the mixed isotopologue HD [37–40].

On the theoretical side level energy calculations of the molecular hydro-
gen four-body system have undergone equally great improvements, producing
highly accurate level energies of H2 and D2 [117] as well as for HD [107].
These methods were based on calculations of Born-Oppenheimer energies [15],
and separate approaches for adiabatic [16] and non-adiabatic [17] corrections,
as well as computations of relativistic [18] and quantum electrodynamic ef-
fects [19]. This development has led to the comprehensive approach of non-
adiabatic perturbation theory (NAPT) [22, 52], which now enables the rapid
computation of all bound rovibrational states in the ground electronic mani-
fold of the hydrogen isotopologues. In addition, and alongside, an even more
refined and more accurate method involving direct 4-body calculations is being
pursued, but this is currently limited to the computation of the binding energy
of the lowest rovibrational level [42, 59].

Most of the experimental precision spectroscopic studies were performed
in the typical environment of molecular beams that can be easily applied to
the stable, non-radioactive, hydrogen isotopologues H2, HD and D2. Tritium-
containing isotopologues, HT, DT and T2 have been much less frequently
studied, because of limited access and handling difficulties due to safety re-
quirements holding for radioactive species. The first spectroscopic studies on
tritium bearing hydrogen molecules were performed by Dieke and Tomkins at
Argonne National Laboratories recording emission spectra [60,61]. Later, other
methods were applied, such as spontaneous Raman spectroscopy [62–64] and
intracavity laser absorption, combined with an optophone [65]. A rationale for
exploring tritium spectroscopy is that the heavier, tritiated molecular hydro-
gen species exhibit smaller non-adiabatic contributions to the level energies.
High precision studies on these species may help to disentangle the effect of
mass-dependent terms in the calculation of hydrogen level energies. Also, in-
clusion of tritium provides two additional heteronuclear species, HT and DT.
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These species provide information on the g/u mixing effects present in het-
eronuclear species. Such studies might help resolve the discrepancy observed
in HD, between the experimental value for the dissociation energy [49] and the
theoretical value [59].

The precise level structure of the tritium bearing hydrogen molecules is of
relevance for the Karlsruhe Tritium Neutrino experiment (KATRIN) focusing
on the β decay from T2 [118]. The β-electron spectrum depends on the final
state distribution of the 3HeT+ daughter molecules [119], requiring accurate
level energies of 3HeT+, but also on the isotopologue distribution, parent quan-
tum state distribution, and the level structure of the parent states [120–122].
The Raman spectroscopic techniques for molecular hydrogen isotopologues,
including tritium-bearing species, were further developed to determine com-
position and concentration of the isotope mixtures for the KATRIN experi-
ment [123–125].

Here we present a study of transition frequencies in the fundamental vibra-
tional band of all tritiated species, T2, DT and HT, via Coherent Anti-Stokes
Raman Scattering (CARS). After preliminary reports on the CARS detec-
tion [126], on the spectroscopy of the T2 isotopologue [66] and DT [127], we
now present a comprehensive report, including results on HT and further detail-
ing the experimental methods. It is noted that remeasurements were performed
for the T2 species yielding improved statistics, following up on a previous set
of data [66]. A comparison is made with the findings of theoretical calculations
in the NAPT-framework [22].

3.2 Experiment

For designing an experiment on tritium-bearing hydrogen isotopologues aspects
of obtainable experimental precision have to be matched to safety regulations
with regard to radioactivity. The requirement of a legal upper limit of 1 GBq of
tritium stored in the laboratory, corresponding in case of T2 to a gas amount of
11.5 mbar·cm3 at room temperature, and the prohibition of pumping gas into
an exhaust, sets constraints on the experimental method. Whereas in many
previous precision studies on molecular hydrogen multi-step laser excitation
was combined with ion detection [28, 50, 51, 69] this is not possible in case of
tritium, in view of the ∼ 109 fast electrons and ions being produced per second
from the radioactive sample. In view of containment requirements molecular
beam studies are ruled out as well.

A closed-cell environment with a fill of static gas is chosen as a safe solu-
tion. Spectroscopic detection via coherent Raman processes is more sensitive
than direct linear infra-red absorption, while in both cases Doppler broadening
scales linearly with the vibrational energy, so imposing the same level of fre-
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Figure 3.1: Overview recording of the X Σ+
g (v = 0 → 1) Q(0−6) lines in DT using

a combination of an injection-seeded Nd:YAG laser and a grating-based pulsed-dye
laser. The inset shows an energy diagram for the CARS four-wave mixing scheme.

quency uncertainty. These arguments led us to the choice of performing CARS
experiments for the tritium-bearing hydrogen molecules. In this section the
handling of the tritium gas cell, the optical layout of the CARS setup, and the
frequency calibration are detailed, while systematic effects are discussed.

3.2.1 Tritium gas samples

The sample cell for the present CARS measurements is specially built from
well-proven materials for tritium gas containment, and has been described pre-
viously [126]. The cell with an inner volume of 4 cm3 has input and output
windows placed at a distance of 8 cm, so that focusing at f = 20 cm is possible
without burning window surfaces and avoiding a too high intensity in the focus,
in view of issues related to the ac-Stark effect (see below).

First, a high purity T2 gas sample was prepared in the Tritium Laboratory
Karlsruhe (TLK). The cell filled was filled to 2.5mbar to be below the legal
activity limit including a safety margin.

The heteronuclear molecules HT or DT can be generated by catalytic self-
exchange reactions driven by ions [128] produced in the constant β-radiation
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intensity from tritium decay.

X2 + T2 ⇌ 2XT,

with X being H or D. The estimated HT and DT partial pressures are derived
from equilibrium constants Keq:

Keq =
[XT]2

[X2][T2]
,

Values for Keq are determined [129] at 2.58 for HT and 3.82 for DT at 300K.
For the preparation of DT, first D2 and T2 were injected at a 4:1 ratio

into a large mixing vessel. After a short time DT is formed via radio-chemical
equilibration. A sample was extracted and filled into the CARS cell up to a
total pressure of 12.7 mbar. The partial pressure of DT is estimated to be about
3.8 mbar. At the time of the preparation of the HT cell, this accurate mixing
procedure was not available due to constraints with other running experiments.
Thus, HT preparation needed to be performed inside the CARS-cell. The 2.5
mbar T2 sample was topped up with H2 up to a total pressure of 11.5 mbar.
This would lead to a theoretical partial pressure of 3.6 mbar. It should be
noted that this procedure is less accurately controllable as tritium gas might
have been partially back-diffused from the cell reducing the actual HT yield.

In view of the tritium radioactive half-life of 12.3 years these (partial) pres-
sures effectively remained constant during the measurements performed in time
windows of months. The safety-controlled and tritium-gas filled cell was trans-
ported to LaserLaB Amsterdam, where the CARS measurements were carried
out.

3.2.2 Precision CARS setup

In the present study, the fundamental band (ν = 1← 0) Q-branch transitions
of all three tritiated species are measured by the CARS non-linear optical
technique. The specific resonant four-wave mixing scheme of the CARS process
is shown in Fig. 3.1 alongside with an overview spectrum of the Q-lines in DT.
An anti-Stokes field is generated, at frequency ωAS = 2ωP − ωS, using input
fields of a pump frequency ωP and a Stokes frequency ωS. The integrated anti-
Stokes signal intensity IAS is produced as a coherent light beam in the forward
direction under phase-matching conditions and is proportional to [130]:

IAS ∝
∫ ∫

|χ(3)|2I2P(z, t)IS(z, t)dzdt, (3.1)

where IP(z, t) and IS(z, t) are the spatial and temporal evolution of pump
and Stokes intensity and z is the optical path. The third order nonlinear
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Figure 3.2: Optical layout for the CARS spectroscopy setup. The frame encloses
the setups for frequency calibration of the pump and Stokes beams. See text for more
details.

susceptibility χ(3) depends on the molecular number density and the differential
Raman cross-section [130].

The optical layout of the CARS setup is shown in Fig. 3.2. The pump beam
is obtained from a frequency-doubled injection-seeded Nd-YAG laser (Spectra-
Physics GCR-330) delivering pulses at 532 nm, of 8 ns duration, which would
correspond to a bandwidth of about 55 MHz in case of Fourier transform (FT)
limited laser pulses. During the measurements, only low pulse energies were
used, ranging from 30 to 500 µJ in the interaction range.

For the precision CARS measurements the Stokes beam is obtained from
an injection-seeded traveling-wave pulsed dye amplifier (PDA) operating on 4-
(dicyanomethylene)-2-methyl-6-(4-dimethylaminostyryl)-4H -pyran (DCM) dye
in methanol [95]. The continuous-wave (cw) seed light for the PDA is obtained
through an optical fiber from a ring-dye laser, covering the range from 590
nm to 650 nm. With 150 mW seed power and 50 mJ pumping from a second
frequency-doubled injection-seeded Nd-YAG laser (Spectra-Physics Pro-250),
the output energy reaches about 5 mJ at 633 nm (peak performance wave-
length) at 6 ns pulse duration, which would correspond to a bandwidth of
about a 74 MHz in case of FT-limited laser pulses; the actual width will be
slightly larger in view of the chirp phenomena detected (see below). The pulse
energy of the Stokes beam in the CARS experiment was kept unchanged for
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3.2. Experiment

most part of the measurement campaigns at < 20 µJ.
The pump and Stokes beams are combined on a longpass dichroic mirror

and passed through a polarization beam splitter cube to ensure parallel polar-
izations. The two pulses are focused co-linearly into a gas cell with a f = 20
cm lens. The flat-top pump pulse beam waist is about 44 µm, as measured
by a CCD camera, for a 3 mm Rayleigh length. The Stokes pulse is estimated
to be 1.7 times larger in diameter than the pump beam. Part of the merged
beams is sampled out over a long distance for alignment purposes, with the
angle mismatch estimated to be better than 2 mrad. The generated CARS
signal (at λ ∼ 450 − 470 nm) travels along the same propagation axis of the
pump and Stokes beams. The CARS-signal beam is collimated with a f = 10
cm lens, dispersed from the incident beams by a Pellin-Broca prism, and prop-
agated over a 2 m separation path. The signal beam is then passed through
an aperture and bandpass filter, and detected by photomultiplier tube (Philips
XP-1911) mounted inside a dark box.

The measurements are performed with few-mbar pressure gas samples, and
the spectra obtained are expected to be Doppler-limited. The expression
for Doppler broadening (FWHM) of forward spontaneous Raman scattering
is [131]:

∆ν =
2ν0
c

(
2kBT ln 2

m

)1/2

(3.2)

where ν0 is the fundamental vibrational frequency interval, m is the molecular
mass, kB the Boltzmann constant, c the speed of light, and T the temperature.
This results in a Doppler width at room temperature of 370 MHz for the heavi-
est species T2, and about 450 MHz and 630 MHz for DT and HT, respectively.
CARS spectral profile simulations by Lucht and Farrow [131] showed that the
spectral width of the CARS resonances is about 1.2-times that of the sponta-
neous Raman scattering in the forward direction. These values for the width
are to be further increased by contributions of the laser bandwidth of both
lasers, some additional broadening caused by the timing jitter in the temporal
overlap of the two pulses (within 3.5 ns), and by ac-Stark broadening.

3.2.3 Frequency calibration

The frequency calibration of the Stokes beam was performed in two stages.
As shown in Fig. 3.2, part of the cw seed-radiation was split off to perform
I2-saturation spectroscopy for absolute calibration against well-calibrated I2-
standards [97], and another part for measuring transmission markers from an
etalon (FSR = 150.67(2) MHz) stabilized by a HeNe laser (Thorlabs HRS-015).
The resulting uncertainty in the absolute frequency calibration of the cw seed
laser amounts to 2 MHz.
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Figure 3.3: Setup for the frequency chirp measurement of the output of the PDA
laser system. The cw-seed laser is shifted by double-passing an AOM at 350 MHz
modulation frequency. The shifted cw and pulsed laser outputs are coupled through a
single mode 2 x 2 fused fibre coupler for imposing spatial overlap. The beat note in (a)
is detected on a fast photo-detector (Thorlabs DET025AFC) and stored in a Tektronix
TDS7404 oscilloscope. b) The instantaneous frequency offset, νoffset = νpulse − νcw,
is obtained from the phase evolution of the 700 MHz carrier signal [132].

In a second step the chirp-induced pulse-cw frequency offset was mea-
sured by techniques previously employed for frequency calibration of a PDA-
system [95, 98, 99]. The frequency of the cw-seed was shifted by +700 MHz
by an acousto-optic modulator (AOM) in a double-pass configuration and the
beatnote between the shifted cw-seeding and Stokes pulses was recorded us-
ing a fast photodetector and a 4-GHz bandwidth oscilloscope. The setup for
producing a beat-note signal is displayed in Fig. 3.3a. Following Hannemann
et al. [132] for the frequency chirp analysis, the time-dependent phase in the
duration of the pulse is extracted from the beat-note signal, to yield a time-
dependent frequency offset curve as plotted in Fig. 3.3b. The reported average
frequency offset values are obtained by time-integrating the frequency offset
over the pulse duration, weighted by the instantaneous intensity.

A systematic study of frequency deviations between the cw-seed frequency
and the PDA frequency was performed for various settings of the PDA. Typ-
ical results for measured frequency offsets in the PDA, running on DCM in
methanol, are displayed in Fig. 3.4. The chirp-offset is found to vary from
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23 MHz at 610 nm (Stokes wavelength for T2) to 5 MHz at 650 nm (Stokes
wavelength for HT) as shown in Fig. 3.4a, while also a dependence on the
intensity was observed as shown in Fig. 3.4b. In addition, the effect of fre-
quency chirp over the spatial beam profile of the Stokes beam was measured,
and was observed to vary within 2 MHz. During the CARS measurements
the chirp analysis was performed after co-propagating the output of the pulsed
laser with that of the AOM-shifted cw-laser output in a single mode fiber, so
that this spatial effect was averaged out. Systematic chirp-analysis measure-
ments were performed for the laser settings during every measurement day.
The frequency calibration of the PDA-laser was corrected for the chirp results
during the CARS precision measurements, for which an estimated uncertainty
of 5 MHz represents the standard deviation over different measurement days,
as shown in Fig. 3.4c.

The frequency of the 532 nm pump pulse, obtained from the injection-seeded
Nd:YAG laser, was directly measured by a High Finesse WSU-30 (Toptica)
wavemeter. The absolute calibration of the wavemeter was verified during each
measurement run by measurements of I2-hyperfine transitions in the range 600
to 650 nm, as well as measurement of a cw Ti:Sa laser at 718 nm locked to a
frequency comb laser [51]. These measurements result in a value for the typical
drift of the wavemeter, determined at 0.3 MHz/hr. In addition the effect of
measuring cw laser vs. pulsed laser radiation was verified by measuring the
frequency of the output of the cw ring laser seed frequency vs. the output
of the PDA. As a result of these repeated procedures the uncertainty of the
frequency of the pump pulse is estimated at 6 MHz. In a recent study a similar
model wavemeter (WSU-2) was used in measurements of several 40Ca+ ion
transitions and the calibrations methods led to an absolute accuracy of 5 MHz
[133].

3.2.4 ac-Stark shift

The ac-Stark effects occurring in CARS measurements of the hydrogen molecule
have been investigated in detail [101, 134, 135]. In our current setup, the ac-
Stark shift is caused by both Stokes and pump pulses and can be approximated
in terms of pulse energies EP, ES, areas at the beam waist AP, AS and pulse
durations (FWHM) τP, τS, and the ac-Stark shift can be expressed as:

δν = κP
EP

APτP
+ κS

ES

ASτS
.

The constant κ, for both P and S depends on the difference of the ac-Stark
shift in upper and lower states via [135]:

κ = −2π

hc

(
(αv′ − αv′′) +

2

3

J(J + 1)− 3m2
J

(2J + 3)(2J − 1)
(γv′ − γv′′)

)
(3.3)
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Figure 3.4: Result of frequency chirp measurements of the PDA laser system. a)
Pulse-cw frequency offset Stokes beam from PDA (DCM in Methanol) at different
wavelengths with 50 mJ pump energy. b) Frequency offset of the PDA at 633 nm for
different pump energies. c) Daily variation of frequency offset of the PDA at 633 nm.

where αv′ and γv′ are the dynamic (frequency-dependent) isotropic polarizabil-
ities and anisotropic polarizabilities at frequencies v′ and v′′, respectively. The
zero field transition frequency can be obtained by performing measurements
at different Stokes and pump energies and extrapolation to zero. Since the
frequencies used in CARS are far from the dipole-allowed transitions in molec-
ular hydrogen, the polarizability term only weakly depends on the frequency
in the optical range [101] and the expression can be approximated as (with
κP = κS = κ):

δν = κ

(
EP

APτP
+

ES

ASτS

)
.

As the effective area and pulse width of the pump and Stokes beams are affected
by spatial and temporal overlap between the two pulses, the value and the
reproducibility of the shift coefficient in terms of pulse energy for pump and
Stokes were measured extensively on the DT Q(1) transition [127], yielding
κP

APτP
= −0.0064(7) cm−1mJ−1 and κS

ASτS
= −0.0006(2) cm−1mJ−1. To find

a balance between minimal ac-Stark shift and sufficient signal strength, the
Stokes pulse energy was kept below 10 µJ for the T2 and DT measurements.
In such conditions, the uncertainty of the ac-Stark shift from the Stokes beam,

34



3.2. Experiment

upon extrapolation to zero intensity, is estimated to be less than 1 MHz. Due
to the weaker signal strengths obtained in the HT experiments, the Stokes
energy was raised to 20 µJ, while the pump energy was varied from 90 to 500
µJ. Here the the pump energy was not increased further in view of saturation
and asymmetry phenomena observed in the spectra, as discussed below.

3.2.5 Pressure shift

Collisional shift coefficients of Raman transitions in stable molecular hydrogen
isotopologues are well studied in the large pressure range from tens of millibars
to a few bars of total pressure [102–104]. For the reported shift coefficients the
presently measured CARS lines are estimated to undergo shifts below ∼ 1 MHz.
In addition, the collisional shift of D2 was investigated in the present study by
pressure-dependent CARS measurements of pure D2 in an identical gas cell.
The shift coefficient is found to equal 0.06 MHz/mbar under room temperature
conditions.

For the T2 measurements, the sample contains 93.4 % of T2 [126]. The
collisional shift is assumed to be similar to the self-collisional shift coefficient
of H2 and D2 yielding a shift of about 0.3 MHz. From the reported result of
HD [103], the pressure shift in this heteronuclear species was found to be twice
that of H2 and D2, which was ascribed to the presence of a small permanent
dipole moment and the lack of a selection rule prohibiting para-ortho conver-
sion during rotationally inelastic collisions [136]. The DT and HT samples
inevitably contain some amounts of D2 and H2, respectively. We conclude that
based on previous studies [102–104], and on present data for D2, the collisional
shift in the present CARS experiments is well below 1 MHz.

Some of the CARS measurements on D2 were performed from the DT gas
sample cell, hence under conditions of a low-density plasma environment, un-
dergoing constant production of about 109 electrons per second at an average
kinetic energy of 5 keV and the same rate of ion production from the primary
beta decays. In addition, secondary electrons and ions are produced from ion-
ization of the neutral gas. The transition frequencies of the D2 CARS signals
were not found to deviate from the signals from a different gas cell filled with
4 mbar of pure D2, without addition of radioactive species. We conclude that
there occurs no measurable plasma shift on the transition frequencies as re-
ported in Table 3.2.

3.2.6 Frequency uncertainty in the CARS measurements

Table 3.1 lists all the uncertainty contributions to the line center determination
in the present CARS study. For T2 Q(J = 1 − 5) and DT Q(J = 0 − 5), the
total uncertainty is about 12 MHz. For the T2 Q(0) and DT Q(6) lines the
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Figure 3.5: High resolution CARS spectra of the Q(1) lines in the fundamental
vibrational band (v = 0 → 1) of T2, DT, and HT.

uncertainty is estimated at 20 MHz, due to interference effects, which will be
discussed in the last section. For HT, the lowest pulse energy used in the mea-
surement was about 2.5 times larger than that for T2 and DT measurements,
thus resulting in a larger uncertainty from the ac-Stark effects. In addition,
the Doppler width for the HT lines is 1.4 times larger than that for DT. Such
differences are also found in results from different measurement days. For HT,
the total uncertainty is about 16 MHz for the Q(J = 0− 3) lines.

3.3 Results and Discussions

Representative high-resolution CARS spectra of the (v = 0 → 1) Q(1) transi-
tion for tritiated molecular hydrogen species T2, DT, and HT are displayed in

Table 3.1: Uncertainty budget for the CARS measurements. Systematic and sta-
tistical contributions to the frequency uncertainties in the fundamental vibrational
Raman Q(J < 6) transitions, excluding T2 Q(0). Values in units of 10−4 cm−1 and
representing 1σ.

