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We examine the conservation law of coherence which, for partially coherent scalar wave fields, connects
a coherence density to a coherence flux. A relation is established between this law and the law of energy
conservation. In addition, the physical meaning of the coherence density and its associated flux is clarified.
Our findings are illustrated by analyzing partially coherent fields in the focal region of a converging lens.
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I. INTRODUCTION

The notion that certain quantities are conserved underpins
all major physical theories [1]. In particular, it could be ar-
gued that the conservation of energy is the most important
principle in physics. Conservation laws relate the density of
a certain quantity to its flux. For example, the law expressing
the conservation of electric charge connects the charge density
ρ(r, t ) to the current density J(r, t ). In this example, as in
others that come to mind, one deals with one-point quantities,
i.e., quantities that are specified at one point in space r at
one moment in time t . In contrast, correlation functions are
two-point quantities that reside in a higher-dimensional space.
They describe the correlation of a quantity at (r1, t1) with
(often) the same quantity at (r2, t2). Conservation laws for
correlation functions have been derived in several areas of
physics, e.g., in statistical mechanics [2], quantum field theory
[3], and condensed matter physics [4].

In the field of physical optics, Wang and Takeda [5] de-
rived a conservation law for optical coherence functions. They
called this law, the subject of the present study, the conser-
vation law of coherence. It takes the form of a continuity
equation in terms of the mutual coherence function and relates
a coherence current (or flux) to a coherence density. This
flux was shown to circulate around coherence singularities.
These are pairs of points that are completely uncorrelated,
i.e., the complex correlation function is 0 at such positions,
implying that its phase is undefined or singular [6–10]. Al-
though the mathematical form of this conservation law is clear
and unambiguous, until now the physical interpretation of
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the coherence flux and the coherence density, both one-point
quantities associated with a two-point correlation function,
remains somewhat vague.

Here we examine two conservation laws for partially co-
herent scalar wave fields, namely, coherence conservation and
energy conservation. A physical interpretation of the former
is presented. In addition, we establish that these two laws are
interconnected. More specifically, we show that the coherence
flux and coherence density are equal to the energy flux and
energy density for fields that are spatially fully coherent. We
illustrate our results by analyzing partially coherent fields in
the focal region.

II. CONSERVATION LAWS

Many conservation laws for scalar densities can be ex-
pressed in the differential form

∇ · A(r, t ) + ∂B(r, t )

∂t
= 0. (1)

Here A(r, t ) is the flux or current of the conserved quantity
(per m2 per s), and B(r, t ) is its density (per m3). On inte-
grating this equation over a volume, V , that is bounded by a
surface, S, and then using Gauss’ theorem, one obtains∫

S
A(r, t ) · n̂ dS = − ∂

∂t

∫
V

B(r, t ) dV, (2)

with n̂ being the outward unit normal on S. This integral form
has a clear physical meaning. The left-hand side is the rate
at which the conserved quantity enters (leaves) the volume
V through the surface S. This equals the right-hand side,
which represents the rate at which the total amount of the
conserved quantity contained within V increases (decreases).
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Expressions like Eq. (1) or Eq. (2) are used, for example, to
describe the conservation of mass in hydrodynamics and the
conservation of charge in electrodynamics. In electrodynam-
ics they are also used to describe the conservation of energy.
In that case the role of A(r, t ) is played by the Poynting vector
and B(r, t ) is the sum of the electric and magnetic energy
densities.

It is well-established that in a wide class of problems
in optics, scalar wave theory provides remarkably accurate
predictions for the observed intensity, being expressed as the
squared modulus of a complex function called the disturbance
or the complex amplitude. This has motivated, over the years,
several generalizations of scalar theory to include an energy
current. In Ref. [11] it was shown that, in a region free of
currents and charges, any electromagnetic field may be rep-
resented by a single complex-valued wave function. Both an
energy current and an energy density can be defined in terms
of this wave function. In Ref. [12] it was established that
such a scalar energy current cannot always reproduce the local
Poynting vector. However, within the validity of the scalar
approximation, an energy conservation law can be formulated
[13, Appendix XI]. This law finds application, for example,
in the derivation of the optical theorem [13, Sec. 13.3]. In the
following, we assume that we are dealing with partially coher-
ent fields for which the scalar approximation is valid, and we
analyze their coherence flux, coherence density, energy flux,
and energy density.

