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Abstract

We analyze the focusing of wave fields of any state of coherence by systems with low Fresnel numbers. We study the
optical intensity on the axis in the focal region. The dependence of the focal shift and of the maximum on-axis intensity
on the state of coherence is examined for some model fields. © 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction

The usual treatment of the focusing of light [1,
Chapter 8.8] assumes both that the field is fully
coherent and that the focusing system has a
Fresnel number which is much greater than unity.
Under these two conditions the so-called Debye
approximation is valid, and the intensity distri-
bution is found to be symmetrical about the geo-
metrical focal plane.

For low Fresnel-number systems the Debye
approximation is not valid [2]. In such focusing
configurations the focal shift phenomenon ap-
pears, i.e. the maximum intensity is no longer at
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the geometrical focus, but occurs at a point which
is located closer to the aperture [3-5].

The focusing of partially coherent light has
been the subject of relatively few studies. Wang
et al. [6] generalized the Debye theory to include
the focusing of partially coherent light by high
Fresnel-number systems. Some other papers (e.g.
Refs. [7,8]) have dealt with the related subject of
imaging of Gaussian Schell-model sources. In the
present paper we examine the focusing of partially
coherent wave fields by systems with low Fresnel
numbers. It is found that in such wave fields the
focal shift also occurs, but that it depends not only
on the Fresnel number of the focusing system, but
also on the state of coherence of the light. One also
finds that the maximum spectral intensity on-axis
can exceed the spectral intensity at the geometrical
focus of a fully coherent focused beam. Some re-
lated results were reported by Lii et al. [9].
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2. Partially coherent focused fields

To begin with, let us consider a monochromatic
converging spherical wave diffracted at a circular
aperture of radius a. The focusing configuration is
depicted in Fig. 1. We assume that

f>a> 2, (1)

where f is the radius of the spherical wave in the
aperture, and 4 is the wavelength. We note that
these assumptions alone do not imply that the
Fresnel number N = a?/Af is necessarily small.

A monochromatic field U” in the aperture on a
sphere S of radius f centered at the geometrical
focus F is given by (suppressing a periodic time-
dependent factor exp[—i2nvt])

e—ikf
S

Here A4 is the amplitude, p = (x,y) is the two-
dimensional transverse vector specifying the posi-
tion of the point Q on S, and k = 2nv/c = 27n/4,
with v denoting the frequency, and ¢ the speed of
light in vacuum. The focused field at a point P
along the z-axis is, according to the Huygens—
Fresnel principle, given by the expression [1, Chapter
8.2]

U(0) = A(p) (2)
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Fig. 1. The focusing geometry. S is a reference sphere in the
aperture, centered at the geometrical focus, « is the radius of the
aperture, assumed to be circular, and f denotes the distance
from any point on the reference sphere to the geometrical focus
F. P is a point on the z-axis, and Q a point on the sphere S in
the aperture. s is the distance QP. (&, ,() are coordinates with
respect to a right-handed Cartesian coordinate system with
origin O, whereas (x,y,z) are coordinates with respect to a
parallel Cartesian coordinate system with origin F, with the (-
and z-axis taken along the axis of rotational symmetry.

iks

vr) =5 [0 ds, 3)

where the integration extends over the portion S of
the spherical wave which fills the aperture, and s
denotes the distance QP.

For a partially coherent wave field one must
consider, instead of the field U (Q), the cross-
spectral density function of the field at points Q,
0, on the spherical surface S, viz.

W(O)(Qh Q27 V) = W(O)<pl7 pZa V)
= <U<0)* (p17V)U<O)(p27V>>7 (4)

where the angular brackets denote the average
taken over a statistical ensemble of monochro-
matic realizations {U(p)e 2"’} [10, Section 4.7].
The cross-spectral density of the focused field at
two axial field points P(r;) and P(r,) is given by
the formula

W(V],Vz,\)) = <U*(l’],V)U(V27V)>7 (5)
k 2
= — (0)
(27_[) /S/SW (P17P2,V)
efik(sl —s52)
X 7dS1 dSz (6)
5182

From now on we suppress the dependence of the
various quantities on the frequency v. We suppose
that the field on the sphere S is a Schell-model field
[10, Section 5.3.2] with a spectral degree of co-
herence that is Gaussian, i.e.

WO (1. py) = fi (A (p))A(py), ()

1 (e p1)2 /252
:F‘A(P1)||A(Pz)|e (oo o (8)

where Eq. (2) was used. The parameter g, denotes
a positive constant which is a measure of the ef-
fective spectral coherence length of the field in the
aperture.

The (spectral) intensity of the focused field at an
axial point r is given by the expression

I(r)=W(r,r). 9)
We assume that on the sphere S in the aperture,

the spectral intensity of the field is independent of
position, i.e. that
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A (p))llA(p,)I /1 = 45/ 1 (10)

(cf. Eq. (2)).

Next, we will use approximate expressions for
the factors s; and s, which appear in Eq. (6). Let
(&,n,0) be the coordinates of a point Q on the
sphere S with respect to a Cartesian coordinate
system with origin O and with the (-direction
along the axis of rotational symmetry, and let
f + z be the distance OP (see Fig. 1). Then

s=[p’+(f+z-07", (11)
with

;=40 (12)
Now for all points on S we have

P =0 =0 (13)

Because we assumed that f > a it follows from
Eq. (13) that

(= p?/2f. (14)
On substituting from Eq. (14) into Eq. (11) and
neglecting terms of order p*/4f? which may be

assumed to be small compared to |z|p?/f, we ob-
tain the approximation

s=s(p) = [(f +2)° —2p° /11" (15)
Next we substitute from Eqgs. (10) and (15) into
Eq. (9). We then obtain for the axial intensity at a
distance z from the geometrical focus the expres-
sion