Contribution T2 / DT HT
Pump (ωP ) calibration 2 2
Stokes (ωS) cw calibration 0.7 0.7
Stokes chirp correction 1.7 1.7
ac-Stark analysis 2 3.3
Collisional shift 0.3 0.3
Plasma shift 0.3 0.3
CARS interference shift 1 1
Statistics 2.3 3
Combined (1σ) 4.2 5.3
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Fig. 3.5. The line widths of the Q(1) transitions exhibit the expected Doppler
widths with the broadest width for HT (lightest) and narrowest for T2 (heav-
iest). While the Q(J = 0 − 5) transitions in T2 were previously reported in
Ref. [66], these lines have been remeasured in this study and the Q-branch
extended up to J = 7. Moreover, the (v = 0 → 1) S(J = 0 − 3) transitions,
which are much weaker than the Q lines, were also investigated in the present
work. The DT (v = 0→ 1) Q(J = 0− 5) transitions were recently reported in
Ref. [127] and extended here up to J = 7. The high-resolution measurements
of the HT Q-branch transitions are presented here for the first time. The
transition frequencies of the Q-branch lines in the fundamental band interval
(v = 0→ 1) of all tritiated species are listed in Table 3.2.

3.3.1 HT, DT and T2 transitions

The HT measurements include Q transitions from J = 0− 3, where the signal
strength involving higher J states is limited due to decreasing population. The
HT partial pressure was somewhat lower than the targeted equilibrium partial
pressure of 3.6 mbar due to issues in the HT gas filling procedure. In addi-
tion, the lower transmission of the bandpass filter in the spectral region of the
HT Q-branch lines, led to a weaker observed signal strength. To compensate
for the weaker signals higher pulse energies were employed to obtain sufficient
signal-to-noise ratio (SNR). This resulted, however, in a larger ac-Stark uncer-
tainty. These factors as well as the larger Doppler width lead to a larger total
uncertainty in the HT transition energies than those of the DT and T2 mea-
surements. The present Q-branch transition energies are 6.4 cm−1 higher than
the values reported by Edwards et al. [63]. These discrepancies were already
pointed out in the subsequent studies of Chuang and Zare [65] and Veirs and
Rosenblatt [64]. The present HT Q-branch measurement results are consistent
with and improve the measurement uncertainty of Veirs and Rosenblatt [64]
by a factor of 200. Chuang and Zare [65] performed absorption measurements
of weakly-allowed dipole P- and R-branch transitions in the (1,0) fundamental
band, as well as the (4,0) and (5,0) overtone bands of HT. When converting
the transition frequencies of that study [65] into fitted molecular constants,
good agreement is found with the present results, which are more accurate by
seventeen-fold.

Measurements of the DT Q-branch were reported in our recent work [127]
and are extended here to include Q(6) and Q(7) lines. The uncertainty for
the much weaker Q(7) line is substantially larger than those for J < 5, caused
mainly by the asymmetric line profile, which is discussed below. A comparison
of the present DT Q-branch transition frequencies with the Q(J = 0−4) values
reported by Edwards et al. [63] shows differences of some 0.15 cm−1, hence
much larger than their claimed uncertainty of 0.005 cm−1. [63] Veirs and
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Table 3.2: Fundamental vibrational (v = 0 → 1) intervals of the Q(J) transitions
in T2, DT, and HT. The weaker S(J = 0 − 3) transitions in T2 are also listed. The
measured values appear in the second column while the theoretical values are listed
in the third column, with uncertainties indicated within parentheses in units of the
last digit in the indicated value. The last column represents the difference (ωexp -
ωcalc) with the combined uncertainty from experiment and calculation indicated. Ex-
perimental values include corrections from the interference phenomena affecting the
CARS lineshape. Lines indicated with asterisks (*) include uncertainty contributions
from line profile asymmetry, while those with uncertainties of 5 × 10−3 cm−1 are
dominated by ac-Stark broadening. All values in units of cm−1.

Line Experiment Calculation Difference
T2

Q(0) 2 464.503 94 (67)∗ 2 464.504 15 (6) −0.000 21 (67)
Q(1) 2 463.348 17 (42) 2 463.348 36 (6) −0.000 19 (42)
Q(2) 2 461.039 17 (42) 2 461.039 17 (6) +0.000 00 (42)
Q(3) 2 457.581 35 (42) 2 457.581 37 (6) −0.000 02 (42)
Q(4) 2 452.982 33 (42) 2 452.982 11 (6) +0.000 22 (42)
Q(5) 2 447.250 61 (42) 2 447.250 85 (6) −0.000 25 (42)
Q(6) 2 440.397 (5) 2 440.399 34 (6) −0.002 (5)
Q(7) 2 432.442 (5) 2 432.441 52 (6) +0.000 (5)
S(0) 2 581.114 (5) 2 581.105 22 (6) +0.009 (5)
S(1) 2 657.281 (5) 2 657.282 90 (6) −0.002 (5)
S(2) 2 731.716 (5) 2 731.710 84 (6) +0.006 (5)
S(3) 2 804.164 (5) 2 804.164 21 (6) −0.000 (5)

DT
Q(0) 2 743.341 60 (42) 2 743.341 74 (11) −0.000 14 (43)
Q(1) 2 741.732 04 (39) 2 741.732 10 (11) −0.000 06 (40)
Q(2) 2 738.516 62 (42) 2 738.516 97 (11) −0.000 35 (43)
Q(3) 2 733.704 79 (42) 2 733.704 66 (11) +0.000 13 (43)
Q(4) 2 727.307 45 (42) 2 727.307 55 (11) −0.000 10 (43)
Q(5) 2 719.342 21 (42) 2 719.342 02 (11) +0.000 19 (43)
Q(6) 2 709.828 35 (67)∗ 2 709.828 32 (11) +0.000 03 (68)
Q(7) 2 698.787 (5) 2 698.790 48 (11) −0.003 (5)

HT
Q(0) 3 434.812 48 (53) 3 434.813 33 (44) −0.000 85 (69)
Q(1) 3 431.575 09 (53) 3 431.575 53 (44) −0.000 44 (69)
Q(2) 3 425.112 65 (53) 3 425.113 24 (44) −0.000 59 (69)
Q(3) 3 415.452 58 (53) 3 415.452 98 (44) −0.000 40 (69)

38



3.3. Results and Discussions

0 . 2 6 0 . 2 8 0 . 3 0 0 . 3 2
R a m a n  S h i f t  -  2 9 8 7  ( c m - 1 )

7 0 0  M H z

D 2  Q ( 2 )

Figure 3.6: Quasi-cw CARS spectra of the Q(2) line in the fundamental band of
D2 recorded at 8 mbar using continuous wave Stokes radiation at 80 mW and a 8-ns
pump pulse with 0.47 mJ pulse energy.

Rosenblatt [64] already had cast doubt on the accuracy claimed by Edwards et
al. [63] given the discrepancies in the analogous HT and T2 measurements. The
DT Q-branch measurements presented here are consistent with those of Veirs
and Rosenblatt [64] and improve the measurement uncertainty by a factor of
more than 200 for the Q(J = 2− 7) transitions.

The present T2 Q(J = 0− 5) values were obtained after implementing im-
provements in the setup used in Ref. [66]. Comparing the T2 results listed in
Table 3.2 with the values reported in Ref. [66], reveals an offset of < 0.001
cm−1 for the Q(0), Q(1), and Q(3) transitions while showing consistent values
for Q(2), Q(4) and Q(5). We attribute these discrepancies to several diffi-
culties in the measurements of T2 in the previous study. For example, the
cw-seed instability of the pump laser for both CARS laser beams resulted in
substantial time jitter leading to poor SNR, especially for weaker transitions.
To compensate for such signal loss, the Stokes and the pump pulse energies
used during the previous experiment were much higher than in the present
study. The cross-sectional areas of both laser beams are now more accurately
determined using two methods, a CCD camera beam profiler system and knife-
edge method, leading to consistent values. Compared to the estimates of laser
intensities in the previous study, [66] these could be off by a factor of three,
which is important in the ac-Stark extrapolation studies. A set of measure-
ments, carried out during a day, is based on an extrapolation relying only on
relative intensities, assuming little alignment drift, and should lead to robust
results. This becomes an issue when combining results of different days where
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any misalignment may lead to a slightly different overlap of the pump and
Stokes laser beams, yielding a different effective area for production of CARS
signal. Moreover, in the previous study the ac-Stark analysis for all transitions
except Q(1) was performed by altering the pump beam intensity only, and thus
the ac-Stark shift contribution due to differences in the Stokes beam overlap
could be another source for the offset. These shortcomings were repaired in
the present study leading to more reliable results.

The frequency calibration of the Stokes laser is also improved in the present
study. Some transitions exhibit a more than 0.15 cm−1 separation from the cal-
ibration line, represented by a particular I2 hyperfine component. Since such
frequency span covers more than 30 markers of the reference etalon, length
stabilization is now ensured over the whole recording time by locking to a sta-
bilized HeNe-laser. Improved frequency calibration of the free spectral range
(FSR=150.67(2) MHz) of the reference cavity is also applied. The issues dis-
cussed here could have led to an underestimate of the uncertainties in the
previous study [66]. In addition, the present measurements of T2 lines in the
improved setup allowed for recordings at lower pulse energies than in Ref. [66],
resulting in a reduced uncertainty of ac-Stark shift described in the previous
section. These improvements have reduced systematic shifts, while at the same
time have achieved better sensitivity and enhanced SNR of the recordings.
These in turn enabled extending the measurements to weaker Q(6) and Q(7)
transitions, as well as the T2 S-branch with the transition frequencies listed in
Table 3.2. The T2 Q(J = 0−5) results obtained in our new measurements rep-
resent a nearly 200-fold improvement compared with results from spontaneous
Raman spectroscopy by Veirs and Rosenblatt [64].
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3.3.2 Benchmark measurements on D2

CARS measurements on pure D2 were performed in an identical gas cell fo-
cusing on studies of systematic effects, such as the validation of pressure shift
effects. This allowed for the comparison of D2 Q(0), Q(1) and Q(2) of the fun-
damental vibrational interval with previous precision studies using molecular
beams and a deep-UV REMPI scheme [67,105].

In addition, quasi-cw CARS measurements were performed on D2 Q(1) and
Q(2) lines, using a cw Stokes beam, in combination with a pulsed pump beam.
A quasi-cw CARS spectrum of the D2 Q(2) transition is shown in Fig. 3.6.
Such experiments bear the advantage that frequency chirp effects in the Stokes
beam are absent. With 80 mW of cw Stokes radiation and a 20 µm beam waist,
it was possible to detect the CARS signal using a pump energy of as low as
300 µJ in a cell containing 8 mbar of D2 gas. The accuracy of these quasi-
cw CARS measurements is estimated to be 15 MHz, limited by the ac-Stark
extrapolation.

Results of a number of test experiments performed on D2 are included in
the rightmost panel of Fig. 3.7. The results of these studies using pulsed pump
and Stokes radiation for Q(J = 0 − 2), as well as using pulsed pump and
cw Stokes beams for Q(1) and Q(2) are in good agreement with the precision
molecular beam experiments in Refs. [67, 105]. These test experiments on D2

verify the assessment of pressure shifts in the present CARS study. In addition,
the use of chirp-free Stokes radiation in the quasi-cw CARS measurements on
D2 validates the chirp correction procedures implemented for the majority of
data recorded with the PDA-laser system.

3.3.3 Comparison with calculations

Ab initio calculations, in the framework of NAPT, on level energies in the
ground electronic state, are described in Refs. [22,127] for all tritiated species.
Rovibrational level energies and transition frequencies for all molecular hydro-
gen isotopologues in the ground electronic state can now be accessed through a
publicly available program [137]. The differences between experimental results
and calculated values, expressed as ωexp − ωcalc, are plotted in Fig. 3.7 and
listed in Table 3.2.

In Fig. 3.7, the experimental values are represented by data points with
error bars attached, while a yellow-shaded region represents the uncertainty
of the calculation. Very good agreement between measurement and theory is
found for all tritiated species, as can be read from Fig. 3.7. For the tritium-
bearing species, the major contribution to the theoretical uncertainty derives
from the non-relativistic energy, E(2), which is about ∼ 6× 10−5 cm−1 for the
heaviest T2 species, and about ∼ 4 × 10−4 cm−1 for HT, owing to its lighter
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3.4. Lineshape analysis

mass [127]. Hence, the results from the calculations are more accurate than
from experiments for T2 and DT, while for the case of HT a similar accuracy
is obtained, due to the less accurate E(2) term.

For the stable species H2, HD and D2, the E(2) terms have been calcu-
lated directly in a 4-particle variational approach (i.e. without invoking the
Born-Oppenheimer approximation and corrections, hence outside the NAPT-
framework), achieving 10−7 cm−1 uncertainty levels [22]. Therefore, the fre-
quencies for the D2 species are extremely accurate (1.2 × 10−5 cm−1) [22], as
represented by the narrow yellow strip in the rightmost panel of Fig. 3.7.

A similar calculation of improved accuracy might in future be performed
for the tritiated species, thereby reducing the total uncertainty to the 10−5

cm−1 level, limited by higher-order E(5) and E(6) terms. However, the current
theoretical uncertainty of the NAPT-framework is sufficient for a comparison
with experimental values, with uncertainties on the order of a few 10−4 cm−1

for the tritiated molecular hydrogen species.

3.4 Lineshape analysis

For most lines observed at good signal-to-noise ratios presented in this study,
the lineshapes were found to be symmetric. These resonances were fitted with
Voigt profiles, dominated by a Gaussian component with Doppler and instru-
mental contributions. At sufficiently high intensities for strong transitions,
saturation dips are observed and were in fact exploited for T2 spectroscopy
in Ref. [66] for the ac-Stark extrapolation. We discuss this saturation effect
in this section and its consequence for extracting the line position from the
profile. For the weaker transitions such as those in the S-branch of T2, some
asymmetry in the lineshape is observed. We discuss several contributions that
result in the asymmetric profiles including the ac-Stark effect, non-resonant
background and interference effects occurring in the non-linear optical CARS
process.

3.4.1 Saturation CARS spectroscopy

The accuracy of the current CARS measurements is mainly limited by the
Doppler-broadened linewidth. In view of testing future improvements of QED-
calculations beyond the NAPT-framework experimental uncertainties at the
level of < 10−5 cm−1 would be desired. Such reduced measurement uncer-
tainties might be achievable via saturated CARS spectroscopy, where a narrow
Doppler-free Lamb dip is detected. Saturated CARS profiles were explored
by Lucht and Farrow [138] and a theoretical description proposed via a den-
sity matrix formalism. In that study, a mechanism for the saturation effect
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Figure 3.8: Observed spectral profiles for CARS signals exhibiting saturation Lamb
dips for two lines recorded at different pump pulse energies. Specific conditions: D2

Q(2) with Stokes pulse energy 0.74 mJ and pump energy: a) 0.58 mJ; b) 1.2 mJ; c)
1.7 mJ; and T2 Q(1) with Stokes pulse energy 1 mJ and pump energy: d) 1.5 mJ; e)
1.75 mJ; f) 2 mJ.

was invoked either via strong population pumping or by spectral interference
between different velocity classes. The population hole-burning effect in satu-
ration spectroscopy gives rise to typical Lamb dips at the resonance positions,
while the spectral interference effect, discussed in detail below, results in the
cancellation of the real part of the third order susceptibility of a particular
velocity class −→u with that of the opposite direction −−→u . Such cancellation is
also most pronounced at the resonance position, which then also contributes to
saturation of the CARS signal. In a different approach Owyoung and Esher-
ick [139] have demonstrated saturation in stimulated Raman loss spectroscopy
of D2 in a fashion of typical pump-probe spectroscopies, using a three and four-
beam counterpropagating configuration. The observed saturation dip exhibited
a width of 110 MHz, limited by laser bandwidth [139]. This suggests that with
a narrower laser bandwidth and improved frequency calibration procedures,
sub-MHz accuracies could potentially be achieved for tritiated species.

We performed systematic studies of saturation CARS on the D2 Q(2) and
T2 Q(1) transitions. The D2 Q(2) measurements were performed using a gas
cell containing 4 mbar of pure D2. A clear saturation feature appears when
the pump and Stokes intensity product is IP · IS ∼ 5 GW2/cm4. Fig. 3.8
shows recordings at various pump pulse energies. As shown, the width of the
Lamb dip in D2 is about 300 MHz, while the Doppler-limited profile is more
than 1.2 GHz wide, with width contributions from the instrument function
and power broadening. The spectra were fitted with two Gaussian function
components, with opposite amplitude signs to represent the saturation dip and
the Doppler-broadened profile. It turned out that the ac-Stark extrapolation
curves of the Lamb dip feature and that of the Doppler-broadened envelope do
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not produce consistent values for the zero-field transition frequency. The Lamb-
dip positions did not show any significant ac-Stark shift, while the Doppler
profile followed the ac-Stark shift trend observed at lower intensities, in absence
of the saturation feature.

Saturated spectra of the T2 Q(1) transition, recorded at similar alignment
and intensity conditions as for D2 Q(2), are shown in Fig. 3.8. The T2 Q(1)
saturation dip is observed to be blue-shifted with respect to the center of the
Doppler-broadened profile at increasing pump energy, which is qualitatively
different to the case of D2. This may be due to the increasing asymmetry in
the ac-Stark broadened profiles at higher pulse energies. Trivikram et al. [84]
studied a related phenomenon on the electronic transitions of H2, where the
line shift no longer follows a linear trend at sufficiently high intensities as the
transitions exhibit skewed line profiles. This presents a serious difficulty in the
ac-Stark extrapolation, as high intensity measurements cannot be used in a
linear extrapolation to the ac-Stark free value. The intensity values reported
in the previous T2 study [66] was probably overestimated thus staying in the
linear regime for the ac-Stark shift. In the present study, the line positions of
the T2 peaks in Fig. 3.8(d)-(f) already showed a nonlinear dependence.

These phenomena are suspected to be caused by asymmetric ac-Stark broad-
ening due to spatial and temporal intensity variations, such as those discussed
in Refs. [84, 140].While in principle the Lamb-dips should produce more accu-
rate results in determining transition frequencies, more refined studies are re-
quired to obtain a quantitative understanding of the saturation effect in CARS
and to extract the most accurate line positions from the narrower resonance
features.

3.4.2 Asymmetric profile of weak transitions

The CARS measurements were extended to transitions involving higher rota-
tional states up to J = 7 for T2 and DT and also to the weaker S-branch of
T2, with ∆J = +2. The lineshapes for these weaker lines were observed to
give rise to asymmetric profiles. These effects are partly caused by the re-
quired high intensity in the measurements to compensate for the weakness of
transition probabilities, either from having a smaller Raman cross-section or a
lower population. The weak transitions are barely detectable with 1 mJ pump
and Stokes energy and show different degrees of asymmetry in their spectral
profile. Nearly all these weak transitions show different tailing behavior in the
flanks below and above the resonance and, despite the higher pulse energy used,
no saturation effect at resonance is apparent. As a consequence the accuracy
for which the Q(J = 6, 7) transition frequencies in T2 and DT, as well as T2

S(J = 0− 3) lines can be determined is much lower than for the strong CARS
lines (the transition frequencies of these weak lines are included Table 3.2). We

45



3. Precision measurement of the fundamental vibrational
frequencies of T2, DT, HT

discuss three possible effects contributing to the asymmetry: 1) spatial beam
profile and time evolution of pulses; 2) ac-Stark splitting of the magnetic sub-
levels, and; 3) resonant cross interference between lines and interference with
the non-resonant background [130].

The first two effects were discussed by Moosmüller et al. [135], studying
the spectral profile from coherent Stokes Raman scattering (CSRS) of N2 ex-
hibiting the effects of spatial and temporal variation of intensity. Similarly as
for the CARS profiles investigated here, molecules at different positions in the
interaction volume and throughout the time evolution of tightly focused pump
and Stokes pulses will have varying contributions to the overall spectrum, be-
cause of the spatial and temporal variation of the intensities. It is expected
that signal contributions near the focal point, which is highly red-shifted by
ac-Stark effect in this case, are the strongest.

Apart from the ac-Stark shift due to the spatial and temporal intensity
distribution, the ac-Stark induced splitting of the mJ sublevels, which are
unresolved in the measurements, will lead to an asymmetry of the spectral
profile. From Eq. (3.3), the second term refers to the ac-Stark splitting for
different mJ , where higher |mJ | values experience less shift and overall produce
a broadening of the spectrum. Such phenomena of ac-Stark splittings in CARS
were quantitatively investigated previously [101, 141]. Here we address such
effects phenomenologically in the line fitting of asymmetric lines (see below).
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Another well-known artifact in CARS spectra is the spectral interference
in the third order susceptibility χ(3). The main contribution to the third order
non-resonant susceptibility at 532 nm for the pump and 683 nm for the Stokes
wavelengths is from the electronic polarizability, with only a smaller contri-
bution due to molecular vibration and rotation [142]. In Eq. (3.1), the third-
order susceptibility χ(3) = χNR +χR comprises of a resonant and non-resonant
part giving rise to interference effects in the CARS signal, IAS ∝ |χNR + χR|2
(where the superscript (3) is dropped). The real and positive χNR, from far
off-resonance contributions, will interfere with the real part of χR and distort
the spectrum resulting in a dispersive-like signal.

In the following, we first discuss a numerical study to simulate the effects of
the spectral interference effect on the lineshape that eventually shifts the peak
position of the resulting profiles. Such shifts are included in the frequency de-
terminations as listed in Table 3.2. Thereafter, a fitting procedure is described
using an asymmetric profile applied to the experimental spectra to assess shifts
in the peak position. In the latter, it remains difficult to decouple the separate
contributions of the ac-Stark effect and spectral interference, giving at best an
estimate of possible systematic frequency shifts due to the asymmetric profile.
For these cases the uncertainties in the frequency values as listed in Table 3.2
were appropriately enlarged.

