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1 Basics in quantum mechanics

1.1 Introduction

At this point, you should be familiar with the basic aspects of quantum mechanics. That means you
should be familiar with working with operators, in particular position and momentum operators that do
not commute, but satisfy the basic commutation relation

[Ti,pj] = ’L'héij. (1)

The most common way of working with these operators is in an explicit Hilbert space of square integrable
(complex) wave functions 9 (r,t) in which operators just produce new functions (¢p — ¢’ = Ov). The
position operator produces a new function by just multiplication with the position itself. The momentum
operator acts as a derivative, p = —ih V, with the appropriate factors such that the basic commutation
relation is satisfied. We want to stress at this point the non-observability of the wave function. It are
the operators and their eigenvalues as outcome of measurements that are relevant. As far as the Hilbert
space is concerned, one can work with any appropriate basis, for instance the eigenstates of any specific
operator, given as a set of functions or more formal in the Dirac representation as quantum states |r)
or |p), etc. Here the kets contain a set of 'good’ quantum numbers, i.e. a number of eigenvalues of
compatible (commuting) operators.

Question: Why is it essential that the quantum numbers within one ket correspond to eigenvalues of
compatible operators?

The coordinate state wave function then is nothing else as an overlap of states given by the inner product
in Hilbert space, ¢(r) = (r|¢), of which the square gives the probability to find a state |¢) in the state
7). Similarly one has the momentum state wave function, ¢(p) = (p|¢).

Some operators can be constructed from the basic operators such as angular momentum operators
¢; = €1 mjpr. The most important operator in quantum mechanics is the Hamiltonian. It determines
the time evolution to be discussed below. The Hamiltonian H(r,p, s) may also contain other operators
corresponding to specific properties, such as the spin operators, satisfying the commutation relations

[Si, Sj] = ih e i k- (2)

The spin properties of systems are ’independent’ from spatial properties, which at the operator level
means that spin operators commute with the position and momentum operators. As a reminder, this
implies that momenta and spins can be specified simultaneously (compatibility of the operators). The
spin states are usually represented as spinors (column vectors) in spin-space (a linear space over the
complex numbers).

1.2 Translation symmetry

Symmetry considerations are at the heart of our understanding of nature. We have to understand how
they are implemented in a quantum world. Let’s start with translations as an example. Translations can
be considered in space-time or in the Hilbert space of wave functions, it will affect operators, etc.

Let us start with translations in one dimension,

r— 2 =x+a. (3)

This is an example of a continuous transformation. There are many translations, in fact infinitely many
determined by the continuous parameter a. Continuous transformations are contrasted with discrete
transformations, such as * — 2’ = —z (space inversion, which is discussed elsewhere). One of the
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issues with transformations is the investigation of the consequences when it constitutes a symmetry
transformation, i.e. when the ’world’ is invariant under the transformation.

To see how we investigate the consequences referred to above, we first look at ways to ’translate
a function’ or ’translate an operator’. We first investigate what happens with a wave function. For
continuous transformations, it turns out to be extremely useful to study first the infinitesimal problem
(in general true for so-called Lie transformations). We get for small a a ’shifted’ function

§ (@) = ol +a) = 6(x) +a 2 4 = (1+§.Lapz+...>¢<x>, (4)

U(a)

which defines the shift operator U(a) of which the momentum operator p, = —ifi (d/dz) is the generator.
One can extend the above to higher orders,

d 1 d
/ _ _ - — g%
Using the (for operators new!) definition
1
eAzl+A+§A2+...,
one finds '
U@ =exp (+5a:). 6)

In general, if A is a hermitean operator (A" = A), then €'/ is a unitary operator (U~! = UT). Thus the

shift operator produces new wavefunctions, preserving orthonormality.
How does a translation affect an operator? That is simple. Since we know that O¢ is a function, we
have

(09)'(z) = Od(z + a) = U(a)O¢(z) = U(a)OU " (a) U(a)g (), (6)
—_—— —
O/ (z)/
thus for operators
O — 0 =U(a)OU (a). (7)
For continuous symmetries this implies for infinitesimal translations
O = 1+lapm+... 0 lfiaper... :OJrla[pm,O]Jr.... (8)
h h h
This can be generalized to obtain a set of shifted operators O(a) given by
O(a) = ¢! 7/" O(0) o0/, Q
for which one has
. dO iapg/h —iapz /h . dO
—zh% — ¢l opa/ [pz,O} e~tape/hand  —ih T . = [pz,O]. (10)

Exercise: Show that the above transformation properties for operators (for infinitesimal as well as for
finite translations) imply for the position operators © — 2’ = x + a, thus exactly the same behavior as
for the 'coordinate’ x. Show that the operator p, — pl, = p,.

