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Atomic Physics’ starting point: Time dependent Schrödinger Equation
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Time-independent Schrödinger Equation

Erwin Schrödinger
Nobel prize 1933

Stationary states:
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Schrödinger Equation for a two-particle system Centre of Mass motion
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Hamiltonian:

CM motion Relative motion

relCMrelCM EEHHH +=+=

pe mmM += atomic mass
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Separation of varaiables Centre of Mass and Relative motion

Reduction to a one particle problem in centre-of-mass coordinates:
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Wave function for the relative motion:

This is a 1-particle problem in 
Quantum Mechanics



Lecture Notes Structure of Matter: Atoms and Molecules; W. Ubachs

Atomic Hydrogen as a one-particle problem
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Three-dimensional equation:

Separation of variables: each coordinate
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radial dependence angular

Set left and right equal to λ

General: partial differential equation along three coordinates

3 quantization conditions 3 quantum numberss
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Angular part of the one-particle problem

Angular part: λ=
Υ
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Boundary conditions imposed: single-valued
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θ dependence

From φ dependence

m is integer

Angular coordinate θ

0
sin

sin
sin

1
2

2
=

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
Θ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
−+

Θ

θ
λ

θ
θ

θθ
m

d
d

d
d

( )1+= llλ 0≥l
mm ≤≤− l

Single coordinate differential equation

On [0,π], finite and single-valued

Solutions: special class of functions
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Associated Legendre Polynomials:
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For; m=0 Legendre Polynomials
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Angular wave functions

Solutions for wave functions angular part
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Spherical harmonics
(full set of functions spanning Hilbert space)
Simultaneous eigenfunctions of L2 and Lz
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are solutions for any problem with a central potential( )φθ ,lmΥ ( )rVV r=
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Radial part of the Schrödinger equation
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Radial equation

Energy does not depend on m: 
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quantization of energy In general this equation is an eigenvalue
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Eigen functions )(rRnl
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Radial part: special case l=m=0
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Radial part: 2nd attempt
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Radial part: 2nd attempt, further

Again special case: 0=l
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Radial part: 3nd attempt
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For a purely Coulombic potential
all angular wave functions are
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And follow the proof …

In hydrogen the l,m levels are degenerate



Lecture Notes Structure of Matter: Atoms and Molecules; W. Ubachs

Atomic Hydrogen Radial part

Analysis of radial equation yields:
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Atomic orbitals

Interpretation: Born
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Use ( )trnlm ,rΨ for expectation values

Radial distribution function
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0.53 Å for Ne9+
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Atomic p Orbitals

Use real functions
Standing waves without net Lz
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Orbital with ml=0 has Lz=0

No angular momentum around z-axis

np orbital with ml=0
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Angular momentum around z-axis
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px, py, pz have same shape, different orientations

Colors denote positive and negative signs
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Atomic d Orbitals

5 d orbitals with ml =2, 1, 0, -1, -2

d orbitals can be combined to give
standing waves with total m=0
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Calculation of expectation values in the atom

Now that wave functions are known
expectation values can be computed
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