Check for
updates

Vol. 45, No. 6 /15 March 2020 / Optics Letters 1375

Optics Letters

Reconstruction of an electromagnetic Gaussian
Schell-model source from far-zone intensity

measurements

Davip KueBEL'? anD TAco D. Visser?3*

'Department of Physics, St. John Fisher College, Rochester, New York 14618, USA
2The Institute of Optics, University of Rochester, Rochester, New York 14627, USA
3Department of Physics and Astronomy, Vrije Universiteit, Amsterdam 1081HV, The Netherlands

*Corresponding author: t.d.visser@vu.nl

Received 11 December 2019; revised 31 January 2020; accepted 1 February 2020; posted 3 February 2020 (Doc. ID 385644);

published 5 March 2020

An electromagnetic Gaussian Schell-model source that
produces a random beam may be characterized by eight
independent quantities. We show how far-zone measure-
ments of the Stokes parameters, together with the Hanbury
Brown—Twiss coefficient, allow one to determine all the
source parameters. This method provides, to the best of our
knowledge, a new tool to identify distant sources. © 2020
Optical Society of America
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The inverse problem of determining the properties of a source
or a scatterer from field or intensity measurements rarely has a
unique solution [1]. One typically has to assume some « prior
knowledge. Reconstruction has been attempted, for example,
for delta-correlated thermal sources [2], illuminated apertures
[3], illuminated object transparencies [4], sources in the Fresnel
regime [5], and scalar quasi-homogeneous sources [6].

In the present study, we assume that we are dealing with a
planar, secondary source of the Gaussian Schell-model (GSM)
type that generates an electromagnetic beam [7]. Such sources,
together with their scalar counterparts, have been used in
numerous studies in the field of optical coherence [8]. Because
of their widespread use as a representation of a general source,
the question of how information can be obtained from beam
measurements is of practical interest.

In the space—frequency domain, GSM sources are charac-
terized by a spectral density distribution and a homogeneous
correlation function thatare both of a Gaussian form. As we will
demonstrate, far-zone measurements of the Stokes parameters,
together with the Hanbury Brown—Twiss (HBT) coefficient,
allow one to recover the relevant source parameters. These
parameters describe not only the source shape but also its coher-
ence properties. Our approach uses intensity measurements,
rather than field measurements, which are generally less robust.

The second-order statistical properties of a partially coher-
ent electromagnetic beam that propagates along the z axis are
described by its cross-spectral density (CSD) matrix, which is
defined as [Ch. 9,7]
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The matrix elements are functions of three variables, and given
by the expression
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where r; and r; are two points of observation,  is the angular
frequency, E; is a Cartesian component of the electric field, and
the angled brackets indicate an average taken over an ensemble
of realizations. From now on, we now longer display the fre-
quency dependence in our notation. The CSD matrix elements
of an electromagnetic GSM source occupying the plane z =0,

indicated by the superscript (0), are [Ch. 9, 7]
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where p=(x,y) denotes a transverse position vector.
Furthermore, A4; denotes the amplitude of £, B;; is the corre-
lation between £; and £, and o; is the effective width of E;.
The factors §;; are transverse coherence radii. All parameters
in Eq. (3) are independent of position, but may depend on fre-
quency. They cannot be chosen freely, but have to satisfy several
constraints, i.e.,

B.=B8B,=1, (4)

By = BJ., (5)

B, =|By,le®, with [By|<1,and¢ €R, (6)
Sy =8y (7)

Furthermore, the so-called realizability conditions are [9]
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For the case o, = o,=o0, the source will generate a beam-like

fieldif [10]
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where A denotes the wavelength. Under these constraints, the
source is described by eight independent parameters, namely,
Ay, Ays | Biyls @5 84x» 8y 8xy» and o, which we will attempt to
recover from far-zone intensity measurements. It is seen from
Eq. (3) thatif A,, A,, or B,, is zero, then the number of source
parameters that describe the source is reduced. We will discuss
these special cases later on.

On propagation to a transverse plane z, the beam matrix ele-
ments evolve into ([Ch. 9, 7], notice that the next to last minus
signin Eq. (10) on p. 184 should in fact be a plus sign)
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where £# = 27 /A, and
Afj(z) =1+ (2/0kS2;)*, (11)
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When z tends to infinity, we have that
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We thus get for the four far-zone elements, denoted by the super-
script (00), the formulas
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In terms of the polar angle 0 & p/z, these can be expressed for
the two cases p; = p,and p; = —p, as

02222,
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and

W;‘J) 0, —0) = K*A; A; B;;Q}; exp (—20%k%07%) ,  (18)
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respectively, where the z dependence is contained in the factor
K =ko/z. (19)

In far-zone measurements, the distance z is usually unknown,
and therefore the precise value of X cannot be established.