Exercise: Show that for the ket state one has U(a)|z) = | — a). An active translation of a localized
state with respect to a fixed frame, thus is given by |z + a) = U~ (a)|z) = Ut(a)|z) = e~?oP=/R|z) .
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Invariance under translations

Assume now that we have a Hamiltonian H, that is invariant under translations. This implies that
H(xz) = H(x 4 a). What does this imply? Just compare the Taylor expansion of the operator in a with
the infinitesimal expansion discussed previously,

dH

H(x+a)=H(z)+a (%

)-l—...:H(m)—i—%a[pm,H]—i-...,

and we conclude that translation invariance implies

H(z+a) = H(z) < [ps, H] =0. (11)

Exercise: show directly (by acting on a wave function) that indeed —ifi(dH/dx) = [p., H] ,

e H)ot) = =in (41) ot0).

Translation invariance can easily be generalized to three coordinates of one particle and to more particles
by considering
ri — T, =7+ a. (12)

The global shift operator is

U(a) = exp <+a . ZV1> = exp (Jr%a . sz> = exp <+%a . P> , (13)

where p; = —ihV; are the one-particle operators and P = )", p; is the total momentum operator.

Translation invariance of the whole world implies that for U(a) in Eq. 13

Ul@HU Ya)=H <= [P,H]=0. (14)

Thus a translation-invariant Hamiltonian usually does not commute with the momenta of individual par-
ticles or with relative momenta, but only with the total momentum operator (center of mass momentum),
of which the expectation value thus is conserved.

Bloch theorem

The Bloch theorem is a very nice application of translation symmetry in solid state physics. We will proof
the Bloch theorem in one dimension. Consider a periodic potential (in one dimension), V(z +d) = V (z).
One has a periodic Hamiltonian that commutes with the (unitary) shift operator U(d) = exp(+idp./h),

[H,U(d)] =0 (15)

(prove this!). Thus these operators have a common set of eigenstates ¢p 1, satisfying H ¢p r(z) =
E ¢p k(r) and U(d) ¢p k(x) = €% ¢ 1 (x) in which kd runs (for instance) between —7 < kd < 7. Using
that U(d) is the translation operator, one finds that

¢pk(z +d) = e op k() (16)
Equivalently by writing ¢ as the Bloch wave

opk(z) = etk ug k(z) (17)
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one finds that ug i (x) is periodic, satisfying ug i(z + d) = ug k().

To appreciate this result, realize that for a constant potential (translation invariance or invariance
for any value of d or effectively d — 0)) the Bloch wave is constant and the wave function is a plain
wave (with no restrictions on k, —oco < k < o). The energy becomes E(k) = h?k?/2m. For periodic
potentials the k-values are limited (Brillouin zone) and the dispersion E(k) exhibits typically a band
structure, which can e.g. be easily demonstrated by working out the solutions for a grid of é-functions or
for a block-potential (Kronig-Penney model).

1.3 Time evolution

In analogy to space translation, we have an (active) operator describing time evolution,

’L/J/(t)Z’L/J(t-l—T):w(t)-i-T%-i-...: (1—%aH+...)w(t). (18)

U(r)

Time evolution is generated by the Hamiltonian H = ifid/dt and given by the (unitary) operator

i
U(r) = exp (ﬁTH) (19)
Since time evolution is usually our aim in solving problems, it is necessary to know the Hamiltonian,
usually in terms of the positions, momenta and spins of the particles involved.
1.4 Rotational symmetry
Rotations are characterized by a rotation axis (72) and an angle (0 < a < 27),
r— 71 =R(h,a)r or  o—¢ =p+a, (20)

where the latter refers to the polar angle around the n-direction, e.g. for a rotation around the z-axis one

has explicitly
T i cosae —sina 0 T
[ Yy ] — [ y' ] = [ sina  cosa 0 ] [ Yy ] . (21)
z z 0 0 1 z

Note that here the components of the vector r change. It would correspond to a rotation R(Z, —«) for
the axes. Such a rotation also gives rise to transformations in the Hilbert space of wave functions. Using
polar coordinates and a rotation around the z-axis, we find

P .
ot ) =0lrdg) +a g ot = (Lt patt...)o (22)
from which one concludes that ¢, = —ih(0/0p) is the generator of rotations around the z-axis, and the

rotation operator in the Hilbert space is

U(é,a)exp<+%o¢€z)1+%a€z+... . (23)

As for the translations, an operator (e.g. the Hamiltonian) behaves as

H+£a[£Z,H]+...:U(é,a)HU—l(;:«,a). (24)

h
- H(r,@,@)+a<2—g>+... (25)

H(r,0,¢+a)
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Rotational invariance (around z-axis) implies that

U,) HUTY(3,0) = H <= [¢.,H] =0. (26)

For more particles, invariance under rotations of the world implies
H invariant <= [L,H] = 0, (27)

where L = )", ¢;. This is a fundamental symmetry of nature for particles without spin!