III. ENERGY FLUX AND ENERGY DENSITY

Consider a real, deterministic and monochromatic scalar
wave field with frequency ω in free space:

V (r, t ) = Re[U (r, ω)e−iωt ]. (3)

Associated with this field are a time-averaged energy flux
vector (J/m2s) and energy density (J/m3) [13, Appendix XI],
i.e.,

F(r) = −iβ[U ∗(r)∇U (r) − U (r)∇U ∗(r)] (4)

and

H (r) = βk2

ω

[
U ∗(r)U (r) + 1

k2
∇U ∗(r) · ∇U (r)

]
, (5)

where β is a positive constant, ensuring that the density H (r)
is positive, whose value depends on the choice of units, and
k is the wave number corresponding to the frequency ω. The
quantities F(r) and H (r) are the scalar analogs of the Poynting
vector and the total energy density of the electromagnetic
theory [13, Chap. 1]. The two terms on the right-hand side
of Eq. (5) are the scalar counterparts of the electric and mag-
netic energy density, respectively [11]. This formalism can be
generalized to partially coherent scalar fields whose statistical
properties are, in the space-frequency domain, characterized
by a cross-spectral density (CSD) function [14, Sec. 4.3.2],

W (r1, r2, ω) = 〈U ∗(r1, ω)U (r2, ω)〉, (6)

where the angular brackets indicate an average over an ensem-
ble of strictly monochromatic-field realizations that all have
the same temporal frequency [15]. For such fields, the energy

density is given by [14, Sec. 5.7.1]

〈H (r)〉 = βk2

ω

[
W (r, r) + 1

k2
lim
r1→r

lim
r2→r

∇2 · ∇1W (r1, r2)

]

(7)

≡ βk2

ω
[S(r) + SH (r)], (8)

where ∇i is the gradient with respect to ri (i = 1 and 2),
S(r) = W (r, r) denotes the spectral density, and we intro-
duced the “spectral magnetic density” SH (r). Note that the
frequency dependence of all quantities is suppressed. The
energy current can be expressed as

〈F(r)〉 = −iβ lim
r1→r

lim
r2→r

[∇2W (r1, r2) − ∇1W (r1, r2)]. (9)

To simplify the notation, we henceforth omit the angular
brackets around the energy density and the energy flux and
simply refer to them as H (r) and F(r).

IV. COHERENCE FLUX AND COHERENCE DENSITY

As mentioned above, Wang and Takeda [5] derived a
conservation law for optical coherence. Using the Wolf equa-
tions for correlation functions [14] as a starting point, they
found that

∇1 · T� (r1, r2; t1, t2) + ∂D� (r1, r2; t1, t2)

∂t1
= 0, (10)

where T� (r1, r2; t1, t2) is the “coherence current” and
D� (r1, r2; t1, t2) represents the “coherence density.” These
quantities are defined as

T� (r1, r2; t1, t2) = −α

[
∂�∗

∂t1
∇1� + ∂�

∂t1
∇1�

∗
]

(11)

and

D� (r1, r2; t1, t2) = α

[
1

c2

∂�∗

∂t1

∂�

∂t1
+ ∇1�

∗ · ∇1�

]
, (12)

where α is an arbitrary positive constant, ensuring that the
density D� is positive, and c is the speed of light. Further-
more, �(r1, r2; t1, t2) is the mutual coherence function that
characterizes the cross-correlation of field vibrations at two
points at two moments in time [16]. An analogous coherence
conservation law can be obtained in terms of t2 and ∇2. We
restrict our discussion to the case of varying r1 and t1, while
keeping r2 and t2 fixed.