3.4.3 Lineshape simulation for interference effects

Following the analyses in Refs. [143,144] simulations were performed to account
for the interference effects in the CARS lineshape that is proportional to the
square of the third-order nonlinear susceptibility |χ|2:

|χ|2 =

∣∣∣∣∣∣χNR +
∑
J

a0(J)

∫ ∞

−∞

1√
π u
e−v2

z/u
2

dvz

ω0(J)− (ωP − ωS)− iΓ− 1
2π (kP − kS)vz

∣∣∣∣∣∣
2

,

(3.4)
where ω0(J) is the resonance frequency of a particular transition, Γ is the relax-
ation rate, (kP − kS) vz

2πc is the Doppler shift, and u is the most probable speed√
2kBT/M for temperature T . The integration over the Maxwell-Boltzmann

distribution for all velocities vz along the CARS beam propagation direction
can be performed and the equation recast using a Faddeeva function w(ζ)

|χ|2 =

∣∣∣∣∣χNR − i
∑
J

a0(J)

√
πc

ωRu
w

(
−ω0 + ωR + iΓ

ωR
u
c

)∣∣∣∣∣
2

(3.5)

where ωR = (ωP − ωS). The (v = 1, J) states are extremely long-lived, hence
the Lorentzian width Γ is set to zero in the present low-pressure and Doppler-
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limited case. The a0(J) coefficients for the Q-branch transitions,

a0(J) =
Np(J)

h

(
α1
0(J)

2 +
4

45
bJJγ

1
0(J)

2

)
, (3.6)

depend on the population number density Np(J) for the rotational ground
states J and bJJ is the Placzek-Teller coefficient. The isotropic α1

0 and anisotropic
γ10 polarizabilities between v = 1 and v = 0 are estimated from that of H2, HD
and D2 from Ref. [145], since no values for the tritiated species are available.
For J = 0, α1

0(0) = 0.61 a.u. and γ10(0) = 0.50 a.u. and these values do not
vary significantly for other J states.

There are two contributions to the interference effect in CARS. Firstly, the
summation over all populated states gives rise to cross-interferences χR between
all lines in the ν = 0→ 1 fundamental band, and secondly a nonresonant term
χNR that represents the contribution from the far-lying electronic resonances.
The χNR value is estimated from the H2 value of 6.7× 10−18 cm3/erg amagat
given in Ref. [146]. For the 2.5 mbar T2 sample at 298 K, this value converts
to 1.5× 10−20 cm3/erg or 1.5× 10−20 esu, while for the DT sample with 12.7
mbar total pressure a value of 7.6 × 10−20 esu is estimated. The presence of
D2 in the DT sample results in additional cross-resonance contribution from
the D2 Q-branch (Raman shift at ∼2991 cm−1) on the DT Q-branch (Raman
shift at ∼2743 cm−1) which is estimated to be 1.8× 10−20 esu.

Fig. 3.9 illustrates the effect of CARS interference on the T2 Q(0) line, for
which the dominant interference contribution is from the neighboring T2 Q(1)
transition. Since Q(1) is the most intense and the nearest lying resonance, it
produces the strongest effect as follows from Eq. (3.5). The real part Re[χ] is
plotted in Fig. 3.9b showing the spectral region that spans T2 Q(0), with the
grey horizontal line indicating zero amplitude. The dashed blue dispersive line
belongs to Q(0) while the dashed red line below zero represents the contribution
of the Q(1) line, yielding the solid blue dispersive line as the sum. At the Q(0)
resonance position, the nonresonant contribution χNR is more than a hundred
times smaller than the resonant χR contribution from Q(1). It is noted that
this holds for the present specific case, given the rather low pressures in the
sample yielding a small χR. The square of the real part of χ is plotted in
Fig. 3.9c, with the dashed curve indicating the pure contribution from Q(0)
and the solid curve from the summation. Fig. 3.9d, shows both contributions
of the real Re[χ] and imaginary parts Im[χ] of the third-order susceptibility as
well as the square |χ|2. Finally, Fig. 3.9e shows the line profile of the T2 Q(0)
line. The solid line includes the cross-interference effect, while the dashed curve
represents the case when the effect of interference is neglected. This numerical
example demonstrates how the large CARS susceptibility contribution from T2

Q(1), due to the factor of 7 higher population in J = 1 compared to that of
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Figure 3.10: Simulated shifts of peak positions of the T2 Q-branch transitions due
to spectral cross-interference as a function of temperature.

J = 0 (under room-temperature conditions), results in a large interference with
the nearby Q(0) transition leading to a +13 MHz shift in Q(0). The positive
sign of the shift in T2 Q(0) is due to the negative contribution of the real part
of the χ susceptibility from the Q(1) transition (see Fig. 3.9b).

Systematic shifts of the line centers due to spectral interference were simu-
lated for all T2 Q-branch transitions as a function of temperature, and results
are shown in Fig. 3.10. The Q(0) line is blue-shifted due to cross-interference
with other Q(J ̸= 0) lines. For increasing temperature there are two effects
that enlarge the cross-interference shift on the Q(0) line: the population ra-
tio between J = 1 and J = 0 grows and approaches 9:1 while also the larger
Doppler width leads to a stronger interference experienced by Q(0). The sharp
drop in the peak position offset of the Q(4) and Q(5) lines below 200 K is due
to the drastic decrease in population of the J = 4, 5 states. At around 300 K
where the measurements were performed, systematic shifts of the line centers
for the T2 Q(J = 1− 5) lines were found to be less than 3 MHz.

The Doppler-limited spectra for the DT lines were also simulated and de-
picted in Fig. 3.11. For the strong DT transitions Q(J = 0−5), the asymmetry
in the line profiles is not apparent, and the interference-induced shifts in the
line positions are found to be below 3 MHz for Q(J = 0 − 4), while it is -8
MHz for Q(5). However, for the weaker Q(6) and Q(7) lines, the interference
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Figure 3.11: Simulation of CARS spectra of DT displaying relative intensities for
Q(0-7) lines at room temperature. Zoomed-in spectra of Q(6) and Q(7) are displayed
showing the resonant and non-resonant interference effects on these weak lines; a) the
blue line represents a symmetric line profile without considering other contributions
in the susceptibility; b) the red line represents the cross-interference from nearby
line contributions in the fundamental band Q-branch susceptibility; c) the black line
represents the inclusion of both interference effects: estimated electronic nonresonant
susceptibility χNR and off-resonance fundamental band Q-branch susceptibility. The
shift in peak position of Q(6) and Q(7) from a) and c) is about -24 MHz and -83
MHz, respectively.

effect is more visible as shown in the inset of Fig. 3.11. Based on Eqs. (3.5)
and (3.6) the effects of the cross-interferences between the lines as well as the
effects of the interference of the non-resonant background are quantitatively
evaluated. A shift of -24 MHz is observed for Q(6) and a much higher shift
of -83 MHz for the weaker Q(7) line. It is worth noting that for the DT Q(6)
and Q(7) lines, the non-resonant susceptibility contribution χNR is an impor-
tant contribution that is comparable to the cross-interference contributions, as
shown in the insets of Fig. 3.11. The χNR for the DT sample is higher than in
the case of T2 mainly caused by the higher total pressure in the DT gas cell.
Similar simulations were also performed on the HT Q(J = 0−3) lines, with the
resulting shifts in peak positions due to CARS interference were found to be
less than 3 MHz. The line positions reported in Table 3.2 include corrections
to these estimated CARS interference effects.
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3.4.4 Lineshape fitting

A phenomenological approach is adopted in fitting asymmetric profiles to ex-
perimental data from the combined effects of the ac-Stark and spectral interfer-
ence phenomena, especially for the weak transitions. While a full quantitative
assessment that would separate the contributions of these effects is not possible
at present, the lineshape study enables us to better estimate the contribution
to the systematic uncertainty resulting from the line profile asymmetry.

For the strong transitions with symmetric line profiles such as Q transitions
from J = 0−5 in T2, DT and HT, a symmetric Gaussian or Voigt fitting func-
tion is used. However, despite the T2 Q(0) and the DT Q(6) lines appearing to
be symmetric, the simulations suggest that interference effects may potentially
shift the line center. To estimate a systematic uncertainty contribution due to
a choice of the line profile in the fitting of the T2 Q(0) and DT Q(6) lines, a
Faddeeva function w(ζ) is employed:

IAS = y0 +

∣∣∣∣χNR − i a0 w
(
−ω0 + ωR + iΓ

∆ω

)∣∣∣∣2 , (3.7)

where ∆ω is the Gaussian width and Γ is the Lorentzian width, while y0 sets
the experimental baseline. For T2 Q(0) and DT Q(6), a 16 MHz discrepancy is
observed from the fitting result between a simple symmetric Gaussian profile
and the Faddeeva profile in Eq. (3.7). This systematic offset is included in the
uncertainty budget of these two lines as listed in Table 3.2.

For other weak lines such as the T2 Q(6) and S(1) transitions shown in
Fig. 3.13, the poor SNR makes it more difficult to separate the effects of the
dispersive feature due to spectal interference and the ac-Stark splitting and
broadening, leading to larger uncertainties in the line position determination.
Note that when compared to the DT Q(6) line in Fig. 3.12, the analogous
T2 Q(6) line in Fig. 3.13 exhibits a more pronounced asymmetry. This is
due to the ortho-para spin statistics leading to a lower population for J = 6 in
homonuclear T2 species, which is not present in DT. On the other hand, despite
the T2 S(1) line being of comparable strength to T2 Q(6) (Fig. 3.13), the S(1)
line at 2657 cm−1 exhibits a more symmetric profile. This can be explained
from competing contributions of opposite sign: the cross-interference χR from
the T2 Q-branch at 2464 cm−1 having a negative sign and the non-resonance
χNR background having a positive sign.

In addition to the cross-interference induced shifts in the peak positions (in-
cluded in Table 3.2), the transition frequencies of the weaker lines are corrected
for the ac-Stark shift, using the slope of low-intensity ac-Stark measurements in
stronger transitions (e.g. Q(1) transition of the respective species). However,
the dominant contribution to the uncertainties of 5× 10−3 cm−1 for the weak

52



3.5. Conclusion and outlook

0 . 7 8 0 . 8 0 0 . 8 2 0 . 8 4 0 . 8 6 0 . 8 8
R a m a n  s h i f t  -  2 7 0 9  ( c m - 1 )

D T  Q ( 6 )

Figure 3.12: Comparison of lineshape fitting of the DT Q(6) transition using
the asymmetric profile of Eq. (3.7) (red) and a symmetric Gaussian function (blue).
Fitting with the Faddeeva profile, as in Eq. (3.7), gives a better fit especially in the
the wing of the spectrum. The difference of central frequency between the two fitting
functions is 20 MHz.

lines derives from the large fitting uncertainty in the peak positions given the
significant ac-Stark broadening.

3.5 Conclusion and outlook

In summary, we have accurately determined transition frequencies of the fun-
damental vibrational band (v = 0→ 1) of HT, DT and T2. For most Q-branch
transitions with (J = 0 − 5), uncertainties below 0.0005 cm−1 are achieved,
which represent more than a hundred-fold improvement over previous studies.
For the weak Q(J = 6, 7) transitions in T2 and DT and the S-branch of T2, the
high pulse intensities required for the measurements cause significant ac-Stark
broadening. The transition frequencies of these weak lines are thus reported
with a much higher uncertainty of 0.005 cm−1. All measured transition ener-
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Figure 3.13: Line fitting of the T2 Q(6) line and the weaker S(1) transition,
both with pronounced asymmetries, using a symmetric Gaussian fit (solid - blue)
and asymmetric Faddeeva profile (dashed - red). Below the spectra the residuals of
different fitting functions are plotted.
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gies are in very good agreement with the latest ab initio calculations based on
NAPT theoretical framework [52,137]. This work demonstrates that measure-
ments on tritiated species can be achieved at high accuracy, to within a factor
of three compared to the accuracy for the non-radioactive species. This doubles
the number of benchmark candidates for testing the most accurate quantum
chemical calculations of the energy structure of molecular hydrogen.

Due to interference effects with the non-resonant background in CARS spec-
tra, the resulting asymmetric line profiles in weak transitions lead to a higher
uncertainty in the line center determination. Cross-interference between reso-
nances can be a limiting factor for the spectroscopic accuracy of CARS mea-
surements; it is shown here that this phenomenon can be quantitatively ap-
proached and corrections to transition frequencies calculated.

Future improvements in experiments on tritium-bearing molecular hydro-
gen would require sub-Doppler techniques, to enable improved comparison with
ever advancing calculations. This could be achieved by exploiting Lamb dip
spectroscopy with hybrid pulsed-cw CARS, using a pulsed pump beam and a
continuous wave Stokes beam, as demonstrated here for D2. From these test
studies it follows that an improved understanding of line shape profiles, in par-
ticular of the ac-Stark effect on Lamb-dips, is required to effectively achieve
higher accuracy on the transition frequencies. Improvements might be achieved
by using higher cw-Stokes powers, allowing measurements to be performed at
even lower pump pulse energies, thereby reducing ac-Stark effects induced by
the pump laser. With the narrower cw laser bandwidth and improved frequency
calibration procedures, sub-MHz accuracies could potentially be achieved. Ul-
timately the application of novel cavity-enhanced cw-spectroscopies such as
the NICE-OHMS technique on the heteronuclear species HT and DT, with the
possibility of Doppler-free saturated absorption, may result in accuracy im-
provements by orders of magnitude [39], provided that those techniques can be
combined with safe handling of radioactive species.
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CHAPTER 4
Two-photon Doppler-free

ultraviolet laser spectroscopy on
sulphur atoms

Abstract

The 3p4 3PJ - 3p34p 3PJ transition in the sulphur atom is inves-
tigated in a precision two-photon excitation scheme under Doppler-free
and collision-free circumstances yielding an absolute accuracy of 0.0009
cm−1, using a narrowband pulsed laser. This verifies and improves the
level separations between amply studied odd parity levels with even par-
ity levels in S I. An improved value for the 3P2 - 3P1 ground state fine
structure splitting is determined at 396.0564 (7) cm−1. A 34S - 32S
atomic isotope shift was measured from combining time-of-flight mass
spectrometry with laser spectroscopy.

This chapter is reproduction of: Lai, K.-F.; Salumbides, E. J.; Ubachs, W. Two-Photon
Doppler-Free Ultraviolet Laser Spectroscopy on Sulphur Atoms. J. Phys. B: At. Mol. Opt.
Phys. 2020, 53 (17), 175002
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4. Two-photon Doppler-free ultraviolet laser spectroscopy on
sulphur atoms

4.1 Introduction

The odd parity level energies for the neutral sulfur atom have been extensively
studied through VUV absorption spectroscopy from the ground electronic con-
figuration [147–150]. The connection with even parity excited states is studied
through visible and infrared spectroscopy involving transition between excited
states [151–154]. In addition, direct measurements of transitions between even
parity states are studied through 2+1 resonance enhanced multiphoton ioniza-
tion (REMPI) spectroscopy [155,156].

The level energies of the 1D2 and 1S0 states of the 3p4 ground electronic
configuration, were investigated via electric dipole-forbidden transitions, first
measured by McConkey et al. [157], and revisited at higher accuracy by
Eriksson [158]. Based on the combination differences between the forbidden
transitions, 3P1 - 1S0, 1D2 - 1S0 and 3P2 - 1D2 the level energies of the lowest
five levels are determined at an uncertainty of 0.005 cm−1 [158]. Later, Brown
et al. measured the fine structure transition 3P1 - 3P0 using laser magnetic
resonance yielding an accuracy better than 10−4 cm−1 [159]. The resulting
level structure of the sulphur atom including a comprehensive compilation of
lines and level energies is now well documented [86,160,161].

In the present study, high-resolution spectra of 3p4 3PJ - 3p34p 3PJ transi-
tions of 32S are measured by using 2+1 REMPI employing a narrowband pulsed
laser amplifier in a scheme with counter-propagating laser beams, thus allowing
for Doppler-free spectroscopy at high resolution and high accuracy. The study
is aimed at accurately bridging the large energy gap between the ground state
and the manifold of excited states, which can be probed at high accuracy via
infrared and visible spectroscopies. Via this means the measurement of a few
transitions will allow for improving the accuracy of the entire level structure
of the S atom. Moreover it will be shown that isotope shifts can be resolved in
such Doppler-free precision experiment.

4.2 Experiment

The experimental setup, schematically shown in Fig. 4.1, is similar to that used
for the production and detection of vibrationally excited states in molecular
hydrogen, also obtained from photolysis of H2S [84, 85, 162]. Two ultraviolet
(UV) pulsed laser systems are used to produce sulphur atoms and perform the
precise two-photon spectroscopy. Sulphur atoms in the 3p4 3PJ ground state
triplet are formed by UV-photodissociation of H2S molecules, a well studied
photolysis process [80,81,163,164]. The first UV-laser pulse, inducing the disso-
ciation, is obtained from a frequency-doubled pulsed dye laser (PDL) pumped
by an injection-seeded pulsed Nd-YAG laser. Pulse energies of up to 4.5 mJ
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pulse are used for the photolysis. The wavelength of the dissociation laser is
chosen at 291 nm following the original work of Steadman and Baer [80,163].

The two-photon transition is measured by a traveling-wave pulsed-dye-
amplifier (PDA) system amplifying the output of a narrowband cw-ring dye
laser. The amplification is realized in three consecutive dye cells, pumped with
the same Nd-YAG pump laser also used to pump the PDL [95]. The output
of the PDA at 616 - 621 nm is frequency-doubled in a KDP crystal to provide
UV-pulses in the range 308 - 311 nm with ∼ 4 ns pulse width. The frequency
of the cw-seed light is calibrated against the standard of I2 saturated hyper-
fine lines combined with the transmission markers of a stabilized Fabry-Perot
interferometer [97]. The chirp effect on the pulses, giving rise to an effective
frequency offset between the pulsed output of the PDA and the cw-light is
assessed via optical heterodyne measurements and analyzed via known tech-
niques [95, 165]. The narrowband UV beam is then split and configured in a
counter-propagating beam setup to induce the Doppler-free two-photon transi-
tions. The angle mismatch of the counter-propagating beams is reduced based
on Sagnac interference fringes [166].

The UV beams are focused into a spot of size few tens of µm spatially
overlapping a pulsed H2S beam, in a low-density region of a skimmed and

Figure 4.1: Schematic layout of the experimental setup. For details see text.
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Table 4.1: Measured frequencies for the two-photon transitions 3p4 3PJ - 3p34p
3PJ of 32S, with uncertainties indicated in parentheses.

Initial state Excited state Obs. (cm−1)
3P1 64888.9317 (9)

3P2
3P0 64891.3536 (9)
3P2 64892.5494 (9)

3P1
3P1 64492.8751 (9)
3P2 64496.4917 (23)

3P0
3P0 64317.7561 (9)
3P2 64318.9561 (9)

collimated pulsed effusive gas expansion. To avoid ac-Stark disturbances from
the dissociation laser, the PDA spectroscopy laser is optically delayed by 10
ns with respect to the photolysis laser, such that there is no temporal overlap.
Sulphur atom signal is generated via 2+1 REMPI, whereby ions are extracted
through a mass-resolving time-of-flight (TOF) tube, detecting S+ ions. Ion
optics are triggered at a delay of ∼ 50 ns from the spectroscopy laser, so that
the laser-excitation takes place in zero DC field. The ion signal is amplified
by a microchannel plate (MCP) with phosphor imaging screen with detection
on a photomultiplier tube. Mass-selected spectra are recorded with a box-car
integrator probing only a narrow channel of the TOF-trace. The large amounts
of SH+ and H2S+ signal in nearby mass channels, as well as S+ background
signals from various dissociation/ionization channels are limiting factors on
the signal-to-noise-ratio of the S-atom spectra. In case of spectral recording of
measuring spectra of 34S this is even more detrimental.

4.3 Results and Interpretation

All of the seven two-photon allowed transitions between 3p4 3PJ and 3p34p
3PJ were measured in the wavelength interval 308-311 nm. Figure 4.2 displays
recordings of all observed lines under Doppler-broadened conditions. Note that
the combination J = 0↔ 1 is forbidden by two-photon selection rules [167].

The spectra for the 3p4 3P2 - 3p34p 3P2 and 3p4 3P2 - 3p34p 3P1 lines,
recorded under Doppler-free conditions, are shown in greater detail in Figs. 4.3
and 4.4. The width of the spectral lines, measured at the lowest power, is
about 290 MHz (FWHM), only slightly larger than expected by assuming exact
Fourier-transform limited laser pulses of Gaussian spectral profile. The power
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Figure 4.2: Recorded two-photon spectra of all seven components in the 3p4 3PJ

- 3p34p 3PJ multiplet under Doppler-broadened conditions. The inset shows a level
diagram connecting the levels probed.

dependence (or ac-Stark effect) for the transition frequencies is studied by
varying the PDA pulse energy as shown in the inset of the figures. Table 4.1
lists the transition frequencies, upon extrapolation to zero field, as measured
for the seven transitions with the boxcar gate set to 32S.