Although the situation looks quite similar to the translations, there is an important difference. For two
consecutive rotations the order is important (rotations do not commute). This is true in coordinate space
as well as Hilbert space, R(Z, ) R(9,3) # R(9,0) R(%,a) and U(Z,a)U(y,8) # U(y,B)U(&,«). For
the rotations in the Hilbert space, it is evident from the infinitesimal rotations. The generators (angular
momentum operators) do not commute,

[fi,fj] = ihﬁijk fz.

Exercise: If you like a bit of puzzling, there is the Baker-Campbell-Hausdorff relation of which the first
terms are

1 1 1
eteP =eC with C=A+B+ 5[4 B+ SIA A Bl + (B [A B + ...,
which shows that (only) for commuting operators one can ’add’ the operators in the exponent, as is
known to work for numbers.

Positions and momenta are not invariant under rotations. Quantummechanically this translates into the
non-commutativity of the generators of rotations £ and these operators. The commutation relations

Wi, rj] = ihe€ijp i, (28)
[0i, pj] = iheijk pr, (29)

just imply for operators r — ' = R(f,a)r and p — p’ = R(n,a)p, i.e. the same behavior as the
coordinate r and the same as classical positions and momenta.

=7
Euler Rotations
z'=z; A standard way to rotate any object to a given orienta-
tion are the FEuler rotations. Here one rotates the axes
as given in the figure. This corresponds (in our conven-
tion) to
RE(@? 97 X) = R(éua _X)R(:gla _H)R(éa _(P)
o / = R(,-)R(G, ~0)R(, )
- % y
X /9, X Correspondingly one has the rotation operator in
/ e Hilbert space
o -
Up(p,0,x) = e =/n =0 tu/h g=ixt=/n (30)
X'’ x_”_’



Basics in quantum mechanics 6

Using the rotation Ug(p, 8, x) to orient an axi-symmetric object (around z-axis) in the direction 7 with
polar angles # and ¢, the angle x doesn’t play a role. In order to get nicer symmetry properties, one
uses in that case Ug(y, 8, —¢). For a non-symmetric system (with three different moments of inertia)
one needs all angles.

1.5 Gallilean invariance

From classical mechanics we know that there are a number of basic symmetries governing the physical
world, known as the (ten) Gallilean transformations. These are

t — t=t+T, one time translation, (31)
r — r=r+a three translations, (32)
r — 7 =R a)r three rotations, (33)
r — r'=r—ut three boosts. (34)

Classically one can show that invariance under these transformations implies conserved quantities, for
time translations the total energy E, for space translations the total momentum P, for rotations the total
angular momentum L. Also boost invariance implies a conserved quantity, namely K = M R—tP. Boost
invariance will become much more important when we later consider the transformations in a relativistic
theory (Lorentz invariance instead of Gallilean invariance).

In quantum mechanics, the conserved quantities correspond to operators of which the expectation
value is time independent. These are precisely the generators of the corresponding symmetries. From
the known relation

. d(0) 00
— =|H —).
n % _ 151,01 +(%) (35)
one sees that this is true if [H, P;] = [H, L;] = 0 and [H, K;] = —ih P,. These specific commutators are

part of the full set of commutation relations between the 10 generators of the Gallilei group (known as
the Lie algebra),

[Pian] = [Pi’H] = [JiaH] =0,
(i, J;] = thegjidy, [Ji, Pj] = thejPry, [Ji, Kj| = iheijn Ky,

For the generators of the rotations we have used here J instead of L, because, as we shall shortly see,
the full rotation matrix can and even has to be more than just the orbital angular momentum, including
an intrinsic angular momentum (spin). The second line in this equation simply gives the characteristic
behavior of vectors under rotations.

It is easy to check that for a single (free) particle the quantum mechanical set of operators

2
b
=2
r (37)
P =p, (38)
J=L+s=rxp+s (39)
K =mr —tp. (40)

satisfy the above commutation relations (do this!), starting with the canonical relations [r;, p;] = ihd;;
and for spin operators [s;, s;]| = ifie;ji sk and [r;, s;] = [ps, s;] = 0. The latter two commutators imply
that spin decouples from the spatial part of the wave function.