If we assume that the field is statistically stationary, then
the mutual coherence function � will depend on the two time
arguments t1 and t2 only through the difference τ = t2 − t1,
and differentiation with respect to t1 may be replaced by
differentiation with respect to minus τ . If, in addition, the field
is quasimonochromatic, � can be written as [14, Eq. 4.3–31]

�(r1, r2, τ ) ≈ J (r1, r2)e−iωτ = |J (r1, r2)|ei[θJ (r1,r2 )−ωτ ],

(13)

where J (r1, r2) ≡ �(r1, r2, 0) is the mutual intensity and ω

is now the mean angular frequency of the narrow-band light.
Furthermore, θJ represents the phase angle of the mutual
intensity. On substituting from Eq. (13) into the definitions
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of the coherence density and the coherence flux, Wang and
Takeda [5] obtained the expressions

DJ (r1, r2) = αk2[J∗J + k−2∇1J∗ · ∇1J], (14)

TJ (r1, r2) = iαkc[J∗∇1J − J∇1J∗] = −2αkc|J|2∇1θJ .

(15)

The subscript J indicates that both quantities are expressed in
terms of the mutual intensity, rather than the mutual coherence
function �. As a result of the assumption of quasimonochro-
maticity, they are now independent of time.

For our purposes, it is convenient to consider the state of
coherence in the space-frequency domain; i.e., we employ the
CSD function W (r1, r2, ω) as defined in Eq. (6). According
to the generalized Wiener-Khintchine theorem, the mutual co-
herence function and the cross-spectral density function form
a Fourier transform pair [14, Eqs. 4.3–40], i.e.,

�(r1, r2, τ ) =
∫ ∞

0
W (r1, r2, ω

′)e−iω′τ dω′. (16)

Due to the assumption of a quasimonochromatic field, the
CSD is approximately proportional to δ(ω − ω′), and hence

�(r1, r2, τ ) = W (r1, r2, ω)e−iωτ , (17)

which is in agreement with Eq. (13), provided that we set
J (r1, r2) = W (r1, r2). We can thus express the coherence
density and the coherence flux in terms of the CSD as

D(r1, r2) = αk2[W ∗W + k−2∇1W
∗ · ∇1W ], (18)

T(r1, r2) = iαkc[W ∗∇1W − W ∇1W
∗] = −2αkc|W |2∇1θW ,

(19)

where θW denotes the phase angle of the CSD function
W (r1, r2, ω). The gradient in the last equation implies that T
is perpendicular to the phase contours of the CSD and hence
circulates around coherence singularities [10].

The coherence current in a field can be reconstructed from
interferometric measurements, as is detailed in the experimen-
tal sections of Refs. [5,9]. There, it was also shown that the
current indeed circulates around coherence singularities.

V. PHYSICAL MEANING OF COHERENCE FLUX
AND COHERENCE DENSITY

We begin by considering a field that is spatially fully co-
herent. In that case, it only has a single statistical realization
and hence the CSD function factorizes, i.e.,

W (r1, r2) = U ∗(r1)U (r2). (20)

On substituting this into Eq. (19) while using definition (4),
we obtain

T(r1, r2) = iαkcS(r2)[U (r1)∇1U
∗(r1) − U ∗(r1)∇1U (r1)]

(21)

= αkc

β
S(r2)F(r1). (22)

Since the choice of α is arbitrary, we can, for any fixed posi-
tion r2, set

α = β

kcS(r2)
. (23)

With this judicious choice of α, it follows that for fully co-
herent fields the coherence flux T(r1, r2) is equal to the scalar
energy flux F(r1). Similarly, on using Eq. (20) in Eq. (18),
we readily find, for the same value of α, that the coherence
density D(r1, r2) is equal to the energy density H (r1).