The sources of uncertainty are summarized in an error budget presented in
Table 4.2. A statistical analysis of the determination of the line centers gives
an uncertainty of 3× 10−4 cm−1, including averaging over multiple recordings.
The ac-Stark effect is the dominant systematic effect in the present study. It
causes a shift of line centers, accompanied by broadening, and due to the spatial
variation of laser intensity over the laser focus, also results in an asymmetry
of the line profile [84]. The asymmetry was addressed by skewed Voigt pro-
file fitting. Analysis of the line shape results in an additional contribution to
the uncertainty of 2 × 10−4 cm−1. The ac-Stark shift is further analyzed by
performing measurements over a range of pulse energies of 20 - 100 µJ with
extrapolation of the center frequency to zero energy. This adds a contribution
to the error budget of 5 × 10−4 cm−1. Further contributions are associated
with the frequency chirp in the PDA-system and the absolute frequency cali-
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Table 4.2: Error budget for the two-photon frequencies for the S atom measured
in the present study, except for the 3p4 3P1 - 3p34p 3P2 line, where the uncertainty
is larger.

Contribution Uncertainty (×10−4 cm−1)
Line profile (fitting) 2
Statistics 3
AC-Stark extrapolation 5
Frequency calibration 3
Cw-pulse offset (chirp) 6
Residual Doppler < 1

DC-Stark effect < 1

Total 9

bration against I2-hyperfine components, which were analyzed by established
techniques [95, 168] and result in a contribution of 6 × 10−4 cm−1 for the fre-
quency uncertainty. The absolute frequency calibration against I2 hyperfine
components involves uncertainty in the reference frequencies [97] and measure-
ment of the FSR, amounting to 3×10−4 cm−1. For the latter two contributions
multiplication by four, for the frequency doubling and the two-photon process,
is included. The experiment is essentially Doppler-free, although small shifts
of the frequency center may be associated with a non-isotropic velocity dis-
tribution of the S-atoms, similar to the case of H2 investigated [51]. For this
reason the counter-propagating laser beams were aligned in a Sagnac inter-
ferometer [166] limiting this effect to below 1 × 10−4 cm−1. Excitation was
performed in zero field, hence the DC-Stark effect is negligible on the scale of
the present accuracy. Taking the contributions in quadrature leads to a total
uncertainty of 0.0009 cm−1 for the frequencies of the two-photon resonances
for all observed transitions except for one. The uncertainty of 3p4 3P1 - 3p34p
3P2 is estimated at 0.0023 cm−1 with larger uncertainty from statistics, a long
measurement trace to be covered for reaching an I2 resonance, and problems
encountered in ac-Stark extrapolation.

In a single case, for the strongest line 3P2 - 3P2, a study was made of the
resonance line in 34S from the 5% naturally abundant isotope in the sample.
The spectrum, shown in Fig. 4.5, and recorded with a boxcar gate probing mass-
34, displays the much lower signal-to-noise ratio, caused by spurious signal on
mass-34 of H2S+ ions. When only considering the statistical line fitting and
relative calibration errors the isotope shift on the resonances amounts to 0.0179
(4) cm−1. The spectrum of Fig. 4.5 shows that the spectral contributions of
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Figure 4.3: Spectrum of 3p4 3P2 - 3p34p 3P2 two-photon transition of S I recorded
at lowest power and fitted with Voigt function. The inset shows the power dependence
of the transition frequency denoted with f .

32S and 34S are well separated, thus verifying that the listed entries for the
transition frequencies in Table 4.1 pertain to the main 32S isotope, and do not
correspond to a mixture of isotopes.

The isotope shift for a transition can be separated into normal mass shift,
specific mass shift and field shift contributions [169]. In view of the very small
wave function amplitude of the p outer electron within the nuclear charge ra-
dius, the field shift (or finite size) contribution is negligible for the differential
isotope effect. The Bohr shift or normal mass shift (∆ENMS = ENMS(

34S) −
ENMS(

32S)) is calculated to be 0.0650 cm−1. From the experimental isotope
shift obtained here, a specific mass shift of ∆ESMS=−0.0471(4) cm−1 is ex-
tracted for the 3p4 3P2 → 3p34p 3P2 transition. The ∆ESMS experimental
value will be useful in validating ab initio calculations of electron correlations.

4.4 Discussion: Level energies

The precise determination of transition frequencies can be cast into a least-
squares analysis to determine level energies in both 3P states in the 3p4 and
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Figure 4.4: Spectrum of 3p4 3P2 - 3p34p 3P1 two-photon transition of S I; same
details as Fig. 4.3.

3p34p configurations using the LOPT program [170]. First the internal con-
sistency of the measurements can be tested by including only the presently
obtained data set, as is done in Table 4.3. The LOPT analysis provides a
consistent set of level energies at an accuracy in most cases below 10−4 cm−1.
More importantly the deduced ground state splitting between 3P1 and 3P0

levels is in full agreement (within 1σ) with the very accurate laser-magnetic-
resonance measurement [159], the most precise level splitting determined in
the sulphur atom. This agreement provides proof that the uncertainties of the
present study are not underestimated.

In Table 4.3 also a comparison is made with the results from VUV spec-
troscopy, which are at the basis of the comprehensive published line and level
lists [86, 147, 160]. In these compilations a single spectral line in the VUV is
included (a transition to the 4s 3S1 level) for which an uncertainty as low as
0.025 cm−1 is stated [147]. We adopt this value as the general uncertainty for
the level energies for the excited states, although the uncertainty for the overall
level structure might be somewhat larger. The increased precision on the 3P
ground state level energies in the compilations, so better than the quoted 0.025
cm−1, in fact derive from the rather accurate measurement of the forbidden
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Figure 4.5: Isotope shift in the 3p4 3P2 → 3p34p 3P2 transition of the 34S isotope
(blue curve) recorded by gating on the mass-34 channel, which coincides with the
H2S+ signal. Resonance signal from the main isotope 32S is still observable in the
mass-34 channel, overlapping the spectrum observed in mass-32 channel (black curve).

Table 4.3: Least-square fitting for level energy of 3p34p 3PJ and 3p4 3PJ of 32S, with
uncertainties relative to ground 3p4 3P2 state indicated in parentheses. A comparison
is given with values given in Ref. [86]; for the quoted uncertainties see text. All values
are given in cm−1.

Level This work Ref. [86] Difference

3p4 3P2 0 0 −
3p4 3P1 396.0570 (11) 396.055 (5) 0.0020

3p4 3P0 573.5953 (9) 573.640 (16) −0.0447
3p34p 3P1 64888.9319 (9) 64888.964 (25) −0.0321
3p34p 3P0 64891.3525 (8) 64891.386 (25) −0.0335
3p34p 3P2 64892.5503 (7) 64892.582 (25) −0.0317

This work Ref. [86] Ref. [159]
3P0 - 3P1 177.5383 (14) 177.585 (17) 177.539253 (93)
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Table 4.4: Least-square fitting for level energy of ground electron configuration
3p4 of 32S, with uncertainties indicated within parentheses. The transition from
Ref. [158, 159] and this work are included in fitting, and a comparison is made with
the data compilation of Ref. [86]. All values are given in cm−1.

Level This work Ref. [86]
3P2 0 0
3P1 396.0564 (7) 396.055 (5)
3P0 573.5956 (7) 573.640 (16)
1D2 9238.6097 (23) 9238.609 (5)
1S0 22179.9548 (22) 22179.954 (5)

transitions by Eriksson [158]. The 3P0 level was not accessed in the measure-
ment of Ref. [158], hence its uncertainty relies on VUV-data. Viewed in this
context the deviations between present results and the VUV-compilation [147],
as listed in Table 4.3 both for ground state splittings and 3p34p excitation
energies are close to the expected uncertainties. This includes the consistent
shift -0.032 cm−1 for all three levels in the 3p34p 3PJ excited triplet. This
finding is indicative for an overall systematic shift of all excited level in the
data compilation by 0.03 cm−1.

Finally a LOPT least-squares analysis can be performed to determine the
level energies of the entire 3p4 ground electronic configuration including 1D2

and 1S0 levels, based on the present study in combination with the high-
precision measurements of magnetic dipole transitions in Ref. [158,159]. Table
4.4 lists the fitted level energy values with individual uncertainties relative to
ground state and comparison with the corresponding values listed in the S-atom
data compilation [86]. This results in an improved level structure for 3p4, in
particular for the lowest fine structure splitting 3P2 - 3P1 which is determined
at 396.0564 (7) cm−1, corresponding to a far-infrared wavelength of 25.24893
(4) µm.

4.5 Conclusion

In conclusion, seven transitions in the of 3p4 3PJ - 3p34p 3PJ multiplet are
measured by narrowband laser spectroscopy at an uncertainty of 0.0009 cm−1.
For the first time a 34S - 32S isotope shift has been measured in atomic sulphur,
from which a value for the specific mass-shift was derived, a measure for electron
correlations in the atom. The accurate transition frequencies improve the level
energies of the 3p4 3P ground electronic configuration by factor of two. The
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4.5. Conclusion

3p34p 3PJ excited state level energies are determined at an absolute accuracy
of less than 0.001 cm−1. The present study provides an indication of an overall
systematic shift for the excited level energies as listed in spectroscopic data
compilations for the sulphur atom [86, 147, 160]. The precise measurement of
even parity excited states may help optimizing the level energies of odd parity
levels by future improved measurements between excited states in the infrared
and visible regions, therewith using the 3p34p 3PJ levels as anchor levels, in a
similar fashion as applied to H2 [171].
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CHAPTER 5
Photolysis production and

spectroscopic investigation of the
highest vibrational states in H2

(X1Σ+
g v = 13, 14)

Abstract

Rovibrational quantum states in the X1Σ+
g electronic ground state of

H2 are prepared in the v = 13 vibrational level up to its highest bound
rotational level J = 7, and in the highest bound vibrational level v = 14
(for J = 1) by two-photon photolysis of H2S. These states are laser-
excited in a subsequent two-photon scheme into F1Σ+

g outer well states,
where the assignment of the highest (v, J) states is derived from a com-
parison of experimentally known levels in F1Σ+

g , combined with ab initio
calculations of X1Σ+

g levels. The assignments are further verified by exci-
tation of F1Σ+

g population into autoionizing continuum resonances which
are compared with multi-channel quantum defect calculations. Preci-
sion spectroscopic measurements of the F-X intervals form a test for the
ab initio calculations of ground state levels at high vibrational quan-
tum numbers and large internuclear separations, for which agreement is
found.

This chapter is reproduction of: Lai, K.-F.; Beyer, M.; Salumbides, E. J.; Ubachs, W.
Photolysis Production and Spectroscopic Investigation of the Highest Vibrational States in
H2 (X1Σ+

g v = 13, 14). J. Phys. Chem. A 2021, 125 (23), 1221–1228
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5. Photolysis production and spectroscopic investigation of the
highest vibrational states in H2 (X1Σ+

g v = 13, 14)

5.1 Introduction

The hydrogen molecule has been the benchmark species of molecular spec-
troscopy since the first analysis of its dipole-allowed absorption spectrum, now
over a century ago [172]. Over decades further detailed experiments on the
electronic spectrum were performed [73,173,174], while also the measurements
of forbidden vibrational transitions were explored [175]. Alongside, and stimu-
lated by experimental observations, the quantum theory of the ground state of
smallest neutral molecule was developed with major contributions from James
and Coolidge [6], Kołos and Wolniewicz [10], and Wolniewicz [13]. The ex-
cited states and the strong effects of non-adiabatic interactions were inves-
tigated by Dressler and coworkers [176]. The theoretical program of refined
calculations of the ground state structure was further extended by Pachucki
and coworkers including effects of non-adiabatic, relativistic and quantum-
electrodynamical (QED) effects [22, 117], which has now produced an on-line
program (H2SPECTRE [177]) to compute level energies for all rovibrational
states of the hydrogen isotopomers [52].

Spectroscopic studies of molecular hydrogen have included the behavior at
long internuclear separation. Characteristic for the level structure of H2 is the
occurrence of double-well potential energy curves for excited states, induced
by strong non-adiabatic interactions in this light molecule. In the manifold of
g-symmetry the lowest of these is the EF1Σ+

g state, for which the outer well
was investigated [178,179], followed by the GK1Σ+

g and HH̄1Σ+
g states [11,180].

Similarly double-well states of 1Πu symmetry [181,182] and of 1Σ+
u symmetry

were investigated [183,184]. These studies on long-range effects in the hydrogen
molecule were extended to higher energies, leading to observation of exotic
phenomena as ion-pair or heavy Rydberg states [185], quasi-bound states [186]
and shape resonances [187] in the molecular ion.

Various approaches have been followed to investigate H2 in vibrationally
excited states of the X1Σ+

g electronic ground state, also exhibiting wave func-
tion density at large internuclear separation. Moderately excited v-levels were
probed in chemical reaction dynamical studies [76, 77], with hot filaments [78,
79]. and in a high voltage discharge [179]. Instead of producing the vibra-
tionally excited states over a wide population distribution, Zare and cowork-
ers proposed Stark-induced Raman passage to prepare a single desired state
of H2 [188] and recently showed controlled transfer of large population to
v = 7, J = 0 [189].

Steadman and Baer investigated the production of vibrationally excited
states via the two-photon ultraviolet photolysis of H2S [80]. The results of this
one-laser experiment was further investigated in two-laser [83] and three-laser
experiments [84, 85] leading to accurate level energies and test of quantum
electrodynamics in X1Σ+

g , v = 11 − 12. Alternatively, the UV-photolysis of
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5.2. Experiment

Figure 5.1: Schematic layout of the experimental setup including the three UV-
lasers, the calibration units and the vacuum chambers. For details see text.

formaldehyde (H2CO) was used for the production and investigation of H2 in
X1Σ+

g , v = 3 − 9 [190]. In these studies the wave function density at large
internuclear separation, as occurring in high-v states, was probed via two-
photon excitation to the F1Σ+

g outer well state.
In the present study, the two-photon UV photolysis production of vibra-

tionally excited H2 from H2S is extended by increasing the photon energy of
the dissociation laser. By this means the dissociation channel for producing
X1Σ+

g , v = 13− 14 becomes energetically possible. These highly excited vibra-
tions are interrogated with Doppler-free 2+1’ resonance multiphoton ionization
(REMPI) spectroscopy in a three-laser scheme. Precision measurements prob-
ing F1Σ+

g , v = 0, 1 outer well levels allow for testing high-accuracy quantum
chemical calculations of H2 in the regime of large internuclear separation.

5.2 Experiment

The experimental layout, shown in Fig. 5.1, is similar to the one used in previ-
ous studies probing H2 in v = 11, 12 [84,85]. Three ultraviolet (UV) pulsed laser
systems are involved for producing the highest vibrational levels in H2 from
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g v = 13, 14)

H2S photolysis and detection by 2+1’ REMPI. The two-photon UV-photolysis
proceeds via the path:

H2S
2hν−−→ S(1D2) + H2(X 1Σ+

g , v = 8− 14)

The wavelength of the dissociation laser is set at 281.8 nm, as opposed to
291 nm in the previous studies, since the energy required for complete dis-
sociation of H2S to form an S(1D2) atom and two H(2S) atoms is about
69935(25) cm−1 [81]. The two-photon energy for 281.8 nm dissociation lies
about 1000 cm−1 above this limit, which is needed to produce H2 in the high-
est vibrational levels close to the dissociation limit. Focused UV-pulses at
energies of 4.5 mJ are used for the photolysis step.

Vibrationally excited H2 is interrogated by a narrowband pulsed-dye-amp-
lifier (PDA) system via probing of the F1Σ+

g -X1Σ+
g two-photon transition. The

PDA is seeded by the output of a continuous wave (cw) ring-dye laser and its
pulsed output is frequency doubled in a KDP crystal to deliver wavelength
tunable UV pulses in the range 309 - 315 nm. The bandwidth of this PDA
is about 150 MHz in the UV. The UV pulse is split and configured into a
counter-propagating geometry, shown in Fig. 5.1, and adjusted into a Sagnac
interferometric alignment for reducing possible Doppler shifts [166]. The abso-
lute frequency of the cw-seed light is calibrated by measurement of hyperfine-
resolved saturation spectra of I2 for reference, where markers of a stabilized
etalon are used for interpolation. The chirp of the pulses of the PDA is analyzed
and corrected for following known procedures [95].

The third UV pulse, obtained from another frequency-doubled pulsed-dye-
laser (LIOP-TEC), excites population in the F1Σ+

g -state into the H+
2 ionization

continuum for detection. The autoionization spectra from F-states are recorded
by scanning through 315 - 320 nm. The frequency of PDL output is calibrated
with a HighFinesse WSU-30 (Toptica) wavemeter. In the case when precision
measurements on the F-X transitions are performed, the third UV-laser is set on
a strong autoionization resonance for signal optimization. Figure 5.2 illustrates
the level structure of the H2 molecule and the various excitation steps induced
in the three-laser scheme.

All three UV beams are focused to a few tens of µm and are spatially
overlapped with the H2S effusive molecular beam. The PDA-spectroscopy laser
is optically delayed by 10 ns from the dissociation laser, which is pumped by
the same Nd:YAG pump laser. This is to avoid an ac-Stark shift induced by
the photolysis laser. For the same reason, the ionization laser is electronically
delayed from the spectroscopy laser by 30 ns. H+

2 ions produced are extracted
into the mass-resolving time-of-flight tube and detected on an multichannel
plate. The ion optics are triggered at about 50 ns delay from the ionization
laser for avoiding dc-Stark fields during excitation.
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Figure 5.2: The excitation scheme followed in the present study. The highly excited
H2 (v = 13, 14) states are produced by two photon UV-photolysis of H2S. These states
are subsequently interrogated via 2+1’ resonance-enhanced multi-photon ionization
(three-laser scheme), while some overview spectra are recorded via 2+1 REMPI (two-
laser scheme). For further details see text.
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Figure 5.3: Low-resolution overview spectra of the F1Σ+
g -X1Σ+

g (0,13) and F1Σ+
g -

X1Σ+
g (0,12) bands probed via one-color 2+1 REMPI with a tunable frequency-

doubled pulsed dye laser upon H2 photolysis. Signals are recorded for both H+

and H+
2 .

5.3 Results

First an overview spectrum was recorded using 2+1 REMPI on the F1Σ+
g -

X1Σ+
g system in H2 probing the population of high vibrational states in X1Σ+

g .
This is done in a two-laser experiment, photolysis followed by one-color 2+1
REMPI, similar as in [83], using both H+

2 and H+ detection. Here the resolution
is limited by the bandwidth of the frequency-doubled pulsed dye laser (∼ 0.1
cm−1) used in the spectroscopy step. This overview spectrum, presented in
Fig. 5.3, displays rotational Q-lines in the F0-X12 and F0-X13 bands, along
with some additional resonances, some of which could not be assigned. It is
noted that the intensity of the lines is affected by the excitation step into the
autoionization continuum via the resonant photon energy. The assignment
of the F-X resonances derives from a comparison with combination differences
between experimental level energies in F1Σ+

g [171] and those of X1Σ+
g , obtained

from the precise ab initio computations [177].
Subsequently, precision measurements of the F1Σ+

g -X1Σ+
g electronic tran-

sitions are recorded under Doppler-free conditions, applying 2+1’ two-color
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Figure 5.4: Spectra of the F0 - X13 Q(3) transition recorded in a two-color 2+1’
REMPI scheme with tuning of the narrowband frequency-doubled PDA-system with
counter-propagating UV-beams. The inset shows the ac-Stark extrapolation to zero
power levels.

REMPI in the three-laser scheme. While scanning the narrowband frequency-
doubled PDA-system over the resonance, the third laser is set at a wavelength
probing a strong as possible autoionization resonance, to be found in an itera-
tive process. For these measurements H+

2 ions are detected for registration of
the spectra. Several Q-branch lines are measured probing X1Σ+

g , v = 13 levels
(denoted as X13) in excitation to the lowest vibrational level (F0) in the F1Σ+

g
outer well for which the Franck-Condon factor is favorable [191]. All the odd
J states of v = 13 are detected, where J = 7 is the highest bound state for
v = 13 in H2. Additionally, the Q(2) line in F0-X13 could be recorded, while
the other even J states of para-hydrogen appeared to be too lowly populated
to be detected in the high resolution measurement. Two of such spectra, for
the Q(3) and Q(7) lines, are displayed in Figs. 5.4 and 5.5.

For the X1Σ+
g , v = 14 ground vibration a high resolution recording could

only be recorded for the J = 1 level at a low signal-to-noise ratio. Power-
dependent spectral recordings are shown in Fig. 5.6, where also an ac-Stark
extrapolation curve is displayed. Excitation from other levels in v = 14 re-
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Figure 5.5: Spectra of the F0 - X13 Q(7) transition; details as in Fig. 5.4.

mained below the noise level.
The various sources of measurement uncertainty for the F1-X13 Q-branch

lines, recorded in the three-laser scheme, are listed in Table 5.1. The major con-
tribution to the total uncertainty is the statistical analysis over multiple sets of
measurements, amounting to 2×10−3 cm−1. The uncertainty in the frequency
calibration of the cw-seed light, from the measurement of I2-hyperfine lines
and interpolation of FSR-markers of the reference etalon, contributes overall
3× 10−4 cm−1 to the uncertainty. The chirp-induced frequency offset between
the pulse generated from PDA system and the cw-seed light has been analyzed
through established techniques [95], adding 6 × 10−4 cm−1 to the frequency
uncertainties. For the latter two contributions a multiplication by a factor of
four is included, for the frequency doubling and the two-photon process. The
Doppler-free two-photon excitation with counter-propagating beams, enforced
by the Sagnac interferometric alignment [166], constrains the uncertainty from
a residual Doppler effect below 1×10−4 cm−1. Since the ion optics are triggered
at least 80 ns delayed from the spectroscopy laser a dc-field-free environment
is created, giving rise to a negligible dc-Stark effect to the accuracy.

