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Hamiltonian for a molecule
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i refers to electrons, A to nuclei;
Potential energy terms:

Assume that the wave function of the system is 
separable and can be written as:
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Assumed that the electronic wave function
can be calculated for a particular R
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Born-Oppenheimer: the derivative
of electronic wave function w.r.t
nuclear coordinates is small:

Nuclei can be considered stationary.
Then:

Separation of variables is possible.

Insert results in the Schrödinger
equation:
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Separation of variables in the molecular Hamiltonian

The wave function for the electronic part can be
written separately and “solved”; consider this as
a problem of molecular binding.
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Solve the electronic problem for each R and insert
result Eel in wave function.
This yields a wave equation for the nuclear motion:
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Schrodinger equation for the nuclear motion

The previous analysis yields:
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This is a Schrödinger equation with a
potential energy:
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nuclear repulsion chemical binding

Typical potential energy curves
in molecules

Now try to find solutions to the
Hamiltonian for the nuclear motion
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Quantized motion in a diatomic molecule

Quantummechanical two-particle problem
Transfer to centre-of-mass system
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Single-particle Schrödinger equation
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Consider the similarity and differences
between this equation and that of the
H-atom:
- interpretation of the wave function
- shape of the potential
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Angular part is the well-know equation
with solutions:

Angular momentum operators

Spherical harmonic wave functions !
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Angular momentum in a molecule
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And angular wave function
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Hence the wave function of the molecule:

( ) ( ) ( )φθφθχ ,,,nuc NMYRR Ξ=

Reduction of molecular Schrödinger equation
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Eigenenergies of a “Rigid Rotor”

Rigid rotor, so it is assumed that R = Re = constant

Choose: ( ) 0)( == eRVRV

All derivates          yield zero
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)()(
2

1
nucrotvib,nuc

2
2 RERN

Re
χχ

μ
=

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡ r

So quantized motion of rotation: )1(
2

)1(
2

2
rot +=

+
= NBN

R
NNE

eμ
h

With B the rotational constant

Deduce Re from spectroscopy
isotope effect
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Vibrational motion
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Non-rotation: N=0
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Vibrational motion
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So the wave function of a vibrating molecule
resembles the 1-dimensional harmonic
oscillator, solutions:
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Finer details of the rovibrational motion

Centrifugal distortion:
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Anharmonic vibrational motion

Dunham expansion:

( )1
,

1
2
1

+⎟
⎠
⎞

⎜
⎝
⎛ +=∑ NNvYE l

k

lk
klvN

Vibrational energies in the H2-molecule
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Energy levels in a molecule: general structure

Rovibrational
structure
superimposed on
electronic
structure
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Radiative transitions in molecules

The dipole moment in a molecule:
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In a molecule, there may be a:
- permanent or rotational 
dipole moment
- vibrational dipole moment
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In atoms only electronic transitions,
in molecules transitions within
electronic state
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Two different types of transitions

Electronic transitions

Rovibrational transitions
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The Franck-Condon principle for electronic transitions in molecules
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Rotational transitions in molecules
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2nd term in the transition dipole 

Projection of the dipole moment vector 
on the quantization axis.
For rotation take the permanent dipole.
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spacing between lines ~ 2B
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Rotational spectrum in a diatomic molecule

Ground state with N” and excited N’
Absorption in rotational ladder: N’=N”+1

3
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spacing between lines ~ 2B

In an absorption spectrum: R-lines
In an emission spectrum: P-lines

λ

Homonuclear molecule
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For permanent dipole
No rotational spectrum
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Vibrational transitions in molecules
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2nd term in the transition dipole 

Within a certain electronic state:
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Line intensity:

Permanent dipole does not produce a 
vibrational spectrum
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Dipole moment should vary with 
Displacement vibrational spectrum



Lecture Notes Structure of Matter: Atoms and Molecules; W. Ubachs

Vibrational transitions in molecules
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Permanent and induced dipole moments; In the harmonic oscillator approximation;
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Selection rules: 1' ±=−=Δ vvv

Higher order transitions (overtones) from:

- anharmonicity in potential
- induced dipole moments

First order: the vibrating dipole
moment
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For all derivatives
No vibrational dipole spectrum
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Rovibrational spectra in a diatomic molecule
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Transitions from 
v” (ground) to v’ (excited)

( ) ( )")'("' "'0 NFNFvv vv −+=− σσ

with
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the band origin; the rotationless
transition (not always visible)

Transitions

R-branch (N’=N”+1) – neglect D
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( ) ( ) 2
"'"'0 NBBNBB vvvvP −++−=σσ

For "' vv BB =

( )12 '0 ++= NBvR σσ



Lecture Notes Structure of Matter: Atoms and Molecules; W. Ubachs

Rovibrational spectra
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If, as usual: "' vv BB <

Rotational constant in excited state
is smaller.

Spacing in P branch is larger
Band head formation in R-branch

Spacing between R(0) and P(1) is 4B

“band gap”
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Example: rovibrational spectrum of HCl; fundamental vibration



Lecture Notes Structure of Matter: Atoms and Molecules; W. Ubachs

Example: rovibrational spectrum of HBr; fundamental vibration
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Rovibronic spectra

J
v=0

v=1

v=2

J
v=0

v=1

v=2

AΨ

BΨ

Vibrations governed by the
Franck-Condon principle

Rotations governed by angular momentum
selection rules

Transition frequencies
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R and P branches can be defined 
in the same way
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Band head structures and Fortrat diagram
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A parabola represents both
branches

- no line for m=0 ; band gap
- there is always a band head, in one branch
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Population distributions; vibrations
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Probability of finding a molecule
in a vibrational quantum state:

Note: not always thermodynamic equilibrium

P(v)/P(0)

Boltzmann distribution
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Population distributions; rotational states in a diatomic molecule
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