To shed more light on the partially coherent case, we recall
the definition of the spectral degree of coherence [16],

μ(r1, r2) ≡ W (r1, r2)√
S(r1)S(r2)

, (24)

the modulus of which is bounded by 0 and unity, correspond-
ing to complete incoherence and full coherence, respectively.
Furthermore, we introduce a “spectral magnetic degree of
coherence” as

μH (r1, r2) ≡ |∇1W (r1, r2)|
k
√

SH (r1)S(r2)
, (25)

where SH is defined by Eq. (8). In contrast to the spectral
degree of coherence, μH is real. One can show that it is
bounded by 0 and 1 (see Appendix A). Furthermore, μH = 1
if the field is fully coherent, as can be seen using Eq. (20).
Note that, unlike the spectral degree of coherence, μH (r, r)
is not necessarily equal to 1 because it is a cross-correlation,
rather than an autocorrelation. Using the above two defini-
tions, Eq. (18) can be rewritten as

D(r1, r2) =αk2S(r2)[|μ(r1, r2)|2S(r1)

+ |μH (r1, r2)|2SH (r1)]. (26)

With the choice of α given by Eq. (23), this becomes

D(r1, r2) = βk2

ω
[|μ(r1, r2)|2S(r1) + |μH (r1, r2)|2SH (r1)].

(27)

On integrating r1 over some volume V , one obtains for the
right-hand side

βk2

ω

∫
V

[|μ(r1, r2)|2S(r1) + |μH (r1, r2)|2SH (r1)] d3r1.

(28)

A comparison with Eq. (8) shows that this can be interpreted
as the energy, contained in the volume V , which is “coherent”
with the field at the reference point r2. The energy is thus the
sum of a weighted “electric energy” and a weighted “magnetic
energy.” The electric energy density is 0 at coherence sin-
gularities, where μ(r1, r2) = 0. The magnetic energy density
has no generic zeros. Clearly, D(r1, r2) � H (r1). Because of
the continuity equation (10), a similar interpretation holds
for the coherence current: it is the current that is coherent with
the field at r2.

In the next section, we further illustrate our results by
analyzing focused wave fields. Although such fields have
been researched before (for example, in Refs. [17,18]), those
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FIG. 1. A converging wave front S exits a circular aperture with
radius a. The origin O is set at the geometrical focus, at a distance f
along the z axis. Q(r′) and P(r) represent typical points of integration
and observation, respectively.

studies were mainly concerned with the intensity distribution
rather than the energy density.

VI. PARTIALLY COHERENT FIELDS NEAR FOCUS

We first consider a converging monochromatic scalar field,
U (0)(r), of frequency ω, which emanates from a circular aper-
ture with radius a in an opaque screen, as sketched in Fig. 1.
In the paraxial approximation, it produces a field in the focal
region of the form [13, Chap. 8.2]

U (r) = − i

λ

∫
S

U (0)(r′)
eiks

s
d2r′, (29)

where λ is the free-space wavelength, S is the wave front
that briefly fills the aperture, and s = |r′ − r|. If the field is
spatially partially coherent we must take into account its CSD
function. According to Eqs. (29) and (6), the CSD in the focal
region becomes

W (r1, r2) = 1

λ2

∫∫
S

W (0)(r′, r′′)
eik(s2−s1 )

s1s2
d2r′d2r′′, (30)

where W (0)(r′, r′′) = 〈U (0)∗(r′)U (0)(r′′〉, s1 = |r1 − r′|, and
s2 = |r2 − r′′|. We assume that W (0)(r′, r′′) describes a field
with a Gaussian correlation and a uniform intensity, i.e.,

W (0)(r′, r′′) = W (0)(ρ′, ρ′′) = e−(ρ′′−ρ′ )2/(2δ2 ). (31)

Here ρ = (x, y) is a two-dimensional transverse vector that
specifies the position of an integration point Q on S, and δ is
the field’s transverse coherence width. For the two distances s
we have, to a good approximation,

s1 ≈ f − q′ · r1, (32)

s2 ≈ f − q′′ · r2, (33)

with q′ and q′′ being unit vectors in the directions Or′ and
Or′′, respectively. In addition, we use that 1/s1 ≈ 1/s2 ≈ 1/ f .
On substituting this in Eq. (30), we obtain

W (r1, r2) = 1

λ2 f 2

∫∫
S

e−(ρ′′−ρ′ )2/(2δ2 )eik(q′ ·r1−q′′ ·r2 ) d2r′d2r′′.