The spectral recordings of the Doppler-free REMPI spectra undergo strong
ac-Stark effects that contribute to the measurement uncertainty in two ways:
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Figure 5.6: Spectra of the F1 - X14 Q(1) transition; details as in Fig. 5.4.

asymmetric line profiles and shift of line center. The tightly focused PDA
beams induce asymmetry of the line profile which limits the determination of
line center. The spectra are fitted with Gaussian and skewed Gaussian profile
to account for this line profile asymmetry. The uncertainty estimated from the
extrapolation to zero-power yields 0.0005 cm−1. For the low-power spectrum
of the F0-X13 Q(3) line, with 0.03 mJ UV pulse energy, the line width is
symmetric and about 180 MHz (FWHM), close to the expected instrumental
linewidth determined by the laser bandwidth. For higher UV pulse energies, the
spectral profiles become broadened and show a significant degree of asymmetry
as result of spatial distribution of ac-Stark shifts in a tightly focused beam [140].
These lines are fitted with skewed Voigt profiles to determine the transition
frequencies, as discussed previously [84]. The field-free transition frequencies
are determined by extrapolation to zero power levels as shown in the insets of
the figures.

The overall uncertainty results in 0.0024 cm−1, corresponding to 70 MHz,
by summing in quadrature for the F0-X13 Q-branch. For the F1-X14 Q(1)
line 0.0040 cm−1 uncertainty is estimated, in view of the larger statistical
uncertainty as a result of the poor signal-to-noise ratio obtained. Transition
frequencies determined for the observed F0-X13 Q(J) and F1-X14 Q(1) lines,
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Table 5.1: Error budget for the two-photon frequencies for F0-X13 Q(J).

Contribution Uncertainty (×10−3 cm−1 )
Line profile (fitting) 0.5
Statistics 2
AC-Stark extrapolation 1
Frequency calibration 0.3
Cw-pulse offset (chirp) 0.6
Residual Doppler < 0.1
DC-Stark effect < 0.1
Total 2.4

and the uncertainties, are listed in Table 5.2.

5.4 Discussion

The dissociation of H2S in the present study is performed via two-photon ab-
sorption at 281.8 nm instead of 291.5 nm as was used in the previous stud-
ies [84, 85], where the highest level observed in H2 (X1Σ+

g ) was v = 12, J = 5.
The energy required for complete dissociation of ground state H2S into an
S(1D2) atom and two H atoms is about 69935(25) cm−1 [81]. The correspond-
ing two-photon energy at 291.5 nm would reach only to about 1300 cm−1 below
the H2 dissociation limit, insufficient to produce H2 fragments in v = 13 and
v = 14. A 2+1 REMPI spectrum of H2S shows a resonance at 281.8 nm, and
when fixing the dissociation laser wavelength to this resonance at 281.8 nm the
energetic region of 1000 cm−1 above the dissociation limit of H2 can be probed
and v = 13, 14 produced. The signal strength for odd-J transitions is gener-
ally stronger than for even-J transitions, reflecting the ortho-para distribution
which is apparently maintained in the photolysis process. However, the signal
intensity depends also on the efficiency of the autoionization induced by the
setting of the third UV-laser.
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In Table 5.2 a comparison is made between measured transition frequencies
and predicted frequencies extracted from the calculated binding energies of
X1Σ+

g (v = 13) levels [52, 177] and F1Σ+
g -state level energies obtained from

Fourier-Transform (FT) spectroscopic measurements [171]. The uncertainty of
the X1Σ+

g state binding energies as obtained from the H2SPECTRE program
suit [177] amounts nominally to 0.002 - 0.003 cm−1 with computed values
listed in Table 5.2. For the experimentally determined level energies of F0,
obtained up to J = 5 only, we have reanalyzed the uncertainties, based on the
data presented in the Supplementary Material of Ref. [171], because precision
studies on the GK-X transition in H2 [51] have shown that some levels in
Ref. [171] exhibit a somewhat larger uncertainty than previously estimated.
The reevaluated uncertainties are listed in Table 5.2. This comparison leads to
fair agreement.

In order to test the full QED-relativistic calculations of the ground state
binding energies, a further comparison is made using combination differences
from experiment, independent of data on F-level energies from Ref. [171]. The
previous experimental values on F0-X11 Q-transitions [84] are subtracted from
the present values for F0-X13 Q-transitions to obtain vibrational intervals be-
tween X13 and X11 levels which can be compared with the same combination
differences from the most advanced first principles calculations [52,177]. Table
5.3 presents these comparisons for four sets of J-levels. The experimentally
derived intervals between v = 11 and v = 13 agree with the calculations at a
root-mean-square value of ±1.07σ.

These result provide a test on the accuracy of the ab initio computations
for ground state levels, for the first time for the highest v-levels in the X1Σ+

g
ground state of H2. The current theoretical values are limited by non-adiabatic
contributions to the relativistic energy [52]. Meanwhile, improved fully varia-
tional calculations have been developed, that led to an uncertainty less than
10−7 cm−1, but as of yet only for the X1Σ+

g (v = 0, J = 0) ground state [22].
As for the F1-X14 Q(1) line no such comparison could be made, because

the F1-X13 and F1-X12 Q(1) transitions appeared too weak in the high pre-
cision measurement. In the search of v = 14 in H2, excitations to F0, F1 and
F2 states were tested but only a single F1-X14 Q(1) line is confirmed. The
absence of F0-X14 lines could be explained by the small Franck-Condon factor,
which is about 70-times smaller than that for F1-X14 [191]. The assignment
of F1-X14 Q(1) is verified by comparing autoionization spectra recorded in the
region below the X+(v+ = 4, J+ = 1) ionization threshold as shown in Fig. 5.7.
The F-outer-well state has nominally (2pσu)2 character and we observe exclu-
sively transitions to vibrationally autoionizing (1sσ)(npσ/π) Rydberg states,
with n being the principal quantum number. To guide the assignment we
carried out multichannel quantum-defect (MQDT) calculations as described
in Ref. [192] using the quantum-defect functions derived in Ref. [193]. We
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5.4. Discussion

note that states with Σ+ and Π+ symmetry are subject to predissociation into
the H + H(n = 2) continuum, leading to broad resonances especially for low
n-values. The interaction with the dissociation continuum was not included
in our calculation, leading to deviations of the calculated term values for the
low-n resonances on the order of 1 cm−1. The experimental line positions for
these states are however in good agreement with previously reported values
and MQDT calculations including the combined ionization and dissociation
continuum [194–196].

Autoionization spectra are recorded by fixing the PDA-spectroscopy laser
on two-photon resonances probing F0 J = 1, F0 J = 3 and F1 J = 1, and are
plotted on an energy scale relative to the X, v = 0, J = 0 state of H2. The
fact that the autoionization spectrum from F0 J = 1, probed via X13 J = 1,
exhibits the same resonances as the autoionization spectrum from F1 J = 1,
probed via X14 J = 1, proves that the two-photon resonance at 64 580.427
cm−1 starts from a J = 1 line, which leads to an unambiguous assignment
of the F1-X14 Q(1) transition. Unfortunately no other rotational levels in
X14 could be found. There appears a strong transition at 64563.084 cm−1,
while the expected F1-X14 Q(3) is at 64562.883 cm−1, exhibiting a 0.201 cm−1

difference. Also in this case an autoionization spectrum is recorded from this
intermediate state, but that does not match with an autoionization spectrum
from F0 J = 3. Hence the assignment of the F1-X14 Q(3) line is discarded.

As a byproduct of the present study the Stark slopes of the two-photon
transitions are determined, results of which are shown in the insets of Figs. 5.4-
5.6. Those represent the shift of line center as a result of the ac-Stark effect, i.e.
the power density; a negative Stark slope corresponds to a red-shift of the lines
for higher power densities. Stark slopes for the F0-X13 band are all negative,
while that of the single transition in the F1-X14 band is found positive. In a
previous study a negative Stark slope was found for lines in the F0-X11 band,
where a very small J-dependent value was found for the F3-X12 band [84].
Similarly, in two-photon excitation to the inner well positive Stark slopes were
found for the E0-X0 band [100] and the E0-X1 band [105]. These Stark slopes
depend on the transition dipole moments in summation over all states in the
molecule [197,198] thus providing information on the quantum structure of the
molecule, analysis of which is beyond the scope of this study.
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5.5. Conclusion

5.5 Conclusion

In the present study two-photon UV-photolysis of H2S was pursued, probing a
two-photon absorption resonance at 281.8 nm, hence at sufficiently short wave-
length to produce H2 molecules in the highest vibrational levels: v = 13, 14.
The transition energies of F-X (0,13) Q-branch lines have been measured at an
accuracy of 0.0024 cm−1. In comparing these results with previous measure-
ments on F0-X11 Q-lines the experimental combination difference can be used
to verify level intervals as computed with advanced quantum chemical calcula-
tions of the ground electronic state of H2, including non-adiabatic, relativistic
and QED effects. This results in good agreement. Also the highest vibrational
state v = 14 of H2 has been produced through the two-photon photodissoci-
ation of H2S. Only a single rotational level J = 1 could be observed. The
assignment of this X1Σ+

g (v = 14, J = 1) level was verified by recording and
comparing autoionization spectra from various F-outer well states.

The total uncertainty in the present study is limited by measurement statis-
tics, associated with the low concentration of H2 fragments produced, and by
strong ac-Stark effects resulting from the focused UV-laser beams required to
obtain signal. Further improvement of the H2S photolysis production process
is critical for pursuing higher measurement accuracy. Under such improved
conditions the entire rotational manifold J = 0 − 3 of bound levels in v = 14
might be probed and studied and implemented in QED-test of such weakly
bound states at large internuclear separation. It has been a matter of debate
whether the final level J = 4 is rotationally predissociative [199], only bound
by non-adiabatic effects [41], or quasi-bound due to hyperfine effects [200]. As
an outlook it may be hypothesized that also quasi-bound states in H2 might
be observed by the methods pursued here.
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CHAPTER 6
Shape resonances in H2 as

photolysis reaction intermediates

Abstract

Shape resonances in H2, produced as reaction intermediates in the
photolysis of H2S precursor molecules, are measured in a half-collision
approach. Before desintegrating into two ground state H atoms, the re-
action is quenched by two-photon Doppler-free excitation to the F elec-
tronically excited state of H2. For J = 13, 15, 17, 19 and 21, resonances
with lifetimes in the range of nano to milliseconds were observed with an
accuracy of 30 MHz (1.4 mK). The experimental resonance positions are
found to be in excellent agreement with theoretical predictions when non-
adiabatic and quantum electrodynamical corrections are included. This
is the first time such effects are observed in collisions between neutral
atoms. From the potential energy curve of the H2 molecule, now tested
at high accuracy over a wide range of internuclear separations, the s-
wave scattering length for singlet H(1s)+H(1s) scattering is determined
at a = 0.27353931 a0.

This chapter is reproduction of: Lai, K.-F.; and Salumbides, E. J.; Ubachs, W.; Beyer,
M. Shape Resonances in H2 as Photolysis Reaction Intermediates. Phys. Rev. Lett. 2021,
127, 183001
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6. Shape resonances in H2 as photolysis reaction intermediates

6.1 Introduction

The understanding of resonance phenomena occurring in the encounter of col-
liding particles is of eminent importance in physics. As was first discovered by
Fermi and co-workers [201], particles colliding in a partial wave with non-zero
rotational angular momentum can be trapped behind a potential barrier - a
phenomenon known as shape resonances [202]. These quasi-bound states are
rare and occur incidentally through an interplay between the specific shape of
a molecular potential and the centrifugal barrier J(J + 1)/2µR2, for a given
partial wave J and colliding particles with reduced mass µ. A second manifes-
tation of collision resonances, called Feshbach resonances, have attracted great
attention in the field of ultracold atoms in the last decade [203–205]. Here
the resonance occurs by coupling the continuum of one scattering channel to
a bound molecular state from a different channel. This coupling can be the
result of an intrinsic property of the molecule, like Coriolis interactions [206],
or it can be caused by external magnetic [207] or electric [208] fields.

Magnetic Feshbach resonances play an important role in the study of cold
interacting Bose and Fermi gases, but experimental studies have been mainly
limited to s-wave resonances. Recently, resonances for higher partial waves
J ̸= 0 have been observed [209–211], which must be characterized as of mixed
Feshbach/shape resonance character. A detailed understanding of higher par-
tial wave magnetic Feshbach resonances requires therefore a good understand-
ing of shape resonances [212].

Most Feshbach resonances have been observed using laser-coolable alkaline
or earth-alkaline atoms, for which potential energy curves can be calculated
to high accuracy, although in a phenomenological manner involving fitting of
parameters [213, 214]. The H+H collision system stands out representing the
interaction between the simplest atomic constituents, which allows the com-
parison of experimental results with full-fledged ab initio calculations. The
H(1s) + H(1s) scattering is of fundamental interest in physics, playing a role in
the formation of molecular hydrogen in the universe [215], frequency shifts in
the hydrogen maser [216], in the precision metrology of atomic hydrogen and
the determination of the Rydberg constant [217], and for the formation of hy-
drogen Bose-Einstein condensates [218]. The light mass of the hydrogen atom
compared to all other studied systems, makes this collision uniquely sensitive
to nonadiabatic effects, i.e., the effects of distant electronic states on a given
collision channel [219].

We present in this letter the study of shape resonances in the collision of
two ground state hydrogen atoms at an accuracy 10−5 relative to the collision
energy. Five very narrow shape resonances with J = 13, 15, 17, 19 and 21, with
predicted lifetimes varying from ns to ms [72], have been observed at a precision
high enough to identify for the first time nonadiabatic, as well as relativistic and
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6. Shape resonances in H2 as photolysis reaction intermediates

QED effects in neutral atom-atom collisions. Previously nonadiabatic effects
have been observed in the shape resonances of the ion-neutral H+H+ collision
at a hundred times lower precision [186,187].

6.2 Experiment

Being inaccessible to laser cooling with standard techniques, the study of con-
trolled H+H collisions could take place in atomic beam scattering experiments
or using a half-collision approach, i.e., by photodissociating molecular hydro-
gen. Given the narrow width of the resonances (50 nK–5 mK), the former seems
unrealistic, whereas for the later only collisions between ground and excited H
atoms could be probed [221].

Instead, we choose to photolyse hydrogen sulfide molecules at 281.8 nm,
providing sufficient energy for a complete three particle dissociation [81, 82],
according to:

H2S
2hν−−→ S(1D2) + H∗

2(X
1Σ+

g )→ S(1D2) + H(1s) + H(1s),

to produce quasi-bound H∗
2 molecules, existing as an intermediate reaction

product before desintegrating into two H(1s) atoms. The reaction is interrupted
- quenched - by probing the long-lived shape resonances H∗

2 via two-photon
Doppler-free excitation into the F1Σ+

g , v = 0 electronically excited outer well
of the EF state (denoted as F0 in the following). A third UV laser pulse
probes the F0 population by photoionization and the resulting H+

2 ions are
detected selectively using a multichannel plate detector after passing a time-
of-flight mass separator. The latter distinguishes the weak H+

2 signals from
rather strong H2S+, SH+, S+ and H+ background signals. A more detailed
description of the experimental setup and the narrow-band pulsed dye amplifier
(PDA) laser is given in Ref. [222]. Calibrating the laser light using a wavemeter
and accounting for frequency chirp induced by the amplifier, allows to reach
an absolute accuracy of a few tens of MHz, corresponding to around 1 mK.

The H2S [220] and H2 [22] potential energy surfaces, displayed in Fig. 6.1,
illustrate the excitation of the shape resonances. The mean distance between
the protons in the equilibrium geometry of H2S (indicated by a magenta ellipse)
is comparable to the outer turning point of the H2 potential, where the H∗

2 radial
wave functions have their largest amplitude, allowing an efficient production
of the resonances in the spirit of the Franck-Condon principle. The radial
wavefunctions of the shape resonances are depicted together with the respective
centrifugal barriers, necessary for their formation. Centrifugal barriers with a
height of a few hundred up to two thousand Kelvin are found for J = 15− 21,
resulting in a strongly reduced tunneling probability and a tiny amplitude of
the radial wave function for large internuclear distance R (behind the barrier).
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Figure 6.2: Overview spectra recorded in a two-laser scheme with two-photon UV-
photolysis of H2S, followed by 2+1 REMPI on F0-X(v′′) bands with a UV-tunable
frequency-doubled dye laser. Transitions are labeled with quantum numbers of the
ground level. Excitations from quasi-bound resonances are indicated with asterisk
(*).

The contribution of the leading terms that go beyond the Born-Oppenheimer
approximation - adiabatic, relativistic, radiative and nonadiabatic corrections
- are depicted in the inset.

The product distribution of rovibrationally excited states H∗
2 was measured

in a two-color overview scan in the wavelength range 300 − 310 nm (plotted
in Fig. 6.2) showing a forest of spectral lines in (v′, v′′) vibrational bands of
the F1Σ+

g -X1Σ+
g system, detected via 2+1 resonance-enhanced multiphoton

ionization. In this dense overview spectrum progressions of O(∆J = −2),
Q(∆J = 0) and S(∆J = 2) rotational branches in the various bands are de-
tected. The assignment of the bound states in Fig. 6.2, and in particular of
the shape resonances is based on a comparison with calculated values of the
transition frequencies.
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6. Shape resonances in H2 as photolysis reaction intermediates

6.3 Theory

For this purpose highly accurate calculations of X(v, J) levels were performed
using the nonrelativistic quantum electrodynamics (NRQED) approach, in
which relativistic, leading-order radiative and higher order QED corrections
are added to a nonrelativistic Hamiltonian:

E(α) = meα
2E(2) +meα

4E(4) +meα
5E(5) · · · . (6.1)

The nonrelativistic energies E(2) are evaluated using non-adiabatic perturba-
tion theory (NAPT) [52] accounting for terms up to meα

2(me/mp)
2, while

maintaining the computational efficiency of the Born-Oppenheimer (BO) ap-
proach through separating the electronic and nuclear Schrödinger equation.
This is achieved by including R-dependent corrections to the potential energy
curve and by employingR-dependent reduced masses in the nuclear Schrödinger
equation µ∥(R) and µ⊥(R) defined in [22]. The radial nuclear Schrödinger
equation (in atomic units) within NAPT is given by [22][

− 1

R2

∂

∂R

R2

2µ∥(R)

∂

∂R
+

J(J + 1)

2µ⊥(R)R2
+ V(R)

]
ϕi(R)

= Eiϕi(R). (6.2)

Applying the ansatz χi(R) = Rϕi(R) exp{(−Z(R))} to remove the first-order
radial derivative [200,223], the Schrödinger equation can be numerically solved
using V(R) = EBO + Ead + δEna, being the BO [15], adiabatic [16] and non-
adiabatic [17] potential energy curve, respectively. Relativistic (meα

4) and
QED (meα

5, meα
6) corrections are included in the computation as described

in Ref. [22]. The inset in Fig. 6.1 displays these corrections and illustrates their
size compared to the BO energies.

We add an extension to the NAPT framework to calculate the positions and
widths of the shape resonances using the time-delay matrix technique [224],
with the phase shift ηJ obtained for a given J by propagating the wave func-
tion to large internuclear distance, where limR→∞ Z(R) = 0, so that standard
scattering boundary conditions can be applied.

The present numerical calculation reaches an accuracy on the order of
0.003 cm−1 for bound states and resonances, with the uncertainty originat-
ing mainly from terms proportional to meα

2(me/mp)
3 that were neglected

in the current NAPT approach. Exact agreement with the results of the
H2SPECTRE program suite [177] was obtained for the bound levels and the
resonance positions were found in agreement with previously calculated colli-
sion energies [72], although the present values are more accurate by a factor
of 30. The resonance lifetimes are computed resulting in values ranging from
0.2 ms for X(7,21)∗ to 2 ns for X(11,13)∗.
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Fig. 6.3 illustrates the non-adiabatic and leading-order relativistic and ra-
diative contributions to the H2(v, J) dissociation energies for bound states and
for the observed shape resonances with J = 0−21. It is evident, that nonadia-
batic interactions affect mainly states with v = 7−11, as these states possess the
largest vibrational kinetic energy [219], with the maximum reached for v = 9.
The corrections of up to more than 100 GHz on the dissociation energies are
positive, i.e., leading to larger dissociation energies, as it would be expected
from interactions with distant states at higher energy. The calculations of the
relativistic correction (meα

4) on the order of several GHz reveal an increased
sensitivity for levels with low v and high J , as was tested in Ref. [225]. Compu-
tations for the leading-order QED-corrections meα

5 (also depicted in Fig. 6.3)
show a larger sensitivity for levels with low v and low J and contribute on the
order of 100 MHz to the resonance energies.

This suggests that narrow shape resonances are observed for a vibrational
excitation that constitutes a precisely tailored test case for non-adiabatic effects
in atomic collisions. As an example, the position of the X(7,21)∗ resonance is
shifted by ∼10 K, ∼6 K, ∼0.7 K and ∼11 mK by the adiabtic, non-adiabatic,
relativistic and radiative correction, respectively (see also the inset of Fig. 6.1;
it should be noted that the non-adiabatic correction results mainly from the
R-dependent reduced mass).