The expectation values of the four spectral Stokes parameters
can be expressed in terms of the far-zone CSD matrix elements

as [7]

(S0(0)) = W 0, 0) + W, (6, 0), (20)
(81(0)) = W 0, 0) — W, (6, 0), (21)
($200)) = Wy (0, 0) + W, (6, 0), (22)
(S3(0)) =i [ W, (0,0) — W, (6,0)]. (23)
On substituting from Eq. (17), we obtain
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On the beam axis (6 = 0), these expressions simplify to
(S0(0)) = K* (439, + 439} ), (28)
($1(0)) = K* (4292, — Aj ij) , (29)
(5,(0)) = 2K2AxAyQiy|Bxy| cos ¢, (30)
(S5(0)) = 2K2AxAyQﬁy|Bxy| sin @. (31)

Measuring the Stokes parameters alone is not sufficient for
our purpose. We also need the correlation of intensity fluctu-
ations as described by the HBT coefficient. It turns out to be
useful to consider this correlation for a pair of angles (6, —0).
Under the assumption of Gaussian statistics, the HBT coef-
ficient can be expressed in terms of the CSD matrix as (Eq. 8,

[11])
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= [(KAx)4sz§x +(KA)'Ql,  (32)

T 2(1(Ax)2(1(A])2|Bxy|2sz§y] exp(—460%k20%),  (33)

where we made use of Eq. (18). The merit of Eq. (33), as we will
see, lies in the fact that the source width o appears explicitly in
the last factor.

The above results, if applied in a specific order, can be used
to establish the values of the eight source parameters as we now
show.

1. Adding the two formulas for (Sp) and (S;) yields

(So()) + (S1(8)) = 2(K A)*Q2 exp (—0°k*Q2,/2) ,
(34)

(So(0) +(5:(0)) =2(K4,)*Q%,.  (35)
The only way the left-hand side of Eq. (34) or Eq. (35) can

be zero is when A, = 0. In that case, the only non-zero
matrix element is W,,. This implies there are only three
parameters that describe the source, namely, 4,, o, and
8yy. We return to this particular case later, and for now
assume that both A, and A, are non-zero. From the two
above equations, we find

(S0(8)) +(51(0))

xp(—02F* Q2 J2) = — 1 36
Pl =g or oy o
and hence,
;2 (S0(8)) + (S1(6))
k202 1”[<So(0)>+<sl<0)>] (37)

Clearly, the experimental uncertainty in the value of €2,
can be reduced by repeating the measurements for different
values of the angle 6. This also pertains, as we will see, to
Q,,, Q.y,and 0. Having thus established the value of Q2 ,
we can useitin Eq. (35) to obtain

KA, = VISo(0)) + (51(0))].  (38)

1
V2.,
2. Astrictly similar procedure results in the values of 2, and

K A, . Subtracting the expressions for (So) and (1) leads to

2 ln[wo(e»—(sl(e»
7T k202 [ (Sp(0)) — (S1(0))

] (39)
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Notice that, due to the presence of the factor X, Egs. (38) and
(40) allow us to determine the ratio of the amplitudes A, and
Ay, but not their individual values.

3. The values of the off-diagonal quantities 2., and |B,;|
can be found as follows. First the trigonometry factors in
the expressions for (5,(0)) and (S5(0)) are eliminated by
squaring and summing, leading to the results

\/(52(9)>2 +(85(0))* = 2(K A) (K Ay)| By |27,

Xexp(—@zlezﬂi},/Z) @)
41

and

\/(52(0)>2 + (85(0))? = 2(K A) (K 4,)| B, 1953,
(42)
Because of our previous assumption of A, and A, both
being non-zero, the only way the left-hand sides of Egs. (41)
and (42) can vanish is for | By, | to be zero. Under that con-
dition, W, = W, =0, and §,, and €,, are undefined.
We will return to this case later. When By, # 0, we get

($:(0))* + (85(0))

, (43
($:(0))* + (S5(0))* @3

exp (074722, /2) :\/
from which
1 2 2
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With the factors K A, K A,, and Qﬁy now known, we can

substitute their values into Eq. (42) to obtain for | By, | the
expression

1
|Bxy| = 5
Z(KA,()(KA},)QW

V180 + (55002
(45)

4. Trisreadily seen that the angle ¢, which represents the aver-
age phase difference between £, and E > can be obtained
by dividing Eq. (27) by Eq. (26), i.e.,

(55(6))
(52(0))

forany observation angle 6. The signs of the Stokes parame-
ters in Eq. (46) determine in which quadrant ¢ is located.