Adding a potential V(r) to the Hamiltonian, the commutation relations would no longer indicate
Gallilei invariance. A potential (e.g. centered around an origin) breaks translation invariance, the specific
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r-dependence might break rotational invariance, etc. On the other hand, for two particles one finds that
in terms of CM and relative coordinates using total and reduced masses M = my+mgq and g = my mo /M
the generators

P2
= Hy+ Hy = — + Hiy,

H
2M
P = P+ Py=P,
J = bi+s1+€+ss=RxP+8,
K = Ki+Ky=MR-1tP, (41)
satisfy the commutation relations for the Gallilei group, where
mo mia
P=p +p, and p= ﬁpl - ﬁpm
m m
R= ﬁlr1+ﬁ2r2 and =17 —7ra,

S=rxp+ s+ s2,
p?

Hipe = — +V(r,p, s1,82).
2p

All commutation relations start simply from the canonical commutation relation for each of the particles.
The CM system behaves as a free (composite) system with constant energy and momentum and a spin
determined by the ’relative’ orbital angular momentum and the spins of the constituents. The example
also shows that even without spins of the constituents (s; = s = 0) a composite system has an intrinsic
angular momentum showing up as its spin.

Finally we note that in classical mechanics the Lie algebra structure of the symmetry group is evident
in the Poisson bracket structure of particular quantities A and B, which in that case are functions of
positions and momenta,

dA dB dA dB
[A(zap)vB(l',p)]p = _ - )

Use this relation to derive [K;, ;] and [K;, p;] from the requirement that the classical behavior r — 7/ =
r —ut and p — p’ = p — mu remains valid for the operators. Check that these commutation relations
are satisfied for K = mr — tp.

Exercise: Check that the canonical commutation relations for r; and p; and those for r4 and p, imply
the canonical commutation relations for R and P as well as for r and p.

Exercise: Check that
b+Ll=r1Xp+r2Xpy,=RXP+7r XD

1.6 Discrete symmetries

Three important discrete symmetries that we will be discuss are space inversion, time reversal and
(complex) conjugation.



Basics in quantum mechanics 8

Space inversion and Parity

Starting with space inversion operation, we consider its implication for coordinates,

r— —r and t—t, (42)
implying for instance that classically for p = m# and € = r x p one has
p— —p and L— L. (43)

The same is true for the quantummechanical operators, e.g. p = —ii V.

In quantum mechanics the states |1) correspond (in coordinate representation) with functions ¥ (r,t).
In the configuration space we know the result of inversion, » — —r and ¢ — ¢, in the case of more
particles generalized to r; — —r; and ¢t — t. What is happening in the Hilbert space of wave functions.
We can just define the action on functions, ¢ — 1)’ = P in such a way that

Po(r) = ¢(=7). (44)

The function P¢ is a new wave function obtained by the action of the parity operator P. It is a hermitian
operator (convince yourself). The eigenvalues and eigenfunctions of the parity operator,

P¢W(T) = 7T¢7r (T)a (45)
are m = +1, both eigenvalues infinitely degenerate. The eigenfunctions corresponding to m = +1 are the
even functions, those corresponding to m = —1 are the odd functions.

Exercise: Although this looks evident, think carefully about the proof, which requires comparing P?¢
using Eqgs 44 and 45.

The action of parity on the operators is as for any operator in the Hilbert space given by

Ap —s PAp = PAP™! Py, thus A — PAP L. (46)
S
A/ ¢/
(Note that for the parity operator actually P~! = P = P'). Examples are
r— PrP7l = -, (47)
p— PpP~! = —p, (48)
L — PeP7 = 40, (49)
H(Tap) - PH('I"’p)P_l = H(_ra _p) ( )
If H is invariant under inversion, one has

PHP'=H <= [PH]=0. (51)

This implies that eigenfunctions of H are also eigenfunctions of P, i.e. they are even or odd. Although P
does not commute with 7 or p (classical quantities are not invariant), the specific behavior POP~! = —O
often also is very useful, e.g. in discussing selection rules. The operators are referred to as P-odd operators.

Exercise: Show that for a P-even operator (satisfying POP~! = +0O or [P,0] = PO — OP = 0) the
transition probability
Proba_5 = [(3|0a)*
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for parity eigenstates is only nonzero if m, = m3.
What is the selection rule for a P-odd operator (satisfying POP~! = —O or {P,0} = PO + OP = 0).

1.7 Time reversal

In classical mechanics with second order differential equations, one has for time-independent forces auto-
matically time reversal invariance, i.e. invariance under t — —t and r — 7. There seems an inconsistency
with quantum mechanics for the momentum p and energy E. Classically it equals m» which changes
sign, while V — V. Similarly one has classically F — E, while H = ih(9/0t) appears to change sign.
The problem can be solved by requiring time reversal to be accompagnied by a complex conjugation, in
which case one consistently has p = —tAV — thV = —p and H — H. Furthermore a stationary state
Y (t) ~ exp(—iEt) now nicely remains invariant, ¢*(—t) = ().

