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Nonlinear Optics

The first non-linear optical laser experiment

34715 A .
Ruby laser 6943 A

Prism and
collimating lenses

S| vy | RO\ [1¥° Photographic
plate

P.A. Franken, A.E. Hill, C.W. Peters and G. Weinreich, Phys. Rev. Lett. 7 (1961) 118




The Nonlinear Susceptibility

— —> —>

P=yWE+ ,PEE + yOEEE + .
The Zign) are tensors even for lowest order
R = Zi&n)E j
Polarization not directed along electric field vector

In media with inversion symmetry:

e PEE_ PEEE .
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Conclude for centro-symmetric media:

S

Note that in principle there exist
also nonlinear magnetic susceptibilities




Linear response:

Nonlinear Optics; graphically

Nonlinear response:

B, O p=,WE ,PEE

Nonlinear response evaluated
in terms of Fourier series
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Lorentz model of linear optics:

classical oscillator

Equation of motion for a damped
electronic oscillator in one dimension

2

dt?

r +2y£r +a)02r - °E
m

Write electric field and position vector:

E-ReEé”| r=Rere|

—

(a)g—a)2>r + 2l opr =—%E

Solution

r

—ekE —ekE

N m[a)oz — 0%+ 2] a’?/J i 2m| g (@ — o) +iwy]

Near resonance @ = @y

Ne?

2m[eg (g — @) +iwy] B =zoz(@)E
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Classical polarization of the medium
P(w)=—Ner(w)
and the complex susceptibility
2(w)=z'(0)-ix" ()

yields expressions for the susceptibility

Real part,

connected to the index of refraction
, Ne? W, — @)/

¥ (a)) _ _ ( 0 ) Y

- 2Maye, [1+ (a)o — a))2 /7/2J

Imaginary part,

connected to the absorption coefficient

()= Ne* 1 q
2magyzo [L+ (wp - ) 177




Lorentz model of nonlinear optics: classical oscillator

Motion of electron with anharmonic term: Calculate rq and insert in (**); use
2 ot 2 —i(w,+om )t
d_2|r + 27/Er + Cl)ozr _ grz = _E E (ZE(a)n)e ! ) = ZZE(a)n)E(a)mk )
—i(wn+wm)t
Try a solution in power series r, = & 2.2 Elo, B, )e

m [a)g -0} -2y, ][cog . }/a)m][a)g (0, + o, ) -2iy(o, + o, )J
= I‘1+ I‘2 + I‘3+
Write polarization;

ith: i
with: n=akE
P=>R R = —Ner,
Collect terms in same order of E
Preer = 22" (0, )E(@, )™
o d2 2 d 2. e E (* '
Fipsilonden gz i@ Ut olHESn E ) Proas = 2.3 22 (00, 03 )E@, o Jo
2 9 2 oL oMo.n.Q
Second order d_2r2 + 27%5 +olt =& (%) Linear and nonlinear sucseptibilities:
Ne? 1
2M(w,)=

General form of the field: m (o, -, ) - 2iyo,

E=2 E(a)n)e o Ne’s 1
2 & n®m)="757 2 of T 2 of 1
Calculate: d 1 d_r # o) m* |~ @, ) - 2y, J(@, - 0, ) - 2iy,
dt = g2t ‘r L :
Insert in (*) e Y E(Ct) k—ia)nt l(mo ~(eon + o ))2 ~2iy(on + o, )J
_ n
- 2 . _
M (@ — o, - 2i7o, Verify: 2%(0,00)= <1 7(0,)2"(0,)1"(0, +o,)
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Maxwell's equations for nonlinear optics

Starting point:

Induced polarization:

B— ooy E + PN

Insert in Maxwells equation
E= 80(1—|- ;()

oE oPN-
+

VxH=0cE+¢
ot ot

k-l Centre 1IN

Use the equation for E

T D (= -
VxVxE:—a(VxB):—,ua(VxH)
=—y§(d§+ga— gﬁNL]

Use the vector relation:
V xV x Ez@(@ E)—VZE
And (no charges in medium) V.E =0

2 2
0 2E+,U62|5NL
ot ot

- OE
VZE = U — + UE
o

Maxwells wave equation in
nonlinear optics
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This equation for ST units

—

B _ g (g
in C/m?