F0-level energies were obtained by solving the Schrödinger equation using
Born-Oppenheimer [226], adiabatic [227] and relativistic [14] potential energy
curves, while including leading-order radiative corrections taken from Ref. [228]
for the hydrogen molecular ion and estimating the effects of nonadiabaticity
based on Ref. [181]. The computations for the F0(J) level energies yield val-
ues accurate to ∼ 1 cm−1, which is sufficient to identify the lines in Fig. 6.2
and to prove the quasi-bound nature of the resonances. The assignments are
verified by the calculation of Franck-Condon factors (FCF) in the F-X system.
The shifting of the wave function of the H∗

2 shape resonances towards larger
internuclear separation causes the favorable condition of enhanced FCF, giving
increased intensities for those lines probing H∗

2, as is experimentally observed
(see Fig. 6.2).

6.4 Results and Discussions

Subsequently the shape resonances X(v, J): (7,21), (8,19), (9,17), (10,15) and
(11,13) are probed in a precision measurement, with the narrowband PDA-laser
detecting the Doppler-free F1Σ+

g -X1Σ+
g two-photon transition. In Fig. 6.4 an

example of a line probing X(10,15) via a Q-line is presented. These precision
measurements are performed for varying intensities allowing for assessment of
the AC-Stark effect in extrapolation to zero field as shown. All five quasi-

91



6. Shape resonances in H2 as photolysis reaction intermediates

non-adiabatic correction

0 2 4 6 8 10 12 14
v

0

10

20

J

50

100

150

G
H

z

 relativistic correction

0 2 4 6 8 10 12 14
v

0

10

20

J

-20

-15

-10

-5

G
H

z

 radiative correction

0 2 4 6 8 10 12 14
v

0

10

20

J

-4

-2

0

G
H

z

Figure 6.3: Color-map displaying the magnitude of contributions to the energies
of (v, J) levels in H2, for both bound and quasi-bound levels, resulting from non-
adiabatic, relativistic and radiative corrections to the BO-energies.
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Figure 6.4: High-resolution excitation spectrum of a two-photon transition in the
F-X system probing the shape resonance (10,15) via a Q-line. The lower panel shows
the AC-Stark extrapolation to deduce the field-free transition frequency.

bound states have been excited via a Q-transition (∆J = 0), while some are
also probed via an S- or O-transitions. The extrapolated zero-intensity values
of the highly accurate transition frequencies are compiled in Table 6.1. Also
some transitions from bound states are subjected to a precision measurement.
Averaging over multiple measurement sequences yields an optimum uncertainty
of 0.001 cm−1, while it is 0.002 cm−1 for somewhat weaker transitions (30 and
60 MHz, respectively); for a detailed error budget see Supplemental Material.
The uncertainty is larger for the short-lived H∗

2(11,13) resonance.
Although the transition frequencies probing the quasi-bound resonances

were measured at high accuracy, this does not provide a direct means to deter-
mine collision energies. In order to make a comparison with theory possible,
combination differences between resonances and bound states have been com-

93



6. Shape resonances in H2 as photolysis reaction intermediates

Table 6.1: Measured frequencies for the two-photon F0-X transitions
probing the quasi-bound levels H∗

2(X), with uncertainties indicated in
parentheses. Also some transitions from bound H2(X) levels are in-
cluded.

H∗
2(X) Line Exp. (cm−1) Line Exp. (cm−1)

(7,21)* Q(21) 65 441.3575 (9) O(21) 64 979.430 (10)
(8,19)* Q(19) 65 157.9413 (21) O(19) 64 734.8098 (9)
(8,19)* S(19) 65 619.8599 (8)
(9,17)* Q(17) 64 837.2974 (19) O(17) 64 454.775 (10)
(10,15)* Q(15) 64 493.2404 (9) O(15) 64 152.970 (20)
(11,13)* Q(13) 64 146.930 (20)
(8,17) Q(17) 66 044.7046 (9)
(9,15) Q(15) 65 571.9063 (19) S(15) 65 954.4505 (10)

Table 6.2: Comparison of experimental and calculated collision energies ECol of
observed shape resonances, and some bound states. Energy intervals with respect to
X(10,15)∗ are determined from combination difference and shifted by the calculated
dissociation energy of 186.4542(36) cm−1to give ECol. Parentheses present the relative
uncertainty to the X(10,15)∗ resonance. All values in cm−1.

(v, J) Eexp
Col Ecalc

Col ∆ECol

(7,21)∗ 505.9314 (28) 505.9310 (9) 0.0004 (29)

(8,19)∗ 327.4290 (25) 327.4291 (7) −0.0001 (26)
(9,17)∗ 224.9414 (30) 224.9410(4) 0.0004 (30)

(10,15)∗ 186.4542 186.4542 0
(11,13)∗ 192.495 (28) 192.4945(6) 0.001 (28)

(9,15) −892.2117 (21) −892.2130(11) 0.0013 (24)

(8,17) −982.4658 (25) −982.4659 (12) 0.0001 (28)

94



6.4. Results and Discussions

puted with the results presented in Table 6.2. The X(10,15)∗ level was chosen
as an anchor level and the collision energy was set to coincide with its theo-
retical value. Intervals can be calculated at higher accuracy than dissociation
energies of single levels, because the neglected terms in the NAPT approach
lead to an approximately equal shift of the X levels caused by the far distant
states. Table 6.2 demonstrates that the deviations between experimental and
computed combination differences are well within 0.001 cm−1 (30 MHz). This
high level of agreement constitutes a test of the calculations of the potential
energy curve, including all adiabatic, non-adiabatic, relativistic and QED con-
tributions. It tests the H2 potential specifically at large internuclear distances
and for the non-adiabatic corrections. This importantly complements previous
precision tests that probe the bottom and deeper part of the H2(X) poten-
tial well in experiments on vibrational intervals in H2 [33, 34, 67] and on the
dissociation energy D0(H2) [51,69].

As was noticed in Ref. [229], a precise measurement of shape resonances
can also be used to determine the scattering length. We used the H2 po-
tential energy curve, now tested experimentally over a wide range of energies
(including the continuum) and internuclear distances, to determine the singlet
scattering length for the H(1s) + H(1s) collision. Because of the importance of
non-adiabatic effects in this collision, different approaches for their treatment
were vividly discussed in the literature [230]. Whereas previously reported
scattering lengths obtained by different authors within the BO and adiabatic
approximations were found to agree, the values for the non-adiabatic scatter-
ing length varied between 0.3006 a0 and 0.564 a0 (see Table 3 in Ref. [230]
and references therein), depending on the used reduced masses and effective
correction potentials employed to account for the non-adiabatic interactions.
Using the novel techniques presented here, which allow to include BO, adia-
batic, non-adiabatic, relativistic and QED contributions up to meα

6, we obtain
a scattering length of a = 0.27353931 a0.

Non-adiabatic effects might also play a role in collisions of heavier atoms
or in collisions of light atoms and molecules [231]. In case no ab initio data
is available, effects of this kind can be taken into account by using the atomic
reduced mass when solving the radial Schrödinger equation. We found that
such an approach leads to an error of 0.8% and 0.001% on the X(10,15)∗ and
X(7,21)∗ resonance position, respectively. The scattering length found in this
way deviates by 3%. Although the scaling with the reduced mass results in
nonadiabatic effects being reduced, for example by a factor of six in Li + Li
collisions, the crude treatment of non-adiabatic effects using atomic reduced
masses might lead to a very large disagreement given the experimental accuracy
of typical cold atom experiments. As was pointed out in Ref. [232], accurate R-
dependent reduced masses accounting for the bulk of nonadiabatic effects can
be even obtained from relatively crude molecular wavefunctions. This should
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6. Shape resonances in H2 as photolysis reaction intermediates

allow testing the approach presented here for collisions involving heavier atoms
with the currently reachable precision of ab initio calculations. Such precision
studies uniquely straddle the interface between ultracold collisions in atomic
physics and bond forming phenomena in chemistry.

Because of the long lifetime of the observed shape resonances, a measure-
ment of their energy-level structure with kHz precision appears possible, which
is interesting, given their low sensitivity to QED effects (see Fig. 3). This al-
lows to specifically test the accuracy of relativistic four-body calculations, while
avoiding the evaluation of QED effects, representing today the major source of
theoretical uncertainty.
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Supplemental Material

The error budget for the frequency calibrations, presented in Table 6.3, con-
tains a variety of contributions. Minor contributions relate to the calibration
uncertainty of the cw-laser seeding the pulse-dye amplifier, of some 2 MHz
(at the fundamental), while a residual Doppler shift from misalignment of the
counter-propagating beams is reduced by Sagnac interferometry to below 3
MHz uncertainty. The chirp-induced frequency correction accounts for an-
other 4.5 MHz uncertainty. The AC-Stark effect yields the largest contribution
to the error budget. It is addressed by performing systematic measurements
resulting in the AC-Stark slopes as indicated in Fig. 6.4. The uncertainty
associated with AC-Stark results from the extrapolation to zero-power levels
and depends on the obtained signal-to-noise ratio for individual lines. In order
to reduce the contributions of the AC-Stark effect various campaigns of re-
measurement of the Stark-slopes were carried out, thus turning the systematic
effect into a statistical distribution of results. For some weak transition, for
example F0-X11 Q(13) and F0-X10 O(15), this could not be done effectively,
and only measurements at high laser power were performed leading to larger
uncertainties.
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6.4. Results and Discussions

Table 6.3: Uncertainty budget for the measurements of two-photon F0-X transi-
tions. The uncertainty for the AC-Stark extrapolations is estimated for individual
transitions, where the total uncertainties are listed in Table 6.1.

Contribution Uncertainty (MHz)
Lineshape fitting 15
Frequency calibration 9
CW-pulse offset (chirp) 18
Residual Doppler effect 3
DC-Stark effect <1
Subtotal (exl. AC-Stark) 25
AC-Stark effect 3− 60

97





CHAPTER 7
Precision measurement of

quasi-bound resonances in H2 and
the H + H scattering length

Abstract

Quasi-bound resonances of H2 are produced via two-photon photol-
ysis of H2S molecules as reactive intermediates or transition states, and
detected before decay of the parent molecule into three separate atoms.
Four centrifugally bound quantum resonances with lifetimes of multi-
ple µs, lying energetically above the dissociation limit of the electronic
ground state X1Σ+

g of H2, were observed as X(v, J) = (7,21)∗, (8,19)∗,
(9,17)∗, and (10,15)∗, while also the short-lived (∼ 1.5 ns) quasi-bound
resonance X(11,13)∗ was probed. The present paper gives a detailed
account on the identification of the quasi-bound or shape resonances,
based on laser detection via F1Σ+

g - X1Σ+
g two-photon transitions, and

their strongly enhanced Franck-Condon factors due to the shifting of the
wave function density to large internuclear separation. In addition, the
assignment of the rotational quantum number is verified by subsequent
multi-step laser excitation into autoionization continuum resonances. Ex-
isting frameworks of full-fledged ab initio computations for the bound re-
gion in H2, including Born-Oppenheimer, adiabatic, non-adiabatic, rel-
ativistic and quantum-electrodynamic contributions, are extended into
the energetic range above the dissociation energy. These comprehensive
calculations are compared to the accurate measurements of energies of
quasi-bound resonances, finding excellent agreement. They show that
the quasi-bound states are in particular sensitive to non-adiabatic con-
tributions to the potential energy. From the potential energy curve and
the correction terms, now tested at high accuracy over a wide range of
energies and internuclear separations, the s-wave scattering length for
singlet H+H scattering is determined at a = 0.27353931 a0. It is for the
first time that such an accurate value for a scattering length is deter-
mined based on fully ab initio methods including effects of adiabatic,
non-adiabatic, relativistic and QED with contributions up to mα6.

This chapter is reproduction of: Lai, K.-F.; Salumbides, E. J.; Beyer, M.; Ubachs, W.
Precision Measurement of Quasi-Bound Resonances in H2 and the H+H Scattering Length.
Molecular Physics 2021, No., e2018063
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7. Precision measurement of quasi-bound resonances in H2 and
the H + H scattering length

7.1 Introduction

Chemically bonded diatomic molecules in their ground electronic configuration
typically support large but finite numbers of quantum levels, which are assigned
with vibrational and rotational quantum numbers (v, J). These bound levels lie
energetically below the dissociation threshold. Advanced calculations including
non-adiabatic, relativistic and quantum-electrodynamical (QED) contributions
for H2 reveal that this simplest neutral molecule has 302 such bound states in
its ground electronic configuration (X1Σ+

g ) [117]. All these bound rovibra-
tional states exhibit long lifetimes in excess of 105 s [93]. The computational
methods for the determination of H2 level energies witnessed great progress,
starting with the wave-mechanical explanation that H2 is a bound system by
Heitler and London [233]. This evolved further to quantum-mechanical meth-
ods for the calculation of the dissociation energy of H2, using two-centered
wave functions by James and Coolidge [6] and the computations by Kolos and
Roothaan [234], via the accurate computations including relativistic effects by
Wolniewicz [12,13], to the state-of-the-art approaches involving 4-particle vari-
ational calculations augmented with QED computations [21,59,112,235,236].

Progress on the theoretical side was matched by increasingly precise mea-
surements of the dissociation energy of the smallest neutral molecule [25, 27–
29, 51, 69, 237, 238], now finding agreement between theory and experiment at
the level of 10−5 cm−1. The computations were verified via comparison with
measurements of high-rotational angular momentum states [225] and vibra-
tional intervals in H2 [32, 34, 67, 105, 239]. These improvements both on the
experimental and theoretical side have made the hydrogen molecule into a test
ground for investigating the effect of fifth forces [113], extra dimensions of
space-time [115], and for probing physics beyond the Standard Model [116].

In addition to the large set of bound quantum states there exists a class of
molecular resonances bound by a positive centrifugal barrier of size ℏ2J(J +
1)/2µR2 (with µ the reduced mass of the molecule and R the internuclear
distance) added to the potential energy of the rotationless molecule. Such res-
onances lie energetically above the dissociation threshold giving rise to quasi-
bound states that are prone to tunneling through this centrifugal barrier, a pro-
cess known as rotational predissociation [240]. Such features were discussed in
terms of a ’mechanical instability’ of molecules after observation of the break-
ing off of a rotational progression in the ground state of the HgH molecule
as early as 1929, at the dawn of molecular quantum spectroscopy [241]. In
that study it was explained that there exist only a limited number of such
centrifugally bound states; for increasing values of J the potential energy
again becomes repulsive. A similar phenomenon was observed in the case of
AlH [242]. Recently, the quasi-bound resonances in the hydrogen molecular ion
were probed and accurately measured via multi-step laser spectroscopy, reveal-
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7.1. Introduction

ing the X+ 2Σ+
g (v+, J+) = (18,4)∗ resonance in para-H+

2 , and the X+(17,7)∗

resonance in ortho-H+
2 [186,243]. These resonances in the three-particle quan-

tum system appeared to have lifetimes of 10 - 25 ps due to their rapid tunneling
through the centrifugal barrier.

The quasi-bound states studied here have previously been observed and
assigned by Dabrowski [74] and by Roncin and Launay [75] in emission spectra
of the Lyman and Werner bands with optical transitions terminating on such
resonances. Over the years computations were performed for such resonances
in the hydrogen neutral molecule [72, 199, 200] and these indicate that some
of the resonances are long-lived with lifetimes in excess of µs, and even up to
few 100 µs. This makes these quasi-bound resonances amenable in precision
experiments with lasers of narrow bandwidth.

The ultraviolet photolysis of H2S has proven to be an ideal target sys-
tem for the production of highly energetic rovibrational states in the elec-
tronic ground configuration of H2. In an explorative study, Steadman and
Baer demonstrated the production of vibrationally-excited H2 as a product
channel from H2S photodissocation [80]. They assigned transitions between
high-vibrational states in H2 to both inner and outer well states in the EF1Σ+

g
double well potential. However, in the controlled two and three-laser stud-
ies probing X(v′′ = 11 − 14) [83–85, 222] only transitions to the F1Σ+

g outer
well could be confirmed. In an alternative study, starting from the photolysis
of H2CO, therewith producing H2 vibrational states of intermediate quantum
numbers X(v′′ = 3−9), two-photon transitions to both EF1Σ+

g inner and outer
well were found [190]. Precision spectroscopic measurements probing the vibra-
tional states just below the dissociation threshold allowed for tests of molecular
ab initio calculations for these quantum states exhibiting wave function density
at large internuclear separation [222].

The present study, of which a preliminary report was published previ-
ously [244], explores the energy range just above the dissociation threshold of
H2 upon two-photon UV-photolysis of hydrogen sulfide molecules. This results
in the detection of quasi-bound states in H2, using 2+1’ resonance-enhanced
multi-photon ionization, and in the accurate determination of the excitation
energies of the long-lived resonances. State-of-the-art quantum calculations
developed for the bound region are extended to the region above threshold
and compared with measured resonance energies. Hence, the experiments on
quasi-bound resonances allow for testing the potential energy curve of the H2

molecule for a wide range of internuclear separations, that had not been ex-
plored before. The well-tested H2 potential may then be applied to re-examine
the H+H scattering dynamics and for the first time determine a value of the
scattering length including effects of adiabatic, non-adiabatic, relativistic and
QED with contributions up to mα6. Via this way the precision measurement
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7. Precision measurement of quasi-bound resonances in H2 and
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of the quasi-bound resonances provides detailed quantitative information on
atomic scattering that uniquely bridges the gap between the ultracold physics
of atomic hydrogen towards the chemical formation of molecular hydrogen.

7.2 Experimental

Figure 7.1: Layout of the experimental setup involving three independently tunable
UV-lasers, and a molecular beam apparatus. For details see text.

The experimental setup, displayed in some detail in Fig. 7.1, is essentially
similar to the one used previously for the detection of bound resonances below
the dissociation threshold [84,85,222]. Two-photon UV-photolysis proceeds via
the path:

H2S
2hν−−→ S(1D2) + H∗

2 → S(1D2) + H(1s) + H(1s),

where H∗
2 signifies a quasi-bound resonance existing as an intermediate reaction

product before tunneling and disintegrating in two H(1s) atoms. To illustrate
the efficiency of this excitation scheme regarding the production of the shape
resonances, the potential energy surface of the electronic ground state of H2S
is displayed in Fig. 7.2, as a function of the S−H2 and H−H distance. The
minimum of the potential is located aroundRS−H2

≈ 1.7 a0 andRH−H ≈ 3.6 a0.
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RS-H2 (a.u.)

R (a.u.)

R

RS-H2

S

H H

V (a.u.)

Figure 7.2: Potential energy surface for the electronic ground states of H2S [220]
as a function of the H-H (R) and S-H2 distance.

Comparing this with the potential energy curve of the electronic ground state
of H2 (see lower part of Fig. 7.2), it can be seen that the second classical turning
point is located at a similar value of RH−H, with the corresponding maximal
amplitude of the radial wave function. This minute change of the proton-proton
distance explains the efficient production of the shape resonances, in line with
the Franck-Condon principle.

An excitation spectrum of the H2S molecule, probed via 2+1 UV resonance-
enhanced multi-photon ionization is shown in Fig 7.3. Two relatively strong
and broad resonances, at excitation wavelengths between 276 and 292 nm, are
observed in the H2S+ ion channel, and are therefore associated with excited
states in H2S. The sharp resonances, labeled with asterisks, are identified as
strong S+ ion signals from two-photon excitation of the S-atom, (4S) 6p 5P1,
(2D) 4p 1P1, (2D) 4p 3D1 and (2D) 4p 1F3 - 3p4 1D2 [245]. Production and
precision spectroscopy of S atoms resulting from H2S photolysis was investi-
gated previously in our setup under similar conditions [246]. The strongest
two resonances peaking at excitation energies of 68700 cm−1 and 70900 cm−1

are assigned as two-photon excitation to 4p 1B1 (100) and 3d 1B2, respectively.
Processes related to the first level have been discussed extensively by Steadman
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Figure 7.3: Two-photon excitation spectrum of the H2S molecule with probing of
H2S+ ion species. The three narrow signals labeled with asterisk corresponding to
two-photon transitions in the sulphur atom. See text for details.

et al. [245]. The latter level is based on assignments in the absorption spectrum
of Masuko et al. [247]. The selection rule for two-photon transitions from the
1A1 ground state in H2S allows to observe 1A1, 1A2, 1B1 and 1B2, which cover
all possible one-photon transitions. Masuko et al. proposed that the broad
features peaking at wavelengths of 140.7 nm belong to two overlapping transi-
tions, to 3d 1A1 and 3d 1B2 at 140.73 nm and 140.90 nm, respectively. However,
Mayhew et al. assigned this feature to 3d 1B2 with a maximum at 140.72 nm
based on the pattern of n = 4 in the same Rydberg series [248]. The ab initio
calculations on H2S excited state level energies and oscillator strengths have
shown that the higher energy 3d 1A1 state has a stronger one-photon absorp-
tion compared to 3d 1B2 [249], in agreement with the assignment in Ref. [247].
The resonance peaking at 281.8 nm in the present work, equivalent to 140.9 nm
in one-photon transition, shows a nearly symmetric profile, in contrast with the
doublet structure observed in the absorption spectrum. Based on the limited
information available, we follow the assignment of Ref. [247]. In addition, a
pair of weak doublet structures observed at excitation at wavelengths of 286.0
and 276.5 nm are interpreted as part of a vibrational progression 3d 1B1 (000)
and (100). Further study is needed to support the assignments.
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The photolysis resonance at 291 nm was used for the production and inves-
tigation of H2 molecules in v = 11 vibrational states [85]. For the production of
H2 in v = 13, 14 levels photolysis on the two-photon resonance at 281.8 nm was
employed [222]. In the present experiment the wavelength of the dissociation
laser is tuned to this two-photon absorption resonance in H2S at 281.8 nm, pro-
viding sufficient energy to overcome the dissociation energy, at 69935(25) cm−1,
for a complete three particle dissociation [81, 82] with an excess of 1000 cm−1

above threshold. Here it is noted that by spin selection rules, photolysis of
H2S only produces H2 molecules in combination with sulphur atoms in the 1D2

electronically excited state. During all measurements this first photolysis laser
is fixed at this wavelength of 281.8 nm, at the peak of the two-photon disso-
ciation resonance of H2S, for yielding an optimal amount of H∗

2. The excess
energy is then released as kinetic energy in the product, giving H∗

2 an addi-
tional momentum which makes them rapidly escape from the interaction zone.
A fly-out time of 20 ns was measured from the interaction zone of the three
overlapping UV-lasers.