Such a consistent description of the time reversal operator in Hilbert space is straightforward. For
unitary operators one has (mathematically) also the anti-linear option, where an anti-linear operator
satisfies T'(c1]|d1) + ca|d2)) = ¢ T|d1) + ¢ T|d=2). It is easily implemented as

T|¢) = (T'¢l, (52)

which for matrix elements implies
($l) = (BT TIY) = (TY|T) = (T¢|Ty)" (53)
(B A[) = (G|T'T ATT|y) = (T A|TY)". (54)

Operators satisfying 77T = TTT = 1, but swapping bra and ket space (being anti-linear) are known as
anti-unitary operators.

Together with conjugation C, which for spinless systems is just complex conjugation, one can look
at C'PT-invariance by combining the here discussed discrete symmetries. For all known interactions in
the world the combined C'PT transformation appears to be a good symmetry. The separate discrete
symmetries are violated, however, e.g. space inversion is broken by the weak force that causes decays of
elementary particles with clear left-right asymmetries. Also T" and C'P have been found to be broken.
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2 Angular momentum and spherical harmonics

In this section we repeat the basic results for the (three) angular momentum operators L= x p=
—ihr x V, looking for eigenvalues and eigenstates. The angular momentum operators are best studied
in polar coordinates,

x =1 sinf cosp, (55)
y =7 sin@ sin p, (56)
z=r cosf, (57)
from which one gets
or ofr oyt oz 5
% = | zcotd ycoth —rsinf a%
o)
96 v 0 7
The £ operators are given by
. ) 0 0
Ez:—ih(y%—za—y):ih(singo%—l—cotecosgoa—w), (58)
~ 0 0 0 0
Ey:—ih(z%—,r&):ih(—cosgo%—i—cott?sin(pa—w), (59)
~ 0 0 0
I, =—in(z L -y L) =—in 2, 60
(o, -vs) =gy (00)
and the square #2 becomes
. 1 9 0 1 02
P=02+02 402 =—n — [ sinf — — - 61
el [sin@ 26 <Sm ae> T e &A (61)

From the expressions in polar coordinates, one immediately sees that the operators only acts on the
angular dependence. One has £; f(r) = 0 for i = x,y,2 and thus also ¢2 f(r) = 0. Being a simple
differential operator (with respect to azimuthal angle about one of the axes) one has £;(fg) = f ({ig) +

(éif) g.
2.1 Spherical harmonics

We first study the action of the angular momentum operator on the Cartesian combinations x/r, y/r
and z/r (only angular dependence). One finds

L@ ea) =) L)

which shows that the £ operators acting on polynomials of the form

ONONON
r r r
do not change the total degree ny + ne +ng = ¢. They only change the degrees of the coordinates in the

expressions. For a particular degree ¢, there are 2¢ 4+ 1 functions. This is easy to see for £ =0 and ¢ = 1.
For ¢ = 2 one must take some care and realize that (2? + y? + 22)/r? = 1, i.e. there is one function less



Angular momentum and spherical harmonics 11

than the six that one might have expected at first hand. The symmetry of 72 in z, y and z immediately
implies that polynomials of a particular total degree ¢ are eigenfunctions of 2 with the same eigenvalue
h2 \.

Using polar coordinates one easily sees that for the eigenfunctions of ¢, only the ¢ dependence matters.
The eigenfunctions are of the form f,,(¢) o e'™¥, where the actual eigenvalue is mh and in order that
the eigenfunction is univalued m must be integer. For fixed degree ¢ of the polynomials m can at most
be equal to ¢, in which case the #-dependence is sin’ 6. It is easy to calculate the 2 eigenvalue for this
function, for which one finds h2¢(¢ + 1). The rest is a matter of normalisation and convention and can
be found in many books. In particular, the eigenfunctions of £% and (., referred to as the spherical
harmonics, are given by

CYM(0,0) =00+ 1)R2Y™(0, ), (62)
EZ Yém(ea <P) = thZm(ea 90)’ (63)

with the value £ = 0,1,2, ... and for given ¢ (called orbital angular momentum) 2¢+ 1 possibilities for the
value of m (the magnetic quantum number), m = —¢,—¢+1,...,£. Given one of the operators, 2 ort,,
there are degenerate eigenfunctions, but with the eigenvalues of both operators one has a unique labeling
(we will come back to this). Note that these functions are not eigenfunctions of ¢, and ¢,. Using kets to
denote the states one uses |¢,m) rather than |Y,%). From the polynomial structure, one immediately sees
that the behavior of the spherical harmonics under space inversion (r — —r) is determined by ¢. This
behavior under space inversion, known as the parity, of the Y;™’s is (—)*.