Often used esu units

5 _ (g

in statvolt/cm

0 N
% _az/f104c)”

PP 10°
PO ¢

esu




Coupled Wave Equations

Input waves, plane waves, at frequencies
] 2
E(t) = Re[E(ewy Jexpli oyt )+ E(w;, )expliwgt)]
Polarization at the sum-frequency:

Pl(wl + 0)2)2
Relij (@ = 1 + 02)E ()Ey (@) expli(y + @, ]

and at the difference-frequency:

Pl(wl —502):

Rel i (@ = 01— 02 )E () B * () expli (@1 - 0, ]
Notation: E, (- w,)= E, (,)

fiklo=or+0;)  and  gi(o=w;—w,)

are material properties of the medium

k-l Centre 1IN
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Use Maxwell’s equation

_ 0E  0°E 9% i
V2E = HO— + ue +u—-=P
ot ate ot

- take one component of linear polarization
- propagate plane wave along z-axis

E (zt)= E(2)expli gt — ik 2)
E>(zt) = E5(2)expli w,t —ik,2z)

Producing a non-linear polarization at sum.
Pu(z,t)= dEy(2)E,(2)
xexpli(ey + @y Jt ~i(ky + ko )2]

A new field is created at w3=w+ w,

Es(zt) = E3(z)expli wst —iks2)

All this is subsituted info Maxwell's equation
d2

and V2E3(th): d 2 E3(Z)

Z




Coupled Wave Equations - 2

Again
. E %€ - d? L d -

V2E _’UGE — Ue 2 = U 2 phL y—ﬁa(,/tﬁ 2 ks& EB(Z’t)_ Ks CB(Z’t)
Substitute left side: +imguoEs(z,t)+ yga)gEg(Z,t)

d—2 Es(zt)- ,u(;E Es(zt)- ,ugd—z Es(zt)= For plane waves in a medium;

dz* dt dt?

d? d 2 1295 12 g

— E3(zt)+ 2ikg— Ex(z,t) - kZE5(2,t) Hew3 —K3 =—5 —K3 =

dz dz ¢

5 So left side of wave equation;
+iwguoEs(z,t)+ pewsEg(z,t) g
2l k3— E3(Z,t)+ iC()s/JGEs(Z,t)
Slowly varying amplitude approximation dz

Right side of wave equation

d? L d
— E3(zt) <<|2ik; - E5(zt
dz dz 0” BNL
a2
Variation of the amplitude of the distance of 42
a wavelength is small 1—— dE;(2)E,(z)expli(oy + @y )t —i(ky + Ky )z] =

dt?
/ — pi(on + @y )ZdEl(z)Ez(z)exp[i (o + o )t —i(ky +kp)z]

k-l Centre 1IN
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Coupled Wave Equations - 3

Equate left and right side and use:
CO3:Ck3 CO3:CO1+C()2

Then:

e S - P I i k)
B2 = Z‘E Ey(2) 2\& dE,(2)E, () exp|-ifk, +h —k; 7]

This is a coupled-wave equation.

Also reverse processes occur: @3 — @y —> @y

Leading to other coupled equations
e =9 |[EEp o 1 » expl-i(k. — k, — k
dZEl(Z)_ ZJ;El(Z) ZJ;dEs(Z)Ez(Z) expl-i(k, —k, — Kz,

Ae e O [HE s Joo (B * exol—i K
dZEZ(z) = 2‘/;Ez(z) + J;dEl(Z)Es(Z) exp|-i(k, +k,— k7|

BRI centre IR
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Three differential equations
describe the couplings of the fields

Note that we used cancellation of
the frequency terms via:

W3 = + (05
But this does not hold for the
spatial phase factors, because:

ok ok
I \ng(wi) N(o; )
Hence:
ki +ko—k3 =0

There is a phase-mismatch because
of dispersion in the medium.