(34)

FIG. 2. Color-coded magnitude of the spectral degree of coher-
ence |μ(0, z, ρ, z)|. In this example f = 4a = 4 cm, σ = a, and λ =
632.8 nm. Note that |μ(0, z, ρ, z)| has rotational symmetry around
the z axis and is mirror symmetric with respect to the focal plane.

We are interested in the strength of the correlation between
the field on the axis and the field at a point in the same
transverse z plane, separated by a distance ρ. The magnitude
|μ(0, z, ρ, z)| can be computed from Eq. (24). An example is
shown in Fig. 2. The isolated coherence singularities [8] in
the focal plane (z = 0) at which μ(0, z, ρ, z) = 0 are visible
at ρ/λ = 2.57, 4.53, etc.

A useful measure of transverse spatial coherence in a
cross-sectional plane, z, is the smallest value of ρ such that
|μ(0, z, ρ, z)| = 0.5, which we denote as ρ0.5. Figure 3 illus-
trates how ρ0.5 decreases towards the focus and then increases
again behind the focal plane. One might loosely call this “the
focusing of coherence.” We note that the steep vertical parts
of the red curve are actually discontinuous jumps, as can be
inferred from Fig. 2.

We next turn our attention to the coherence flux T(r1, r2)
for the same situation. In all our examples, the reference point
r2 is taken to be on the z axis. As shown in Appendix B,
then only two-dimensional integrals need to be evaluated.

FIG. 3. Plot of ρ0.5, the smallest value of ρ for which
|μ(0, z, ρ, z)| = 0.5, for two values of the coherence width σ . In
this example f = 4 cm, a = 1 cm, σ = a (red curve) or a/2 (blue
curve), and λ = 632.8 nm.
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FIG. 4. Streamlines of the coherence flux T(r1, r2) in the focal
region. Because of rotational symmetry the position r1 is represented
as (ρ, z). The colors represent log10 |T(r1, r2)|. In this example
r2 = 0, f = 4 cm, a = 1 cm, σ = a, and λ = 632.8 nm.

Streamlines of the coherence flux T(r1, r2), for the same pa-
rameter values as in Fig. 2, are shown in Fig. 4. The reference
point is initially set at the geometrical focus, i.e., r2 = 0. In
agreement with the notion that coherence is being “focused,”
the general behavior of the flux vectors for z < 0 is to con-
vergence towards focus, whereas for z > 0 they are seen to
diverge. The background colors indicate log10 |T(r1, r2)|.

Figure 5 zooms in on a subwavelength region around the
first correlation singularity at which |μ(0, z, ρ, z)| = 0. The
flux is indeed seen to circulate around the singularity. From
the overall flow towards the right in Fig. 4, it follows that
this vortex must be accompanied by a vector saddle point
(see the white curve) at which again |T(r1, r2)| = 0. All vor-
tices of the coherence flux in the focal plane (see Fig. 4)
rotate counterclockwise and are all accompanied by a saddle
point.

It is instructive to compare our results for the coherence
flux with those of the Poynting vector for fully coherent,
focused fields. Streamlines, vortices, and saddle points similar

FIG. 5. Streamlines of the coherence flux T(r1, r2) near the first
coherence singularity in the focal plane. The intersection of the white
curve with itself is a saddle point. The parameter values are the same
as those in Fig. 4. The colors represent |T(r1, r2)| in arbitrary units.