The explicit result for £ = 0 is
(64)

Explicit results for £ =1 are

3 z 3
3/10(97@ “Niar Var cos 0, (66)
3 x—1i 3 -
YN0, ) = o z rw =\ 5. sinf e "?. (67)

The ¢ = 2 spherical harmonics are the (five!) quadratic polynomials of degree

two,
15 (22 —y?) £ 2iay [ 15 | -
Y:t? 9 — — 2 9 +2ip
5 (0,9) 3o 2 39, sin“fe , (68)

15 +14 15 .
}/Qil(Q,@):q:\/gw ::H/g sin @ cos 6 e, (69)
5 32212 )
Y20, ) = “—167r s = 1/ Ton (3 cos? 6 — 1) , (70)

where the picture of |Yy| is produced using Mathematica,
SphericalPlot3D[Abs[SphericalHarmonicY[2,0,theta,phil],
{theta,0,Pi},{phi,0,2*Pi}].

The spherical harmonics form a complete set of functions on the sphere, satisfying the orthonormality
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relations

/dﬂ&?”wwaﬁkaw>=6w6mmu (71)

Any function f(0,¢) can be expanded in these functions,

f(@, 50) = Zcém }/Zm(95 50)7

Lm

with ¢om, = [dQY/™(0,¢) f(0, ). Useful relations are the following,

2041 (0 —m|)! i) ,
Y (O — (— (m+|m|)/2 Pm 9) etme 2
Y/ ( 550) ( ) Ar (£+|m|)| ¢ (COS )6 ) (7 )
where £ =0,1,2,... and m=/¢,/ —1,...,—{, and the associated Legendre polynomials are given by
PIM(@) = s (1 =ty L a2 1y ™3)
¢ — 2ty dz?+Iml '

The m = 0 states are related to the (orthogonal) Legendre polynomials, P, = P, given by

47 0

Y2 (). (74)

Py(cos 0) = TR

They are defined on the [—1, 1] interval. They can be used to expand functions that only depend on 6
(see chapter on scattering theory).

The lowest order Legendre polynomials P, (x) Lo P
(LegendreP[n,x]) are //
\ 05| pd
Po(a) =1, . ////
Il k\\\ Il // L "// L
Pi(z) =z, -10 ~05 05~ 10
1.5 ////
Pye) = 5(32> - 1) P
~
(given in the figure to the right). e 1ok

Some of the associated Legendre polynomials
P (z) (LegendreP[n,m,x]) are

Pl(z) = =1 — a2,
Py(z) = =321 — 22,

Py(x) =3 (1 —2?)

(shown in the figure Py*(x) for m = 0, 1 en af ‘ /

2.2 The radial Schrodinger equation

In three dimensions the eigenstates of the Hamiltonian for a particle in a potential are found from

B o v v = Bor). (75)

2m

Hy(r) =
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In particular in the case of a central potential, V(r) = V(r) it is convenient to use spherical coordinates.
Introducing polar coordinates one has

, 10 /,0 1 9 (. 0 10
_ 100y, L O[O
v r2 Or " or + 72 sinf 00 st 00 + r2 sin? 6 Op? (76)

10 d 22
= T_QE (TQ E) — —hQ 'r2 . (77)

where £ are the three angular momentum operators. If the potential has no angular dependence, the
eigenfunctions can be written as

Unem(1) = Bnem (1) Y™ (0, ¢)- (78)
Inserting this in the eigenvalue equation one obtains
oo (5,0 B2 00+ 1)
— J— J— _ = E
[ 2mr2 or (T 37“) " ( 2m r? * V(r))} Brelr) ne Brnel1) (79)

in which the radial function R and energy F turn out to be independent of the magnetic quantum number
m.

In order to investigate the behavior of the wave function for » — 0, let us assume that near zero one
has R(r) ~ C'r®. Substituting this in the equation one finds for a decent potential (lim,_q7? V (r) = 0)
immediately that s(s+1) = £(£+ 1), which allows two types of solutions, namely s = ¢ (regular solutions)
or s = —(¢ + 1) (irregular solutions). The irregular solutions cannot be properly normalized and are
rejected?!.

For the regular solutions, it is convenient to write

vir) = B Y 0.9) = "Dy, ) (50)

Inserting this in the eigenvalue equation for R one obtains the radial Schrodinger equation
R? d®> Rl +1
e ) V) Bt i) =0, (s1)

2m dr? 2m r?

Ve (1)

with boundary condition u,,(0) = 0, since u(r) ~ Cr**! for » — 0. This is simply a one-dimensional
Schrédinger equation on the positive axis with a boundary condition at zero and an effective potential
consisting of the central potential and an angular momentum barrier.

Exercise: Show that for an angle-independent operator O
o0
0

/d% wf(r)Oz/Jg(r):/OOOTer/dQ w;(r)o¢2(r)=/ dr wi(r) O us(r).