Define the wave vector mismatch:

AIZ = IZ3 — |21 — lZZ
This relation pertains to plane waves;
Later we will use focused beams.
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The Nonlinear Susceptibility
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Conclude for centro-symmetric media:

S

Note that in principle there exist
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Linear response:

Nonlinear Optics; graphically

Nonlinear response:
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Lorentz model of linear optics:

classical oscillator

Equation of motion for a damped
electronic oscillator in one dimension

2

dt?
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—
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Classical polarization of the medium
P(w)=—Ner(w)
and the complex susceptibility
2(w)=z'(0)-ix" ()

yields expressions for the susceptibility

Real part,

connected to the index of refraction
, Ne? W, — @)/

¥ (a)) _ _ ( 0 ) Y

- 2Maye, [1+ (a)o — a))2 /7/2J

Imaginary part,

connected to the absorption coefficient

()= Ne* 1 q
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Lorentz model of nonlinear optics: classical oscillator

Motion of electron with anharmonic term: Calculate rq and insert in (**); use
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Maxwell's equations for nonlinear optics

Starting point:

Induced polarization:

B— ooy E + PN

Insert in Maxwells equation
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Coupled Wave Equations

Input waves, plane waves, at frequencies
] 2
E(t) = Re[E(ewy Jexpli oyt )+ E(w;, )expliwgt)]
Polarization at the sum-frequency:

Pl(wl + 0)2)2
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Use Maxwell’s equation

_ 0E  0°E 9% i
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- propagate plane wave along z-axis
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Producing a non-linear polarization at sum.
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Coupled Wave Equations - 2

Again
. E %€ - d? L d -

V2E _’UGE — Ue 2 = U 2 phL y—ﬁa(,/tﬁ 2 ks& EB(Z’t)_ Ks CB(Z’t)
Substitute left side: +imguoEs(z,t)+ yga)gEg(Z,t)

d—2 Es(zt)- ,u(;E Es(zt)- ,ugd—z Es(zt)= For plane waves in a medium;

dz* dt dt?

d? d 2 1295 12 g

— E3(zt)+ 2ikg— Ex(z,t) - kZE5(2,t) Hew3 —K3 =—5 —K3 =

dz dz ¢

5 So left side of wave equation;
+iwguoEs(z,t)+ pewsEg(z,t) g
2l k3— E3(Z,t)+ iC()s/JGEs(Z,t)
Slowly varying amplitude approximation dz
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Coupled Wave Equations - 3

Equate left and right side and use:
CO3:Ck3 CO3:CO1+C()2

Then:

e S - P I i k)
B2 = Z‘E Ey(2) 2\& dE,(2)E, () exp|-ifk, +h —k; 7]

This is a coupled-wave equation.

Also reverse processes occur: @3 — @y —> @y

Leading to other coupled equations
e =9 |[EEp o 1 » expl-i(k. — k, — k
dZEl(Z)_ ZJ;El(Z) ZJ;dEs(Z)Ez(Z) expl-i(k, —k, — Kz,

Ae e O [HE s Joo (B * exol—i K
dZEZ(z) = 2‘/;Ez(z) + J;dEl(Z)Es(Z) exp|-i(k, +k,— k7|
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Three differential equations
describe the couplings of the fields

Note that we used cancellation of
the frequency terms via:

W3 = + (05
But this does not hold for the
spatial phase factors, because:

ok ok
I \ng(wi) N(o; )
Hence:
ki +ko—k3 =0

There is a phase-mismatch because
of dispersion in the medium.

Define the wave vector mismatch:

AIZ = IZ3 — |21 — lZZ
This relation pertains to plane waves;
Later we will use focused beams.