FIG. 6. Streamlines of the coherence flux T(r1, r2) in the focal
region with the reference point chosen as r2 = (0, 20 λ) rather than
at the geometrical focus. The coherence width σ = 0.1a. The other
parameters are as in Fig. 4. The colors represent log10 |T(r1, r2)|.

to those shown in Figs. 4 and 5 have been reported in Ref.
[19] for the Poynting vector in high-NA systems. In view of
the relation between the coherence flux and the scalar energy
flux discussed in Sec. V, such a correspondence is to be
expected.

Also worth noting is the role of the Gouy phase, sometimes
called the phase anomaly at focus. Its origin for scalar wave
fields is discussed in Ref. [20]. It was found that, in high-NA
systems, the phase behavior of the three Cartesian compo-
nents of the electric field is different [21]. Although two-point
correlation functions, like the spectral degree of coherence,
undergo a generalized Gouy phase [22], the coherence flux T,
as defined in Eq. (9), is real valued and therefore has no such
anomalous behavior in the focal region.

The physical meaning of the reference point r2 is discussed
in Sec. V. It can be further illustrated by taking r2 not at
the geometrical focus, as was done in creating Fig. 4, but at
another position on the z axis. As expected, the resulting co-
herence flux pattern is now deformed towards the new position
of r2, as shown in Fig. 6 for the case σ = 0.1a. The back-
ground colors indicate log10 |T(r1, r2)|. In agreement with the
notion that the flux at r1 is coherent with respect to the field at
r2, such a deformation does not occur when the field is highly
coherent, i.e., when σ � a. In that case the flux pattern is
independent of the choice of r2.

In the remainder, we examine the relation between the
energy and coherence densities, as well as the energy and
coherence flux. The axial distribution of the energy density
H (r) and the coherence density D(r1, r2) is shown in Fig. 7.
The latter is seen to be smaller than the former, in agreement
with the analysis of Sec. V. The coherence density is plot-
ted for three different axial positions of the reference point
r2 = (0, z2). Just like the coherence flux depicted in Fig. 6,
the peak of the coherence density shifts along with r2. The
energy density H , being a one-point quantity, is of course
independent r2.

The dependence of the energy density H (r) on the coher-
ence radius σ is illustrated in Fig. 8. For the fully coherent
case (red curve), it varies by several orders of magnitude
(note the logarithmic scale on the vertical axis). When the
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FIG. 7. The energy density H (blue curve), given by Eq. (7),
and the coherence density D, given by Eq. (18), along the central
axis (a.u.). The coherence density is shown for three values of z2:
0λ (green curve), 20λ (orange curve), and 40λ (red curve), with the
other coordinates of r2 equal to 0. The coherence width σ = 0.1a.
All other parameters are as in Fig. 4.

coherence width is comparable to the aperture radius a or
smaller, as for the other three curves, the variations become
much less pronounced.

Figure 9 illustrates a fundamental difference between the
energy flux and the coherence flux, namely, the possible an-
nihilation of a vortex-saddle pair. In this figure, Fz, the only
nonzero component of the energy flux in the focal plane, is
plotted for three values of σ . The zero crossings of the yellow
curve correspond to a vortex and a saddle point, similar to the
pattern shown in Fig. 5 for the coherence flux. When the co-
herence width σ decreases, the region in the focal plane where
Fz is negative gradually becomes smaller. For σ = 100a (blue
curve) Fz > 0 everywhere, indicating the annihilation of the
vortex and the saddle point. This event is confirmed by Fig. 10,

FIG. 8. The energy density H , given by Eq. (7), along the central
axis (a.u.). The values of the coherence radius σ are 109a (red curve),
a (green curve), 0.3a (orange curve), and 0.1a (blue curve). All
other parameters are as in Fig. 4. Note that the vertical axis uses a
logarithmic scale.