I Actually, in the case £ = 0, the irregular solution R(r) ~ 1/r is special. One might say that it could be normalized, but
we note that it is not a solution of V2R(r) = 0, rather one has VQ% = 63(7) as may be known from courses on electricity
and magnetism.
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2.3 The free wave solution

The solutions of the Schrédinger equation in the absence of a potential are well-known, namely the plane
waves, ¢ (r) = exp(ik - r), characterized by a wave vector k and energy E = h?k*/2m. But this also
represents a spherically symmetric situation, so another systematic way of obtaining the solutions of the
homogeneous where the radial wave function wu(r) satisfies the homogeneous equation

< > ((l+1)

dr? r2

+ k2) ug(r) =0, (82)

depending on ¢. There are two type of solutions of this equation

e Regular solutions: spherical Bessel functions of the first kind: wu,(r) = kr je(kr).
Properties:

z

¢ .
ge(z) = 4 (_ldi) — =
z dz
200 sin(z — 4w /2)
—oe 2\ PR/
z

e Irregular solutions: spherical Bessel functions of the second kind: we(r) = krng(kr).

Properties:
cos z
no(z) = — —
¢
1d cos z —0
R z —(¢+1)
@) = - (-1g) 2= e,
200 7cos(zf€7r/2).
z

Equivalently one can use linear combinations, known as Hankel functions,

kr hél)(k:r) = kr (je(kr) +ing(kr)) =3 (—i)Fletkr

kr B2 (kr) = kr (je(kr) —ing(kr)) =3 (i) e hr,
Having two equivalent ways of solving the free Schrodinger equation, it must be possible to express the
plane wave as an expansion into these spherical solutions. This expansion is

exp(ik - 1) = e'h* = glhrcost — Z(% + 1) jy(kr) Py(cos), (83)
=0

where the Legendre polynomials P, as discussed before is related to Y,?. Indeed, because of the azimuthal
dependence only m = 0 spherical harmonics contribute in this expansion.

Exercise

Compare the (order and pattern of) energies (including degeneracies) of bound states in a cube with
those in a sphere.

For this one needs the zeros of the spherical Bessel functions; the first few using jo(z,¢) = 0 are x,0 = n,
xr11 = 4.493, ro1 = 7.725, 19 = 5.763, Tog = 9.095, 13 = 6.988, X114 = 8.183, 15 = 9.356.
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3 The hydrogen atom

3.1 Transformation to the center of mass

For a hydrogen-like atom, one starts with the hamiltonian for the nucleus with charge +Ze (mass my)
and the electron with charge —e (mass m.),
h2

H=——"V2_ 2 ze
2my P 2m. Admeg [re — 7))

(84)

This can using total mass M = m, +my and reduced mass m = memy /M be rewritten in terms of the
center of mass and relative coordinates,

MR:mNTN+meTe and r=Te—TN, (85)

and similar momenta

ih
P=p, +py=—iVgz and 2 =P Pv _ "y (86)
m  Me My m

One obtains

n?_, h*_, Ze?
oM B om " Arweqr
————

Hem Hyel

H=

The hamiltonian is separable, the eigenfunction ¢ g (R, r) is the product of the solutions ¥ g__ (R) of Hep
and ¥g,_, (r) of Hye, while the eigenvalue is the sum of the eigenvalues. In particular one knows that
Y. (R) = exp (i P - R) with E., = P?/2M, leaving a one-particle problem in the relative coordinate
7 for a particle with reduced mass m.

3.2 Solving the eigenvalue equation

The (one-dimensional) radial Schrodinger equation for the relative wave function in the Hydrogen atom
reads

L I S (1) —E
der2+ 2m r? +Ve(r)

Verr (1)

l B2 R0+ 1) wy(r) = 0 (58)

with boundary condition u,,,(0) = 0. First of all it is useful to make this into a dimensionless differential
equation for which we then can use our knowledge of mathematics. Define p = r/ag with for the time
being ag still unspecified. Multiplying the radial Schrodinger equation with 2m a?/h? we get

2 e+1 e 2mag Z 2md2FE
[ e+ 1) 0Z_magBl, (o) =o0. (9)

_d_p2+ 02 Amey R p h?

From this dimensionless equation we find that the coefficient multiplying 1/p is a number. Since we
haven’t yet specified ag, this is a good place to do so and one defines the Bohr radius

dmey B2
apg =

(90)

me?
The stuff in the last term in the equation multiplying E' must be of the form 1/energy. One defines the
Rydberg energy

h? 1 e? m e

co — = 5 = . 1
R 2ma3 2 dwegag  32m2el h? (o1)
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One then obtains the dimensionless equation

2 +1) 2z
e T, € ug(p) =0 (92)
with p =r/ag and € = E/R.