The H∗
2 short-lived resonances are probed in a three laser scheme, where

two-photon UV photolysis of H2S is followed by excitation of H∗
2 via two-photon

Doppler-free excitation into the F1Σ+
g , v = 0 electronically excited outer well

state, denoted as F0 in the following. In the potential energy diagram of the
H2 molecule, depicted in Fig. 7.4, the wave functions of bound and a quasi-
bound levels are plotted as a function of internuclear separation and at their
respective excitation energies. It illustrates the binding and tunneling of these
states, while it also shows the favorable Franck-Condon overlap of their wave
functions with the F0 level in the excited outer well. A third UV laser then
further excites the F0 population into the autoionization continuum, preferably
on a strong autoionization resonance, after which H+

2 species can be detected
for signal recording.

The frequency calibration of the spectroscopy laser, probing the excita-
tion of quasi-bound resonances to the F0-outer well state, is crucial because
it determines the accuracy at which the energy of those resonances are deter-
mined. This laser is a traveling-wave Pulsed-Dye-Amplifier (PDA) amplifying
the output of a continuous-wave (CW) ring-dye-laser, upon-frequency doubling
delivering a pulsed output with a frequency bandwidth of ∼ 100 MHz [95].
The absolute frequency calibration relies on saturated absorption spectroscopy
of hyperfine-resolved I2 using the CW-output of the ring laser as well as a
wavemeter (Toptica High-Finesse WSU-30) [250]. Effects of frequency chirp in
the pulsed output of the PDA is analysed and corrected for, following estab-
lished methods [95]. Excitation of the two-photon transitions is established in
a Doppler-free geometry with counter-propagating beams aligned in a Sagnac
interferometric scheme [166].

The pulse sequences of the UV-lasers, all three with pulse durations ∼ 5 ns,
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Figure 7.4: Potential energy curves for the X1Σ+
g ground state and the EF1Σ+

g
excited states, drawn for the J = 0 rotationless energies and for higher odd J values,
including the centrifugal energy. Also wave functions for a bound X(7,19) and quasi-
bound X(8,19)∗ level are displayed. The wave function for the F0(J = 19) excited
level (upper panel) indicates overlap at large internuclear separation (4-5 a.u.).
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are such that delays of at least 10 ns are imposed to avoid possible AC-Stark
effects induced by the photolysis and ionization lasers and to obtain the highest
accuracy on the determination of level energies of the quasi-bound resonances.
The AC-Stark effects of the spectroscopy laser are systematically investigated
with extrapolation to zero-power densities. These procedures lead to mea-
surement of two-photon transition frequencies upon averaging over multiple
measurement sequences. The resulting accuracies of the X-EF spectroscopic
measurements are discussed in Section 7.4.

For most of the measurements the ion optics are triggered at least 80 ns
delayed from the spectroscopy laser, therewith creating a DC-field-free environ-
ment. For the weak transitions prompt H+

2 ions produced from H2S photolysis
are separated by applying a DC-field of 1.3 kV/cm of opposite polarity during
excitation. It was experimentally verified that such DC-fields do not cause a
Stark shift at the present precision level. This finding is in agreement with
calculations based on polarizabilities for the EF state [251] and X state [252],
predicting a less than 1 MHz shift for the DC-field used.

7.3 Theory

In support of the experimental studies several calculations are performed.
For testing the level structure, and the combination differences between the
X1Σ+

g (v, J)∗ quasi-bound resonances, highly accurate computations are carried
out for these levels. For assigning the quantum numbers of the quasi-bound
resonances by their F1Σ+

g - X1Σ+
g transitions, computations are performed of

the F0 levels, at a lower level of precision.

7.3.1 The X1Σ+
g state

Level energies for the quasi-bound states are calculated using the nonrelativistic
quantum electrodynamics (NRQED) approach, in which relativistic, leading-
order radiative and higher-order QED corrections are added to a nonrelativistic
Hamiltonian. The nonrelativistic energy is traditionally evaluated within the
Born-Oppenheimer (BO) approximation by keeping the position of the nuclei
fixed. Because of the light mass of the nuclei with respect to the mass of the
electron, the adiabatic correction, scaling with me/mp, and the nonadiabatic
correction to the BO approximation are substantial in case of the hydrogen
molecule. Nonrelativistic level energies can also be obtained directly by a vari-
ational solution of the full four-body Schrödinger equation, without invoking
the BO approximation [21,59,112,235]. Such beyond-BO calculations allow to
reach an accuracy limited by the uncertainties of the fundamental constants,
but are computationally expensive, because a separate variational calculation
is needed for every single ro-vibrational level.
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Nonadiabatic perturbation theory (NAPT) [52] maintains the computa-
tional efficiency of the BO approach through separating the electronic and
nuclear Schrödinger equation, while preserving accuracy. This is achieved by
including R-dependent corrections to the potential energy curve and by employ-
ing R-dependent reduced masses in the nuclear Schrödinger equation, account-
ing for leading-order nonadiabatic interactions on the order (me/mp)

2. These
methods were previously explored by Kutzelnigg and coworker [253, 254]. Be-
cause no full four-body nonrelativistic energies are available for the quasi-bound
states reported here, level energies were obtained using NAPT as presented in
Ref. [22].

The radial nuclear Schrödinger equation (in atomic units) within NAPT is
given by [22] [

− 1

R2

∂

∂R

R2

2µ∥(R)

∂

∂R
+

J(J + 1)

2µ⊥(R)R2
+ V(R)

]
ϕi(R)

= Eiϕi(R), (7.1)

with the R-dependent vibrational (µ∥) and rotational (µ⊥) reduced masses

1

2µ∥(R)
=

1

2µa
+W∥(R), and (7.2)

1

2µ⊥(R)
=

1

2µa
+W⊥(R), (7.3)

with µa = (mp + 1)/2 being the reduced atomic mass. The functions W∥(R)
and W⊥(R) are defined in Ref. [22] and vanish for R→∞. The potential V(R)
is given by

V(R) = EBO + Ead + δEna, (7.4)

representing the adiabatic [16] and nonadiabatic [17] corrections to the BO
potential energy curve [15].

Commonly, a new radial function is defined as fi(R) = Rϕi(R) to remove
terms involving the first derivative ∂/∂R in Eq. (7.1), leading to a simplified
equation involving only the second derivative and some multiplicative factors.
However, because of the R-dependence of µ∥(R), a termW ′

∥(R)(∂/∂R) remains,
where W ′

∥(R) indicates the first derivative of W∥(R) with respect to R. Using
the ansatz χi(R) = Rϕi(R) exp{(−Z(R))} in Eq. (7.1) [200, 223], the first
derivative term vanishes for Z(R) fulfilling

dZ(R)

dR
= µ∥W

′
∥(R). (7.5)
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The radial Schrödinger equation, Eq. (7.1), can then be written as:[
− 1

2µ∥(R)

d2

dR2
−
µ∥(R)

2

(
W ′

∥(R)
)2

+
1

2
W ′′

∥ (R)

+
1

R
W ′

∥(R) +
J(J + 1)

2µ⊥(R)R2
+ V(R)

]
χi(R) = Eiχi(R), (7.6)

which can be solved using the renormalized Numerov method introduced by
Johnson [255].

Relativistic (mα4) and QED (mα5, mα6) corrections were evaluated as
described in Ref. [22] using the BO nuclear wavefunction, obtained by solving
Eq. (7.6) using the nuclear reduced mass µn = mp/2, V(R) = EBO and Z(R) =
0. The nonadiabatic part of the relativistic correction is known to be important
and was also included [22], whereas we ignored higher-order QED and finite
size corrections, which are below 1 MHz for the states considered here.

The potential energy functions, relativistic and QED corrections, as well
as the R-dependent reduced masses and its derivatives were interpolated on
a grid with 0.001 a0 stepsize in the range 0.1a0 to Rmax = 25a0 using the
H2SPECTRE program [22]. The CODATA2018 [110] values were used for the
fundamental constants: Eh = 219474.63136320(43) cm−1,mp = 1836.15267343
(11) and α = 7.2973525693(11)× 10−3.

When comparing the nonadiabatic level energies, relativistic and QED cor-
rections of the bound states obtained by solving Eq. (7.6) with the renormalized
Numerov method, we found exact agreement with the results obtained by us-
ing H2SPECTRE, which is based on a discrete-variable representation [108].
The current version of H2SPECTRE does however not allow the calculation of
quasi-bound states and resonances.

As for the quasi-bound states, resonance positions and widths are deter-
mined by calculating the phase shift for a given J by propagating the wave
function to large internuclear distance, where

lim
R→∞

Z(R) = 0 (7.7)

and
lim

R→∞
χ(R; k) ∝ kR(jJ(kR) cos ηJ − nJ(kR) sin ηJ), (7.8)

where jJ and nJ are the spherical Bessel functions and k =
√

2µa(E − V(∞)).
The phase shift for a given energy ηJ(E) was derived from the values of the
wave function at the two outermost grid points Ra and Rb = Rmax using

tan ηJ =
KjJ(kRa)− jJ(kRb)

KnJ(kRa)− nJ(kRb)
; K =

RaχJ(Rb)

RbχJ(Ra)
. (7.9)

The energy grid in the vicinity of a resonance was made adaptive by requiring
a certain number of points per phase jump π.
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7.3. Theory

Resonance parameters are determined within the collision-time-delay ap-
proach developed by Smith [224]. For a single channel, the scattering matrix
is S = exp [2iηJ ] and the time-delay matrix Q is given by

Q = −iS∗ dS

dE
= 2

dηJ
dE

=
Γ

(E − Eres)2 + (Γ/2)2
, (7.10)

where the energy-dependence of the background phase shift has been neglected.
The resonance position corresponds to the position of the maximum of Q, i.e.,
the energy at which dηJ

dE is maximal (point of inflexion of the phase-shift curve).
The level width is given by

Γ (Q) =
4

Q(Eres)
=

2
dηJ

dE

∣∣
E=Eres

. (7.11)

The quasi-bound states in ortho-H2 are known to have narrow width [72]
and a very fine energy grid would be required to locate an increase of π in
the phase shift. To obtain a first estimate of the level positions we choose
to extend the effective potential in Eq. (7.4): the maximum height of the
centrifugal barrier Vbar at Rbar is determined and we set V(R > Rext) =
0.5 · Vbar for Rext being determined when V(Rext > Rbar) = 0.5 · Vbar. Under
these conditions the quasi-bound states will appear as bound states and can be
easily located. Nonadiabatic level energies found using the modified potential
agree within 4 MHz for X(11,13)∗ and to better than 200 kHz for X(7,21)∗,
X(8,19)∗, X(9,17)∗ and X(10,15)∗ with the energies found using Eq. (7.10). The
nonadiabatic level energies for the five resonances in ortho-H2 experimentally
observed are given in Table 7.1.

The relativistic and QED corrections summarized in Table 7.1 are calcu-
lated using the BO nuclear wave functions obtained using the modified poten-
tial, which allows to circumvent the use of energy-normalized continuum wave
function in the NAPT approach. This is expected to be an excellent approxi-
mation for the aimed precision and was verified by a scattering calculation that
included the relativistic and QED corrections in Eq. (7.4). Deviations of level
positions between 10 and 22 MHz were found, which we attribute to the fact
that the nonadiabatic contributions to the relativistic correction (∼ 20 MHz)
are taken into account at a different level of approximation. The full-width-
at-half-maximum (FWHM) is obtained using Eq. (7.11) and is given together
with the natural lifetime at the bottom of Table 7.1.
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7.4. Detection, identification and precision measurement of the quasi-bound
resonances

The theoretical uncertainties are determined by the leading order terms
neglected in the NAPT approach, which are estimated by scaling the second-
order nonadiabatic mα2 corrections with 1/µn [22] and are found to be between
87 and 135 MHz for the quasi-bound states. The computation of binding
energies for the H∗

2 quasi-bound resonances by Selg [72], at a claimed accuracy
of 0.01 cm−1, are found to agree with the present values within 0.01 cm−1 (or
300 MHz).

7.3.2 The F1Σ+
g state

To predict transition frequencies for the F0-X transitions, term values of the
EF1Σ+

g electronic state were calculated using Born-Oppenheimer [226], adia-
batic [227] and relativistic [14] potential energy curves. Leading order radiative
corrections were taken into account by using the corresponding curves of the
hydrogen molecular ion [228]. Nonadiabatic energies for the F0 states are re-
ported for J = 0− 5 in Ref. [181] and were obtained from a coupled-equations
calculation including several gerade states. In the spirit of Ref. [256] the energy
difference between the reported nonadiabatic and the current adiabatic term
values are parametrized as ∆TNA = a+ bJ(J + 1), relating a to homogeneous
and b to heterogeneous interactions. The found parameters a = 0.67 cm−1 and
b = −0.009 cm−1 are expected to predict F0 term values with an accuracy of
around 1 cm−1. These renewed computations for the F0(J) levels energies were
performed since values for the highest J-levels were lacking in [179]. Based on a
comparison with experimental values for F0(J) at low J [171] the present com-
putations are shown to be more accurate. Values for F0(J), for the J-values
relevant to the present study, are listed in Table 7.2.

7.4 Detection, identification and precision measurement
of the quasi-bound resonances

The product distribution of rovibrationally excited states in H2, upon two-
photon photolysis of H2S, was first measured in an overview scan in the wave-
length range 300 − 310 nm and displayed in Fig. 7.5. The overview spectrum
shows many lines in (v′, v′′) vibrational bands in the F1Σ+

g -X1Σ+
g system, de-

tected via 2+1 resonance-enhanced multiphoton ionization. Progressions of
O(∆J = −2), Q(∆J = 0) and S(∆J = 2) rotational branches are overlaid,
thus forming a dense spectrum.

The assignment of the F0-X transitions originating in quasi-bound reso-
nances is based on a comparison with computed level separations between
X1Σ+

g and F1Σ+
g levels as presented in section 7.3. To obtain the excitation

energies of H∗
2 above X1Σ+

g (v = 0, J = 0) the values for the binding energies
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7. Precision measurement of quasi-bound resonances in H2 and
the H + H scattering length

of X(v, J) are augmented with the value for the dissociation energy of H2, for
which the most recent experimental value was taken, D0 = 36118.069605 (31)
cm−1 [29], which is in excellent agreement with the theoretical value of D0 =
36118.069632 (26) cm−1 [236]. From a combination of these values, included
in Table 7.2, a prediction can be made for the F0-X transitions probing the
quasi-bound resonances. Although the predictions are systematically off by ∼ 1
cm−1 from measurement, they can be considered proof for the assignment of
the H2(v, J)∗ levels. It is noted that the found deviations from experiment sim-
ply reflect the inaccuracy in the ab initio calculations for F0(J) levels, which is
by itself considered very good for electronically excited states in H2. The tran-
sitions are assigned in Fig. 7.5, where the transitions originating in quasi-bound
resonances are marked with an asterisk (*).
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7. Precision measurement of quasi-bound resonances in H2 and
the H + H scattering length

The overview spectrum of Fig. 7.5 shows that the two-photon excitations
originating in the H∗

2 quasi-bound resonances are markedly more intense than
the excitations for the bound resonances at lower rotational quantum num-
ber. This apparent deviation of the Franck-Condon principle is a direct conse-
quence of the shift of wave function density of the quasi-bound levels to large
internuclear separation (see also Fig. 7.4). A computation of J-dependent
Franck-Condon factors for the F0-X transitions, results of which are displayed
in Fig. 7.5, show this exquisite behavior. The Franck-Condon factors were cal-
culated using the adiabatic wave functions and using box-normalization for the
quasi-bound states. This provides further proof for an unambiguous assignment
of the quasi-bound states detected experimentally.

In the experimental configuration with three UV-lasers non-overlapping in
time, four quasi-bound resonances, X(7,21)∗, X(8,19)∗, X(9,17)∗ and X(10,15)∗,
are probed in a precision scheme, with the narrowband PDA-laser detecting
the Doppler-free F1Σ+

g -X1Σ+
g two-photon transition. In Fig. 7.6 several ex-

amples of the precision frequency measurements are presented, exciting quasi-
bound resonances, further referred to as H∗

2, into the electronically excited F0
state, with a subsequent UV pulse for H+

2 formation and detection. An exci-
tation spectrum from the bound state X(9,15) is also shown. The short-lived
X(11,13)∗ quasi-bound resonance, with a lifetime of 1.6 ns, was probed in an
experimental configuration with a 3 ns separation (and thus in part temporally
overlapping) between dissociation laser and the (PDA)-probe laser, yielding a
spectrum at low signal-to-noise ratio (see Fig. 7.6).

The spectroscopic measurements are performed for varying intensities al-
lowing for the assessment of the AC-Stark effect in extrapolation to zero field
as shown in the insets. All five quasi-bound states have been excited via a Q-
transition (∆J = 0), while some are also probed via S- or O-transitions. The
extrapolated zero-intensity values of the highly accurate transition frequencies
are compiled in Table 7.2.

For the higher intensities used, the AC-Stark effect is the determining factor
in the spectral linewidth, while for the lowest intensities the laser bandwidth of
the PDA significantly contributes. The narrowest spectrum obtained is about
200 MHz FWHM, close to the PDA linewidth (including effects of frequency
doubling and two-photon excitation). No broadening effect on the spectral
line shape as a result of tunneling through the centrifugal barrier was found.
Resonances with X(v, J)∗ = (7,21), (8,19) and (9,17) are predicted to have
lifetimes in excess of 100 µs, while X(10,15)∗ lives for 2 µs (see Table 7.1). These
lifetimes (short with respect to the bound states) lead to increased natural
linewidths, but this is still below the frequency resolution under the present
experimental conditions. In fact not even the short-lived X(11,13)∗ resonance
exhibits a significant line broadening at the present resolution.
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7. Precision measurement of quasi-bound resonances in H2 and
the H + H scattering length

Table 7.3: Uncertainty budget for the measurements of two-photon F0-X transi-
tions. The uncertainty for the AC-Stark extrapolations is estimated for individual
transitions, where the total uncertainties are listed in Table 7.2.

Contribution Uncertainty (MHz)
Lineshape fitting 15
Frequency calibration 9
CW-pulse offset (chirp) 18
Residual Doppler effect 3
DC-Stark effect < 1
Subtotal (exl. AC-Stark) 25
AC-Stark effect 3− 60

The error budget for the frequency calibrations, presented in Table 7.3, con-
tains a variety of contributions. Minor contributions relate to the calibration
uncertainty of the cw-laser seeding the PDA, of some 2 MHz, while a residual
Doppler shift from misalignment of the counter-propagating beams is reduced
by Sagnac interferometry to below 3 MHz uncertainty. The chirp-induced fre-
quency correction accounts for another 4.5 MHz uncertainty. The AC-Stark
effect yields the largest contribution to the error budget. It is addressed by
performing systematic measurements resulting in the AC-Stark slopes as indi-
cated in Fig. 7.6. The uncertainty associated with AC-Stark results from the
extrapolation to zero-power levels and depends on the obtained signal-to-noise
ratio for individual lines. In order to reduce the contributions of the AC-Stark
effect various campaigns of remeasurement of the Stark-slopes were carried out,
thus turning the systematic effect into a statistical distribution of results. For
some weak transitions, for example F0-X11 Q(13) and F0-X10 O(15), this could
not be done effectively, and only measurements at high laser power were per-
formed leading to larger uncertainties. For each resonance targeted and listed
in Table 7.2 the resulting final experimental uncertainty was deduced from
the statistical and systematic contributions and by taking them in quadrature.
This leads to a variety of resulting uncertainties, mainly associated with the
number of measurement campaigns for each line and the obtainable signal-
to-noise ratio. For the Q-branch lines an optimum accuracy was obtained at
the level of 0.001 cm−1, corresponding to 30 MHz. It is noted that the over-
all measurement uncertainty has been improved in comparison with previous
work [222]; this is related to increased statistical averaging and stronger signal
strength resulting from larger FC-factors for the measured transitions.
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7. Precision measurement of quasi-bound resonances in H2 and
the H + H scattering length

During the recording of the F0-X two-photon transitions by tuning the nar-
rowband PDA-laser (see Fig. 7.6) the third UV-laser is parked on an arbitrary
autoionization resonance for optimum H+

2 signal generation. Alternatively,
when signal is found, either on bound states or on quasi-bound resonances, the
wavelength of the third laser may be scanned while keeping the spectroscopy
laser fixed. By this means the energy range in H2 above 130 000 cm−1 is probed
relying on autoionization. In Fig. 7.7 autoionization spectra are displayed that
were recorded after setting the spectroscopy laser on the two-photon transitions
from X(v = 9, J = 15) bound and X(v = 10, J = 15)∗ quasi-bound states. The
autoionization spectra are plotted against the term value corresponding to the
total excitation energy in the H2 molecule. The one-to-one correspondence be-
tween the autoionization resonances proofs that these spectra are taken from
an intermediate state with the same angular momentum J , thus proving that
the quasi-bound resonance has J = 15. Note that the small differences in the
intensities are caused by the differences in (vibrational) wave function overlap
for v = 9 and v = 10 levels and the ionic states. The fact that an autoionizing
Rydberg series is observed converging to the H+

2 (v+ = 1, N+ = 15) provides
further evidence that the intermediate state is J = 15. Such autoionization
spectra were recorded for all quasi-bound resonances, therewith verifying their
J-quantum numbers. Apart from providing additional proof on the assignment
of resonances, this method gives access to H2 Rydberg states with unprecedent-
edly high rotational angular momentum of the H+

2 ion core, to be explored in
future.