FIG. 9. The z component of the energy flux F, as given by
Eq. (9), in the focal plane. The coherence radius σ equals 100a
(blue curve), 125a (red curve), and 1000a (yellow curve). All other
parameters are as in Fig. 4.

where the resulting streamlines of the energy flux are shown.
Clearly, no singular structures are present anymore.

A similar annihilation of the vortex-saddle pair of the co-
herence flux seen in Fig. 5 is not possible due to a restriction
implied by Eq. (19). According to this expression, a vortex
of T corresponds to a phase singularity of W , while a saddle
point of T corresponds to a saddle point of θW (i.e., a point
where ∇θW = 0, see Ref. [10]). Whereas the former has a
topological charge, the latter does not. An annihilation would
therefore violate topological charge conservation. Further-
more, we note that a vortex-saddle annihilation in F cannot
occur in the fully coherent case. This is due to the relation (4),
which can be cast in a form similar to that of Eq. (15).

In Fig. 11 the correlations μ [Eq. (24)] and μH [Eq. (25)]
are plotted in the focal plane with the reference point r2 taken
at the geometrical focus. In this case, both quantities are real
valued [8]. The magnitude of both quantities is strikingly
similar. Note that μ is necessarily unity at r1 = 0, but this
is not the case for μH since it is a cross-correlation. Indeed,
its value at ρ = 0 is slightly less than 1. Furthermore, while

FIG. 10. Streamlines of the energy flux F, given by Eq. (9), with
the colors representing |F|. The coherence radius σ = 100a. All
other parameters are as in Fig. 4.
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FIG. 11. μ and μH for r1 = (ρ, 0) and r2 = (0, 0). The coher-
ence radius σ equals 0.1a. All other parameters are as in Fig. 4.

μ has two zeros, μH has no zeros and is always non-negative.
The zeros of μ correspond to a vortex and a saddle of T.

VII. CONCLUSIONS

The state of coherence of an optical wave field is a
fundamental property that determines how it diffracts [23],
propagates [24], and scatters [25]. When characterizing a par-
tially coherent field, one needs quantities such as its energy
flux, energy density, spectral degree of coherence, coherence
flux, and coherence density. The latter two can be recon-
structed from interferometric measurements. Examining the
laws of energy conservation and coherence conservation, we
found that these quantities are interrelated. This provides a
deeper physical insight into two-point correlation functions
and corresponding one-point quantities such as flux and den-
sity. In particular, the coherence density and the coherence
flux at the point r1 were shown to be weighted by the coher-
ence strength between that point and the reference point r2.
Also, the coherence density and flux turn out to be equivalent
to the energy density and energy flux for the special case when
the field is spatially fully coherent. However, for partially co-
herent fields, these quantities differ significantly. For example,
the topology of the coherence flux differs from that of the
energy flux. Whereas a vortex-saddle pair of the energy flux
can annihilate, for the coherence flux such a process cannot
occur as it would violate topological charge conservation. We
illustrated the behavior of the coherence flux and density by
calculating them in the focal region.

The notions of coherence flux and density have been shown
to be useful in coherence holography [26] and surface pro-
filometry [27]. Our results offer foundational insight into the
relation between these two concepts and energy conservation;
they may also prove to be helpful for the many applications
for which partially coherent fields are preferred over fully
coherent fields [28].

Finally, according to Noether’s theorem [29] one expects,
just like for energy conservation, a connection between the
Wang-Takeda conservation law and the time invariance of
the pertinent Lagrangian for optical coherence functions. This
could be the subject of future study.
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APPENDIX A

In this Appendix, we proof the claim made below Eq. (25),
namely that μH (r1, r2), has an upper bound equal to 1. Con-
sider the cross-correlation of two arbitrary fields V (r1) and
U (r2), i.e., 〈V ∗(r1)U (r2)〉. One can show [14, Sec. 2.4.4] that
the following inequality holds:

|〈V ∗(r1)U (r2)〉| �
√

〈|V (r1)|2〉〈|U (r2)|2〉. (A1)

For the case that V = ∂iU , with ∂i denoting partial differen-
tiation with respect to xi, yi, or zi, with i = 1 and 2, we thus
get

|〈∂iU
∗(r1)U (r2)〉| �

√
〈|∂iU (r1)|2〉〈|U (r2)|2〉. (A2)

Therefore,

|〈∇1U
∗(r1)U (r2)〉| �

√
〈|∇1U (r1)|2〉〈|U (r2)|2〉. (A3)

Using this result together with the definitions for μH , S,
and SH [Eqs. (8) and (25)], we obtain the upper bound
[μH (r1, r2)]2 � 1.