I(z) =
2 2n 2n
kdo / / / / —(p3+p}=2p1p3 cos[1 1)) /207
27rf
x e il L2, dp, dgy,dp,,

s1(p1)s2(p2)
(16)
where we used the relation dxdy = pdpd¢. We

note that in Eq. (16) only one factor depends on ¢,
and ¢,. We therefore consider the integral

2n 2n
o = / / e W1=2)d ¢, dg,. (17)
o Jo
On changing variables from ¢, and ¢, to
B=¢1— s, (18)

? = ¢, (19)

and using the relation dfdy = d¢, d¢,, it follows
that

2n—¢
o =2m / ereosh g (20)

b2
2n

— / e, (21)
0

:4713/ eacos/fdﬁ. (22)
0

The integral in Eq. (22) is well known and has the
value [11]

o =4n*Iy(a), (23)

with .#, being the modified Bessel function of or-
der zero. On substituting from Eq. (23) into Eq.
(16) and using the relation a = p, pz/(f we find
that

1(z) =
2 a a
(@) / /e—(pgﬂﬁ)/zcgjo Plfz
S o Jo Oy
e~ kisi(p)=s20p2)] __P1P2

s1(p1)s2(p2) 4192 @4

Since the intensity is real valued, Eq. (24) can be
simplified to the form

I(z) =

2 pa a
kAo / / o (W+oh/20t g [ P1P2
0 2
S 0o Jo Oy

x coslk[si(p;) — s2(p,)]]

P1P2
X ————=——dp,dp,. 25
s1(p1)s2(p2) P (25)

It is useful to introduce a normalization factor
I.0n(0), defined as

Ion(0) = lim 1(0) (26)
<kA0) / / ,01{)2 dp,dp,, (27)
_ R4

Tt (28)
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-(47)

Here we made use of Eq. (15) and the fact that
#(0) = 1. Evidently, I,,,(0) represents the inten-
sity at the geometrical focus z = 0 when the field is
fully coherent.

3. Focal shifts and excess intensity

In Fig. 2(a)-(d) the normalized axial inten-
sity distribution 1(z)/lon(0), calculated from
Eqgs. (25) and (29), is shown for systems with dif-

=

—
O
~

1(2) / 1,4,(0)

I(z) / 1.4, (0)

1(z) / 1,4, (0)

—

I(z) / T.on(0)

ferent Fresnel numbers and for various values
of the (scaled) coherence parameter g,/a. For all
finite values of o,/a the peak intensity is seen to
be smaller than that for the fully coherent case
(limo,/a — c0). For decreasing values of ¢,/a the
peak intensity is found to decrease and the sec-
ondary maxima become less pronounced. This
result is in agreement with the findings of Ref. [6]
where the same trend was found for the focusing
of partially coherent cylindrical waves. It is seen
that the focal shift increases as the Fresnel number
decreases, and depends on the state of coherence
of the light.

The curves in Fig. 2 indicate the existence of
focal shifts in partially coherent focused wave
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Fig. 2. The normalized axial intensity distribution in partially coherent wave fields, generated by a Gaussian Schell-model field dis-
tribution in the aperture, focused by systems with different Fresnel numbers, for various values of the scaled coherence parameter g, /a.
In (a) the parameters are f = 1.264 m and ¢ = 0.2 cm; in (b) /' = 6.32 m and @ = 0.2 cm; in (¢) /' = 3.16 m and a = 0.1 cm; in (d)

f =158 mand a = 0.1 cm. In all the figures 1 = 6.328 nm.
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Fig. 3. The relative focal shift Af/f of focused waves (a) as a function of the Fresnel number N for various values of the scaled
coherence parameter o,/a, and (b) as a function of g,/a for selected values of N.

fields when the Fresnel number N is sufficiently
small. A more quantitative measure of the focal
shift is evident from Fig. 3; more specifically, the
relative focal shift Af'/f, where Af is the focal shift

(i.e. the distance of the location of maximum on-
axis intensity from the geometrical focus), is
shown in Fig. 3(a) as a function of N, for several
values of the scaled coherence parameter o,/a,
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whereas in Fig. 3(b) Af/f is shown as a function
of the scaled coherence parameter o, /a for selected
values of N; ranging from 0.1 to 10. It is seen that

the focal shift is negative, i.e. the maximum in-
tensity occurs closer to the aperture, and that it
increases with decreasing degrees of coherence.

Fig. 4. The spectral intensity ratio . /Ion(0) in the focal region (a) as a function of N for various values of the scaled correlation
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parameter o,/a, and (b) as a function of o,/a for selected values of N.
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Another quantitative measure characterizing
the spectral intensity in the focal region is the in-
tensity ratio .y /lon(0), where Iy, is the maxi-
mum value of the on-axis intensity distribution
and 7., (0) denotes, as before, the intensity at the
geometrical focus for the fully coherent wave. The
behavior of the intensity ratio Iy.x/Zeon(0) is shown
in Fig. 4(a) as a function of the Fresnel number N
for various values of the scaled coherence para-
meter o, /a. In Fig. 4(b) the same ratio is shown as
a function of N for several selected values of g,/a.
It is seen that for a coherent focused field I/
I.on(0) is larger than unity (i.e. there is an excess
intensity), and that it can exceed unity even for
partially coherent fields when the Fresnel number
N is sufficiently small.

4. Conclusions

In this paper we have examined the behavior of
the spectral intensity along the axis of a focused
partially coherent Schell-model wave field. We
obtained curves showing the dependence of the
focal shift (i.e. the distance of the intensity maxi-
mum from the geometrical focus) on the state of
coherence of the focused wave and on the Fresnel
number of the focusing geometry.
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