7.5 Discussion

Five quasi-bound resonances were detected in a precision experiment. These
resonances had previously been observed as terminal levels in emission via the
Lyman and Werner bands in studies by Dabrowski [74] and by Roncin and Lau-
nay [75] at an accuracy of 0.05 cm−1. The precision of the present Doppler-free
laser excitation study is much improved, by more than an order of magnitude.
The novelty of the present work derives not only from the improved accuracy,
but also on the fact that the centrifugally bound H∗

2 resonances could be pro-
duced as a transition state in a photolysis process and thereupon detected via
2+1’ resonance-enhanced multi-photon ionization before tunneling and sepa-
rating into two H(1s) atoms.

7.5.1 Test of the H2 potential

Although the quasi-bound resonances were probed in a precision experiment
the detection pathway via the F1Σ+

g outer well state does not provide a means
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7.5. Discussion

Table 7.4: Combination differences between H∗
2 quasi-bound resonances, and some

bound resonances. Level energies are plotted with respect to the X(10,15)∗ resonance.
A comparison is made between experimental determination and computed values,
while in the last column deviations are given. Note that these discrepancies relate to
the inaccuracy in the calculation of F0(J) levels, and not to inaccuracies in the bound
and quasi-bound resonances on the ground state potential. All values in cm−1.

X(v, J) T exp
rel T calc

rel ∆T

(7,21)∗ 319.4772 (28) 319.4768 (9) 0.0004 (29)

(8,17) −1168.9200 (25) −1168.9200 (12) 0.0000 (28)

(8,19)∗ 140.9748 (25) 140.9750 (7) −0.0002 (26)
(9,15) −1078.6659 (21) −1078.6671 (11) 0.0012 (24)

(9,17)∗ 38.4872 (30) 38.4869 (4) 0.0003 (30)

(10,15)∗ 0 0 0
(11,13)∗ 6.041 (28) 6.0404 (6) 0.001 (28)

to determine the (negative) binding energy of the resonances in a direct man-
ner. Hence, the accurate first principles computations of H∗

2(X), at an accuracy
of 0.003 − 0.004 cm−1 (cf. Table 7.1), cannot directly be compared with ob-
servation. In order to make a comparison possible, combination differences
between resonances of bound and quasi-bound nature all lying near threshold,
have been determined via the level diagram plotted in Fig. 7.8. The energy of
all resonances is deduced relative to the X(10,15)∗ level and the experimental
uncertainties are included via error propagation. Theoretical values for these
combination differences are computed and a comparison with experiment is
made in Table 7.4. The uncertainty of the higher-order terms in the NAPT
approach are related to an interaction with distant electronically excited states.
For this reason, the uncertainties for the individual X(v,J) levels are not in-
dependent of each other, so that we estimated the accuracy of the calculated
intervals by multiplying the non-adiabatic correction of the interval with 1/µn.
Its outcome demonstrates that the deviations between experimental and com-
puted combination differences are well within 0.001 cm−1 (30 MHz).

This excellent agreement constitutes a test of the high accuracy of the cal-
culated potential energy curve of H2, including all adiabatic, non-adiabatic,
relativistic and QED contributions as discussed in section 7.3. The unprece-
dented experimental accuracy for highly excited vibrational states verifies the
computations in the NAPT-framework [52] for the H2 potential specifically at
large internuclear distances.
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Figure 7.8: Level diagram of X(v, J) and F0(J) rotational levels with the H2(X1Σ+
g )

dissociation limit given as a dashed line. Measured transitions, plotted as (black)
arrows, connect all the observed quasi-bound resonance including measurements of
weak S- and O- transitions. The energy intervals are determined from the combination
differences and listed in Table 7.4.

This comes in addition to the tests of the theoretical framework near the
bottom part of the H2 potential. The rotationless fundamental vibrational in-
terval (∆v′ = 1−0) in H2 was measured to an accuracy of 5 MHz in a molecular
beam experiment [67]. This experimental value is in agreement within a single
standard deviation, both with NAPT (uncertainty of 27 MHz) and with the
more precise 4-particle non-Born-Oppenheimer calculation (at 9 MHz uncer-
tainty). The S(3) line in the second overtone (∆v′ = 3 − 0) was measured to
high accuracy in Doppler-broadened cavity-ring down spectroscopy [34, 239].
A reanalysis of its collisional line shape, yielding an accuracy of 6 MHz [68], is
again found in agreement with theory. The measurement of the first overtone
(∆v′ = 2− 0) reached a lower accuracy of 30 MHz [33], also in agreement with
theory. The Q(J = 1, 3, 5, 7) level intervals for ∆v′ = 11− 13 were determined
with an accuracy between 84 and 93 MHz by using combination differences of
F-X transitions, also agreeing with NAPT calculations [222]. Measurements of
the dissociation energy (D0) of H2 also probe the bottom part of the potential.
The most recent experimental determinations of D0(H2) [29, 51, 69] are found
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7.5. Discussion

to be in agreement with theory [236] at the level of 1 MHz.
The combination of these experimental data allows the first specific test

of the H2 potential energy curves and the R-dependent reduced masses at
the 90 MHz level over the entire relevant range of internuclear distances, as
illustrated in Fig. 7.9. The upper panel of Fig. 7.9 displays the BO, adia-
batic, non-adiabatic, relativistic and QED potential energy curves normalized
to ±1 around R ≈ 2.5 a0 for better comparison. The absolute values of the
displayed BO, adiabatic and mα4 relativistic potential energy curves normal-
ized to ±1 amount to ∼38293 cm−1, ∼18 cm−1 and ∼0.9 cm−1, respectively.
Similarly, one finds 1.6 GHz, 8 MHz and 0.66 GHz for the mα5, mα6 and the
non-adiabatic correction. The middle panel shows the R-dependent reduced vi-
brational and rotational masses, µ∥(R) and µ⊥(R), varying smoothly from the
nuclear reduced mass at R→ 0, to the atomic reduced mass for R→∞. The
lower panel displays the squared vibrational wavefunctions of the bound states
for v = 0 and 3 (black solid line), and the observed X(11,13) quasi-bound state
(colored solid line). It can be seen that the previous experimental studies with
v < 3 tested the potential mainly for R below 2.5 a0. For the observed state
X(3,2), 99% of the radial probability density is within the interval [0.9, 2.5]a0,
whereas the interval [1, 6.6]a0 is presently probed by the X(11, 13) state. At
6.6a0 the R-dependent reduced rotational and vibrational masses only deviate
by 0.0003% and 0.002% from the asymptotic atomic reduced mass, respectively.
The various parts of the potential reached their respective asymptotic value to
within 2% or less, which amounts to 76 cm−1, 0.09 cm−1 and 0.01 cm−1 for the
BO, adiabatic and relativistic potential and less than 42 MHz for the remaining
contributions.
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bound states
X(11,13)
s-wave scattering

Figure 7.9: Upper panel: Range of the BO potential energy curve and the vari-
ous corrections normalized to +1 or −1 around the mean internuclear distance for
better comparison. Middle panel: R-dependent vibrational and rotational reduced
masses, µ∥(R) and µ⊥(R), used to take non-adiabatic effects into account within the
framework of NAPT. Lower panel: Radial probability density of the v = 0, 3 bound
states (black solid line) and the X(11,13) quasi-bound state (colored solid line). The
squared s-wave zero-energy wave function is shown for comparison (dotted line, not
to scale).
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the H + H scattering length

In view of confronting experimental values for testing theoretical approaches
it is illustrative to consider the numerical contributions of the nonadiabatic,
relativistic and orders of QED corrections as included in the computations of
section 7.3. In Fig. 7.10 the various contributions to the total energy are graph-
ically displayed in a (v, J) color plot. While mαn (n = 4−6) for relativistic and
QED-contributions is smallest for the highest v-levels, the non-adiabatic cor-
rection has the largest contribution for vibrational levels v = 7− 11, hence for
the quasi-bound states probed in the current experiment. In the same manner
Fig. 7.10 illustrates that the mα4 relativistic term is best tested through preci-
sion experiments on levels with low-v and high-J as was done previously [225].

It was long understood that the magnitude of the nonadiabatic corrections is
related to the vibrational kinetic energy, which reaches its maximum for v = 9.
That turns the present precision measurement of quasi-bound resonances into
a specific test of computations of the non-adiabatic correction term in the
computation of H2 level energies. It should be noted that in Fig. 7.10 the
values for the energy contributions are plotted, and that their uncertainties
scale with the absolute values [22] (1/µn, < 2 × 10−4, 5 × 10−4, 3 × 10−3,
respectively).

The dissociation energy sets the most stringent test of the potential energy
curves, because it probes the internuclear distances where the corrections are
largest, as can be seen by comparing the top and lower panel of Fig. 7.9.
The quasi-bound states, however, allow to test the potentials over a much
wider range, while being particularly sensitive to the non-adiabatic effects. By
scaling the individual potential energy surfaces and repeating the calculation
of the dissociation energy D0 (and quasi-bound intervals, given in brackets),
upper limits are found to be: BO: 10−9 (5× 10−7), AD: 5× 10−6 (8× 10−4),
mα4: 6× 10−4 (2× 10−2), mα5: 2× 10−4 (4× 10−1), mα6: 2× 10−2 (3× 101)
and NA: 1 × 10−3 (1), respectively. Using the quasi-bound intervals we also
constrained a relative error of W∥ and W⊥ to 0.05 and 0.002, respectively.

7.5.2 H + H scattering

The H + H scattering process is of fundamental interest in physics, playing
a role in the formation of molecular hydrogen in the universe [215], frequency
shifts in the hydrogen maser [216], the magnitude of pressure shifts in the 1S-
2S transition of atomic hydrogen for a determination of the Rydberg constant
[217, 257], and for the formation of a Bose-Einstein condensate in hydrogen
[218]. Because of the light atomic mass, non-adiabatic effects are especially
important in this collision process and the question about the correct treatment
of these was vividly discussed in the literature [230] (and references therein).

The scattering process can be described by a single parameter at low tem-
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perature, the scattering length a given by

a = − lim
k→0

tan ηJ=0

k
. (7.12)

Whereas previously reported scattering lengths obtained by different authors
within the BO and adiabatic approximations were found to agree, the values for
the non-adiabatic scattering length varied between 0.3006 a0 and 0.564 a0 (see
Table 3 in Ref. [230] and references therein), depending on the used reduced
masses and effective correction potentials employed to account for the non-
adiabatic interactions. Moreover, Wolniewicz attempted a direct solution of
the coupled equations [258] but encountered elementary difficulties because of
spurious nonadiabatic couplings for R→∞ related to the choice of coordinates
used to describe molecular states, not suited for the description of the free
atoms in the asymptotic region [259].

We choose here the NAPT approach that was experimentally verified with
MHz precision up to R ∼ 6.6 a0, noting that at this distance the R-dependent
masses and all potentials but the BO, adiabatic and relativistic potentials
reached their asymptotic value (see section 7.5.1). The squared s-wave scat-
tering wave function is displayed for comparison in the lower panel of Fig. 7.9.
A comparison with the radial densities for the bound and quasi-bound states
indicates that the whole range of internuclear distances with a significant po-
tential energy term are probed. In addition, as can be seen from the middle
panel of Fig. 7.9, the hump in the vibrational reduced mass µ∥(R) is com-
pletely located within the interval probed by the resonances, which allows a
verification of the main part of the non-adiabatic correction to the scattering
length. This allows for the first time to calculate scattering lengths employing
an experimentally verified approach for taking the non-adiabatic interactions
into account. Using the techniques presented in Section 7.3.1 we integrate the
wavefunction outwards at k0 = 1 × 10−7 a.u. to Rmax = 500 a0 and obtain a
scattering length for various level of approximation:

a =


0.5699 a0 BO
0.4160 a0 AD
0.2572 a0 NA
0.2735 a0 NA,mα4,mα5,mα6.

(7.13)

Using the dispersion coefficients for the BO [260] and adiabatic poten-
tials [261] (the exchange interaction is negligible at this distance) we confirm
that the asymptotic scattering length is obtained by using the extrapolation
procedure given in [262]. The value obtained for the adiabatic scattering length
agrees with the value given by Wolniewicz [258]. It is also interesting to note,
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that the approximate nonadiabatic scattering length obtained using the atomic
reduced mass is 0.2651 a0, deviating by only 3% from the value obtained using
NAPT. The deviation to previously reported values obtained using the same
approximation is related to the improved BO and adiabatic potential energy
curves [263].

The obtained scattering lengths are verified by comparing to [264]

a =
2µn

k2

∫ ∞

0

sin(kR)V(R)χ(R; k = k0)dR, (7.14)

and we find agreement at the 0.02% level for the BO and adiabatic level of
approximation. As was found in Ref. [263], Eq. (7.14) can also be used to
estimate changes of the scattering length δa caused by a change of the potential
δV(R), by replacing V(R) → δV(R) and sin(kR) → χ(R; k = k0). We find
δamα4

= 0.0156 a0, δamα5

= −0.0007 a0 and δamα6

= 0.0014 a0, respectively.
The experimental verification of the NAPT approach for the shape reso-

nances can be used to determine an uncertainty of the scattering length. We
studied the change of the scattering length when using the above-mentioned rel-
ative uncertainties for the individual parts of the potential or the R-dependent
reduced masses. This allows to attribute the experimental uncertainty of
the shape-resonance intervals (∼90 MHz) to only one part of the nuclear
Schrödinger equation. It is found that a change of the vibrational reduced
mass µ∥ has the largest effect, resulting in an experimentally verified singlet
scattering length of

a = 0.27353931 a0. (7.15)

7.6 Conclusion

In the present study five quasi-bound resonances of the H2 molecule are pro-
duced in the two-photon UV photolysis of H2S, where four of those persist as
long-lived transition states. Proof of their production and detection is provided
by comparing experimental two-photon transition frequencies to computed level
intervals between F1Σ+

g and X1Σ+
g levels. Computation of rotational-state de-

pendent Franck-Condon factors, compared with the observation of enhanced
intensities, provides further verification of the assignments. Also the step-wise
excitation from quasi-bound states into the continuum provides an angular
momentum label as supporting evidence.

Highly accurate calculations of X1Σ+
g (v,J) level energies are performed, for

which an existing framework of non-adiabatic perturbation theory (NAPT)
[52, 177] is extended into the region above the dissociation threshold. The
present precision measurement allows for a test of the H2 potential energy
curve, comprising a Born-Oppenheimer potential, adiabatic, non-adiabatic and
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relativistic corrections, as well as QED-corrections up to order mα6. The
H2 potential is tested now over a wide range of internuclear separations and
energies, by comparison of computed level energies to a set of data on infrared
transitions, dissociation energy and quasi-bound resonances at MHz accuracy.
The precision measurement of the quasi-bound resonances specifically probes
and tests the non-adiabatic correction to the H2 potential. This well-tested H2

potential can be applied in a computation of the scattering length, resolving
a decade old disagreement in the determination of the non-adiabatic singlet
s-wave scattering length of the H(1s) + H(1s) collision.
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CHAPTER 8
Summary and outlook

In this thesis, spectroscopic studies on tritium-containing isotopologues and
vibrationally excited and quasi-bound states of H2 are presented.

In the studies of tritium-containing isotopologues, we have determined the
fundamental vibration splitting of HT, DT and T2 using the laser-based tech-
nique of Coherent Anti-Stokes Raman Spectroscopy (CARS). The measure-
ment uncertainty achieved is below 0.0005 cm−1 for Q-branch transitions, pre-
senting an over 100-times improvement over previous studies in the late 1980’s.
Additional benchmark measurements on residual D2 in the DT gas cell were
done to support our measurement accuracy. These results also triggered the
collaboration with theoreticians to extend the well-developed NAPT calcula-
tion scheme to heavier tritium-containing isotopologues. The comparison over
experimental values with the latest NAPT calculated values shows good agree-
ment.

In order to push the measurement accuracy with the current experimental
setup, quasi-cw CARS and saturated CARS have been explored. By replacing
the pulsed probe laser with a continuous-wave laser, the uncertainty arising
from the chirp effect is eliminated. However, the signals are greatly reduced
which severely hampers precision studies on the limited amount tritium sample.
Saturated CARS allows us to achieve sub-Doppler resolution for line center
determination. The power requirement for pump and probe laser is large such
that ac-Stark broadening causes the line to adopt an asymmetric line profile,
which hinders the determination of the central frequency.

Recently, Pachucki and Komasa have published the four-body calculation
with variational method for nonrelativistic energy of tritium-containing iso-
topologues [45], where the leading-order non-adiabatic correction contributes
the largest uncertainty in the NAPT scheme. In this novel approach, the un-
certainty of nonrelativistic energy is down to 10−7 cm−1 with the new method
and the leading-order QED correction becomes the largest contribution to to-
tal uncertainty. This corresponds to about 10−5 cm−1 for the fundamental
vibrational splitting. Obviously, another leap in accuracy of experimental mea-
surement is needed to meet this new state-of-the art theory. In an alternative
approach to study tritium-bearing isotopologues, cavity-enhanced spectroscopy
such as the NICE-OHMS technique delivering Doppler-free saturated spectra
might bring the measurement uncertainty down to sub-MHz level as was shown
recently for HD [265,266].
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8. Summary and outlook

For the second part of the thesis, we made use of photodissociation of
H2S to prepare highly ro-vibrationally excited H2. These states are probed
by F-X transitions using Doppler-free two-photon excitation. In a first study,
v = 13 and 14 vibrational states have been detected, which lie only tens to
hundreds cm−1 below the dissociation threshold. The measurement uncertainty
for v = 13 states is estimated to be 2.4 × 10−3 cm−1. By taking combination
differences with precision measurement of v = 11 levels, vibrational splittings
are determined at about 3×10−3 cm−1. Results agree well with the calculated
value from the NAPT approach.

In addition, five quasi-bound resonances (v, J) = (7,21)*, (8,19)*, (9,17)*,
(10,15)* and (11,13)*, with ns to µs lifetime, have been detected. The unex-
pected strong signal strength probing these quasi-bound states is explained by
the enhanced Franck-Condon factors which were computed. With this advan-
tage, some of S-/O- branches can be measured with similar accuracy. By taking
the combination differences of 13 transitions, the relative level energies between
these quasi-bound resonances and two bound states, (8,17) and (9,15), are de-
termined at an uncertainty of 3× 10−2 cm−1 for (11,13)* and about 3× 10−3

cm−1 for the others.
The well-developed NAPT calculation scheme on bound states H2 X1Σ+

g
by Pachucki and coworkers is extended to quasi-bound resonances with in-
clusion of relativistic and QED corrections. The calculation shows excellent
agreement with the experimental values obtained. The measurements on these
highly ro-vibrationally excited states offer a test on the potential energy at
large internuclear distance, in particular for the non-adiabatic contribution.
The singlet s-wave scattering length of H(1s)+H(1s) collision is also calculated
including the leading order non-adiabatic contribution, and mα4, mα5 and
mα6 relativistic and QED terms.

Our measurement uncertainty is comparable to the uncertainty of NAPT
calculations for the highly excited ro-vibrational states. The measurement
uncertainty is limited by the measurement statistics and the ac-Stark analy-
sis. The observed spectral linewidth is close to the theoretical instrumental
linewidth, which is about 150 MHz, limited by the pulse width of PDA system.
Replacing the PDA system with the comb-locked Ti-Sa system used in the
determination of the GK1Σ+

g - X1Σ+
g transition [267], with proper frequency

mixing, could greatly reduce the spectral linewidth to improve the measurement
statistics, as well as the frequency calibration. Nonetheless, the improvement
of efficiency of preparing excited states of H2 will be the major task. The pho-
tolysis of H2S at 281.8 nm is assigned to be a two-photon forbidden 3p → 3d
transition under atomic selection rules and leads to a smaller absorption cross-
section. It is worth trying to use shorter wavelength of dissociation laser to
search for stronger 3p → 4f transition of H2S. Instead of using H2S, other
precursors such as formaldehyde have shown the possibility of producing ro-
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vibrationally excited H2 by one-photon absorption [190]. A better efficiency in
producing excited states of H2 would strongly help in improving measurement
uncertainty and exploring the unobserved v = 14, J = 4 state with only 0.08
cm−1 below the dissociation limit and the quasi-bound resonances with much
shorter lifetime. Due to the isotopic shift and smaller zero-point energy for
D2S and HDS, the energy required for complete dissociation of D2S and HDS
is larger than for H2S. Aside from the efficiency in producing the vibrationally
excited states of molecular hydrogen, a stronger two-photon absorption band
for D2S and HDS at shorter wavelength is necessary for the future exploration
of the quasi-bound resonances of D2 and HD.
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