APPENDIX B

In this Appendix, we proof the assertion made in Sec. VI,
namely that in certain cases only two-dimensional integrals
need to be evaluated. On introducing cylindrical coordinates

ρ′ = (ρ ′ cos φ′, ρ ′ sin φ′), with 0 � ρ ′ � a, (B1)

q′ = [ρ ′ cos φ′, ρ ′ sin φ′,−( f 2 − ρ ′2)1/2]/ f , (B2)

r1 = (ρ1 cos φ1, ρ1 cos φ1, z1), (B3)

with similar expressions for ρ′′, q′′, and r2, Eq. (34) for the
CSD in the focal region can be written as

W (r1, r2)

= 1

(λ f )2

∫ 2π

0

∫ a

0

∫ 2π

0

∫ a

0
e−(ρ ′2+ρ ′′2−2ρ ′ρ ′′ cos(φ′−φ′′ )/(2σ 2 )

× eik[ρ1ρ
′ cos(φ1−φ′ )/ f −z1(1−ρ ′2/ f 2 )1/2]

× e−ik[ρ2ρ
′′ cos(φ2−φ′′ )/ f −z2(1−ρ ′′2/ f 2 )1/2]ρ ′ρ ′′ dρ ′dφ′dρ ′′dφ′′.

(B4)

If we take the second reference point to be on the z axis,
i.e., r2 = (0, 0, z2), the integrations over φ′ and φ′′ can be
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carried out analytically, with the result

W (ρ1, z1; 0, z2) =
(

2π

λ f

)2 ∫ a

0

∫ a

0
I0

(
ρ ′ρ ′′

σ 2

)
J0

(
kρ1ρ

′

f

)
e−(ρ ′′2+ρ ′2 )/(2σ 2 )e−ikz1

√
1−ρ ′2/ f 2

eikz2

√
1−ρ ′′2/ f 2

ρ ′ρ ′′ dρ ′dρ ′′, (B5)

with J0 being a Bessel function of the first kind and I0 a modified Bessel function of the first kind. The two partial derivatives
needed for calculating the coherence flux and the coherence density are

∂W (ρ1, z1; 0, z2)

∂ρ1
= −

(
2π

λ f

)2 ∫ a

0

∫ a

0
I0

(
ρ ′ρ ′′

σ 2

)
kρ ′

f
J1

(
kρ1ρ

′

f

)
e−(ρ ′′2+ρ ′2 )/(2σ 2 )e−ikz1

√
1−ρ ′2/ f 2

× eikz2

√
1−ρ ′′2/ f 2

ρ ′ρ ′′ dρ ′dρ ′′ (B6)and

∂W (ρ1, z1; 0, z2)

∂z1
=

(
2π

λ f

)2 ∫ a

0

∫ a

0
I0

(
ρ ′ρ ′′

σ 2

)
J0

(
kρ1ρ

′

f

)
e−(ρ ′′2+ρ ′2 )/(2σ 2 )−ik

√
1 − ρ ′2/ f 2e−ikz1

√
1−ρ ′2/ f 2

× eikz2

√
1−ρ ′′2/ f 2

ρ ′ρ ′′ dρ ′dρ ′′. (B7)

For the energy flux and the energy density r1 = r2 and hence, with the exception of the geometrical focus, four-dimensional
expressions like Eq. (B4) need to be evaluated.
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