Magnetic effects and the peculiarity of the electron spinin Atoms

Pieter Zeeman Hendrik Lorentz Otto Stern Wolfgang Pauli
Nobel Prize 1902 Nobel 1943 Nobel 1945
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The orbital angular momentum of an electron in orbit

~ e -~
Semiclassical approach Hence n=———H~L
2Mg

!

Magnetic interaction:

Vv =—# B =—H;B;
L e
’ 2mv From classical electrodynamics:

L -A magnetic dipole moment p undergoes
no force in a magnetic field B

Angular velocity @ =2nv
-A magnetic dipole undergoes a torque,

Magnetic moment ) is oriented in a B field
u=1A=naev

-A magnetic dipole 1 undergoes a force

in an inhomogeneous B-field, i.e.
L =mvr = mar? = 2zmvr? a field gradient (Stern-Gerlach experiment)

Angular momentum
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The energy of a magnetic dipole in an external B-field

Dipole ji=——L=—pug— Magnetic interaction:
2Mg hi L
- Vm =—#-B=-1,B;
ith: = B L
Y e 2Mg for the magnetic dipole moment: 4 =—-Qug —

h

the "Bohr magneton”, the atomic

unit for a magnetic dipole moment : ,
~ 5 x 109 eV/c ~ 9 x 1024 Am?2 Expectation value:

(Vi )= ~(11)B = B2 (1) = gug B

Because: (W |L;|Wpnim ) = M7

This may be generalized for any
orbiting charge Q of mass M

=g Q L for any atomic quantum state
2M
Where the g-factor g=1 So a B-field breaks the degeneracy for m

for a classical motion
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Normal Zeeman effect

Energy splitting for an nl state

. m=1/¢
K4 m=/-1
/
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\Pnfm \‘
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* — M=/

Energy splitting:  J6E., = gugM
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For an 1S = P-transition
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Recall selection rules for m
and polarization of light




Normal Zeeman effect

Energy splitting for an nl state

. m=/
Z m=/-1
/
nt.
FTom N
\t
\ —
f—m=—
Energy splitting: OEp, = Qup

For an 1P = ID-transition
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m=2
/=2 m=1
m=0
m=-1
m=-2
/=1 m=1
m=0
m=-1

Am=-1 Am=1

9 transitions
3 spectral lines (in hydrogen)




Wave functions in a magnetic field

Schradinger equation;

2
e _o \
l:_Z V4V (r)}‘l’nm = En¥nim
U
‘ V'(r) :VCoqumb(r) +VZeeman

guB guB n 0
=V (r)+—VL, =V (r)+ —
C() 7 Z C() 7 i8¢

Note: ¥y (F1t) =Ry (r)YIm (‘9’ ¢)e_iEnt/h

Are simultaneous eigenfunctions of HY and L,

B ,
Eigenvalues of the Zeeman Hamiltonian:

2
7 B o
{—ZVZ +Ve (r) + JiB a¢}\Ijnlm = (Enl +0uB Bm)\Pmm

E = Ep +gugBm

Selection rules remain the same
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Electron spin

No classical analogue for this phenomenon

A

Origin of the spin-concept

-Stern-Gerlach experiment;
space quantization

Pauli:

A~ 2

(2€ + 1) - fold image Two-fold image

There is an additional "two-valuedness”
in the spectra of atoms, behaving like
an angular momentum . Z

Goudsmit and Uhlenbeck
This may be interpreted/represented
as an angular momentum
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-Theory: the periodic system requires
an additional fwo-valuedness




Electron spin

A In analogy with the orbital angular momentum
of the electron
1 —
S=—h ~ L
2 AL=-0.k8— g =1
A spin (intrinsic) angular momentum can be
Spin is an angular momentum, so it defined: g
should satisfy Hs =—0sHB 7

S2|s,mg ) =n%s(s +1)s,mg)

a) in relativistic Dirac theory

S, |s,ms) =rmg]s, ms) gs =2
1 1
S = >’ Mg = iE b) in quantum electrodynamics

gs = 2.00232...

Note: the spin of the electron cannot be explained
from a classically "spinning” electronic charge
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Additional quantum number

[nlm) — |nlsmymg)

Wave functions

Fhim (F’t) = Rn| (r)YIm (‘9' ¢)e_iEnt/h‘ T, ‘L>

No effect on energy levels,
except for magnetic coupling to

other angular momenta

Degeneracy  2(2¢+1)

2n2

Electron spin and the atom

£=0 £=1 i=2 ¢=3
tori tor i 1ort torl
.p:'._ =4 4 ap - ad 4, N 32 states
E" ® , 0D ; G2 3‘° G . 0D # i fa
= = states
3= ax9 ° ~Gxy F TGx2
E;l-n=2 2 2p L  Bstates

s
(1x2) 3x2)

Eib-n=1 e—Is K 2 states
1x2)

Selection rules

S is not a spatial operator,
so no effect on dipole selection rules
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Spin-orbit interaction

Frame of nucleus:

v  Frame of electron:

-e -e
+Ze +Ze
—V
The moving charged nucleus induces

a magnetic field at the location of the
electron, via Biot-Savart's law

= g Ze(—V)xT
B=
4r r3

Use L=mfFxV :

— Ze L
Then Bint =

472'80 meC2r3
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Spin of electron is a magnet with dipole

HB g
h

The dipole orients in the B-field with energy

2

L o= Ze
VLS:_IUS'B: 2 2 3
ArsomgCr

Hs =—0¢

S-L

A fully relativistic/derivation o
(Thomas Precessigh) yields V| s =¢ (r)S L

with
2
Ze 1
8egMsC™ \r° /[

<rl3> " a%n( +21/2)(€ +1)

Use:

(Zamcj?’ 2
) n3e(0+1/2)¢ +1)




Fine structure in spectra due to Spin-orbit interaction

In first order correction to energy Then the full interaction energy is:
for state ‘Isjmj>
e - Ee = 274 e i(j+1)—20(0+1)-s(s+1)
Eso =({Isjm; Vst lsim; ) S0 { o300+ 2)1 +1)
=<Isjmj‘g“n| I:-S‘Isjmj>
S-states ‘f =0, j = S> ESO =0
Evaluate the dot-product
32:‘[+§‘2:|_2+32+2[.§ P-states [¢(=1 j=/¢%1/2)
Then
. T p _a’Z%heR
" Q| pei 2 2 2 pei SO —
LoS‘ESjmj>:§(J ~1%-5 )zSij> NE

— (i +0)-(e+1)-s(s+1)] sim

Show that the “centre-of-gravity”
does not shift
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Relativistic effects in atomic hydrogen

Relativistic kinetic energy

Exe! :\/pzc2 +m%c* —mc? =

mcz\/1+ p%/m?c? —mc? =

2 4
mc?| 1+ p2 5~ p4 7T
2m“c 8m'c

First relativistic correction term
4
Krall=——
rel =
8m§’c2

To be used in perturbation analysis:

p= _Eﬁ operator does not

| change wave function
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p4

Smg’c3

(Krel) = <‘Pnzjm ‘Pnejm> =
—24“2(mﬂR( 1 3)

2/+1 8n

Of the same order as Spin-orbit coupling

Relativistic energy levels:

4 2
Eszn—Z“ (he)R| —2——3
n3 2j+1 4n

So j=1/2 levels would be degenerate




Relativistic energy diagram for atomic hydrogen

7 A
A 3p "Pyps
§ o2 -'3 472D
1h2 / 32
Sp P1."2
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25' 'S ) [ 2p" %P,
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For each configuration (electrons)

Several terms with ferm symbols

25+1LJ

P.A.M. Dirac
Nobel 1933




Shortcomings of quantum-mechanical model of hydrogen

1.  Spontaneous emission from
stationary states

2. (g-factor of electron = 2

3. Lamb shift
NI |
e ¢ A | | [
N
H mlrce 15 ¢ 281’5 l Waveguide I [DeteCth
Electron bombarder
2 A = 1060 MHz
(n=2)Sy/7 E

(n=2)*Ry,
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Quantum Electro Dynamics (QED)

vacuum polarisation
self-energy e’

N CR

Nobel
1965

_ \ _

Sin-Itiro Julian Richard

Tomonaga Schwinger Feynman




Hyperfine structure in atomic hydrogen

3d" *Dy,
8. 2c 3p "Pa;
5 2y 342D
N2 '/ Vap
30 Py
MIMHH\.‘;\
=, Hﬁ.
- 2p1 zpallrz
251 251].'2 ) 2{]1 2P1.'2
F=1
=0

Nucleus has a spin as well, and therefore
a magnetic moment
I eh

ﬂ|=mﬂN% ' ”NZZM

p

Interaction with electron spin, that may have density
at the site of the nucleus (Fermi contact term)

f-§=f-j=1(F2—J2—I2)

2

Splitting : F=1 < F=0 1.42 GHz
or A=21cm

Magnetic dipole transition
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Hyperfine structure in atomic hydrogen

1420.405 751 768 MHz

Search in space for H-atoms

via 21 cm radiation

Map of the Milky Way in H

Atomic Hydrogen 21 cm Dickey-Lockman

Westerbork Telescope Array
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Anomalous Zeeman effect

Occurs if Sand L play a role

ji=fiy + fis === (gL +9sS)

:—%([+2§)

Approximation: Paschen-Back effect
for vZeeman»VLS

¥nomymg  proper wave functions

Vum ) :%B@Z +2S,) = ugB(m, +2m;)

But in general:

LIanjm j proper wave functions
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At weaker fields:
u———(L+28) and J=(L+S)
So J and p non-colinear

Work with projections onto an axis B

<vM>=—ﬁ-e’:(_ ﬁf][jf]




Anomalous Zeeman effect: Lande factor

Result

L2+232+‘;’(J2—|_2—82)

(Jz)

(Vz)=pgB 12

With the Lande g-factor dependent on J, S, L.

(1, QO+D-L(L+D+S(S+D)
L= 2J(J +1)

Zeeman effect

<V > = 1By Lande/M j
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g=4/5