5. The parameters K A,, KAy, |Beyls @ Quxs 25 and Qy,
are now all determined, and we can next use the expression
for the HBT coefficient (33) to calculate the value of the
effective source width o, namely,

(46)

tan ¢ =

ce®, —0)

1
0" =— In ‘
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and

1
KA, =
TV29,,

VI(So(0)) — (51 (0)]. (40)

(47)

6. The three remaining source parameters are the coher-
ence lengths 8., §,,, and 8., = §,.. Using the previously
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established values of 0% and Q?j, these lengths can all be
determined by rewriting Eq. (12) as
402Q2
2 _ ij

ij 4o — lej . (48)

We note that in the procedure outlined above, the parameters
are recovered in a certain order, the value of established parame-
ters being used to obtain subsequent ones.

When one of the Cartesian components is zero, e.g., A, =0,
the only non-zero matrix element is W), . This contains three
parameters, namely, 4, 0, and §,,. These can be determined
using Egs. (39), (40), (47), and (48). The case in which 4, =0
is completely analogous.

If B,, =0, as happens when the beam is unpolarized,
the angle ¢ is undetermined. The remaining parameters are
then A, 8,x, A, 8,, and, 0. These can be determined using
Egs. (37)—(40), (47), and (48).

In conclusion, we have presented a procedure by which the
source parameters of an electromagnetic GSM source can be
determined from far-zone measurements. The observed quan-
tities involve intensities that are less sensitive to perturbations
than the amplitude and phase.

The expression for the HBT coefhicient relies on the assump-
tion of Gaussian statistics. Two further assumptions are that the
source produces a beam-like field, and that the effective widths
of E and E, are equal. This implies that the source is specified
by eight independent parameters. We find that all of them
can be recovered, with the exception of the two perpendicular
amplitudes of which only the ratio can be obtained.

Our approach involves measuring the Stokes parameters,
both on-axis and for non-zero values of the polar angle 6. For
this, there are well-established methods [12-14]. Techniques to
determine the HBT coefficient are described in [15,16].
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The results presented here may be applied to the characteriza-
tionand identification of distant sources.

Funding. Air Force Office of Scientific Research
(FA9550-16-1-0119).

Disclosures. Theauthorsdeclare no conflicts of interest.

REFERENCES

1. A. J. Devaney, Mathematical Foundations of Imaging, Tomography
and Wavefield Inversion (Cambridge University, 2012).
2. R. Hanbury Brown, R. C. Jennison, and M. K. Das Gupta, Nature 170,
1061 (1952).
3. J. R. Fienup, Appl. Opt. 21,2758 (1982).
. N. George, Opt. Commun. 133, 22 (1997).
5. A. Beckus, A. Tamasan, A. Dogariu, A. F. Abouraddy, and G. K. Atia, J.
Opt. Soc. Am. A 35, 959 (2018).
6. G. Gbur, Opt. Commun. 187, 301 (2001).
7. E. Wolf, Introduction to the Theory of Coherence and Polarization of
Light (Cambridge University, 2012).
8. L. Mandel and E. Wolf, Optical Coherence and Quantum Optics
(Cambridge University, 1995).
9. F. Gori, M. Santarsiero, R. Borghi, and V. Ramirez-Sanchez, J. Opt.
Soc. Am. A 25, 1016 (2008).
10. O. Korotkova, M. Salem, and E. Wolf, Opt. Lett. 29, 1173 (2004).
11. T. Shirai and E. Wolf, Opt. Commun. 272, 289 (2007).
12. R. M. A. Azzam, Optica Acta 29, 685 (1982).
13. H. G. Berry, G. Gabrielse, and A. E. Livingston, Appl. Opt. 16, 3200
(1977).
14. F. Gori, Opt. Lett. 24, 584 (1999).
15. R. Liu, F. Wang, D. Chen, Y. Wang, Y. Zhou, H. Gao, P. Zhang, and F. Li,
Appl. Phys. Lett. 108, 051107 (2016).
16. T. Shirai, Progress in Optics, T. D. Visser, ed. (Elsevier, 2017), Vol. 62,
pp. 1-72.

N


https://doi.org/10.1038/1701061a0
https://doi.org/10.1364/AO.21.002758
https://doi.org/10.1016/S0030-4018(96)00469-5
https://doi.org/10.1364/JOSAA.35.000959
https://doi.org/10.1364/JOSAA.35.000959
https://doi.org/10.1016/S0030-4018(00)01115-9
https://doi.org/10.1364/JOSAA.25.001016
https://doi.org/10.1364/JOSAA.25.001016
https://doi.org/10.1364/OL.29.001173
https://doi.org/10.1016/j.optcom.2006.11.041
https://doi.org/10.1080/713820903
https://doi.org/10.1364/AO.16.003200
https://doi.org/10.1364/OL.24.000584
https://doi.org/10.1063/1.4941422