Before solving this equation let us look at the magnitude of the numbers with which the energies and
distances in the problem are compared. Using the dimensionless fine structure constant one can express
the distances and energies in the electron Compton wavelength,

62

= ~1/1
« pr— /137, (93)

_ dmey B2 _A4meghc he l he

—s = —10
a =~ e Rl 0.53 x 107" m, (94)
h? 1 he 1 5, 5
o = ——= = — — | = — ~ 13. .
o 20[<a0) 5 & me 3.6 eV (95)

One thing to be noticed is that the defining expressions for ag and R, involve the electromagnetic
charge e/,/€y and Planck’s constant /i, but it does not involve ¢. The hydrogen atom invokes quantum
mechanics, but not relativity! The nonrelativistic nature of the hydrogen atom is confirmed in the
characteristic energy scale being R.,. We see that it is of the order a? ~ 107* — 1075 of the restenergy
of the electron, i.e. very tiny!

To find the solutions in general, we can turn to an algebraic manipulation program or a mathematical
handbook to look for the solutions of the dimensionless differential equation (see subsection on Laguerre
polynomials). We see from this treatment that (usingp - n—£¢—1,a — 20+ 1 and x — 2Zp/n) the
solutions for hydrogen are

22 \'"? [n—t=1) _, . (22Zp\"" 27p
= = N ) o=dp/n [ 22F 20+1 a4p
w0 = (i) s () () o
with eigenvalues (energies)
2
Ene = == Roo, (97)

labeled by a principal quantum number number n, choosen such that the energy only depends on n. For
a given £ one has n > £+ 1. Actually n,, =n — £ — 1 is the number of nodes in the wave function.

E [Rydberg]
The spectrum of the hydrogen atom.
-1/9 + () 3s (6x) 3p (10x) 3d For a given n one has degenerate ¢-levels
-4 + () 2s (6x) 2p with £ = 0,1,...,n—1. The degeneracy,
including the electron spin, adds up to
2n2. The hamiltonian is invariant under
inversion, hence its eigenstates are also
parity eigenstates. The parity of ¥,
E () 4 is given by IT = (—)*.
=0 =1 =2

Some aspects of the solution can be easily understood. For instance, looking at equation 92 one sees that
the asymptotic behavior of the wave function is found from

u"(p) + eulp) =0,
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so one expects for p — oo the result u(p) ~ e~V For ¢ = 0 one expects for p — 0 that u(p) ~ p.
Indeed it is easy to check that uig(p) ~ pe~?” is a solution with e = —Z2.
Explicitly, the lowest solutions are:

uio(r) = 2 (5)1/2 e~ Zr/ao (ﬁ) , (98)

ao

1 (zZ\"* _, Zr 1 Zr
_ “ —Zr/2ao = 1 =22
uaofr) V2 <a0) ‘ <a0> < 2 a0> (%9)
1/2 2
wn) = 5oz (Z) 7 e () (100)
2 (zZ\'* _, Zr 27r 2 (Zr\°
== (£ ~Zrfsao (20 (2204 2 (20 101
usO(T) 3\/5 (ao) € (ao) 3 ag + 27 (ao) ( 0 )
8 [(zZ\'"* _, Zr\? 1 Zr
_ “ —Zr/3a0 [ 21 1—- === 102
ua(r) 276 <a0> ‘ <a0) < 6 GO) (102)

4 Z\'"* _, zr\*
_ Z ~Zr/3a0 [ 2T 103
us2(r) 8130 (ao) ‘ (ao) (103)

Useful integrals involving the solutions are expectation values like

[\
D

r2 n?

<a_%> =27 [5n% —30(0+1) +1], (104)
<aio> - % [3n% —£(£+1)], (105)
<%> _ % (106)
<§f_§> _ WZ;) (107)
ad 2 73 (108)

(&)= W0+ 1)20+1)

The full hamiltonian for the Hydrogen atom has a number of additional terms, which give rise to
splittings in the spectrum. These level splittings give rise to splitting of lines in emission and absorption
spectra. Some of the fine structure and hyperfine structure will be discussed after the treatment of spin
or as applications of perturbation theory.

3.3 Appendix: Generalized Laguerre polynomials

For the solution of a dimensionless equation such as that for the Hydrogen atom we can turn to an
algebraic manipulation program or a mathematical handbook. The solutions of the equation

_|2pta+1 1—-a2 1

y" +go(x)y =0 with go(z) = o + w2 1l (109)
are given by
y(z) = e /2@t V/2 L2 (). (110)
where Ly are polynomials of degree p. They are normalized as
/O do z*t e " [Lo(z)]" = (2p+a+1) o (111)
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and also satisfy the differential equation
d? d u
x@—l—(a—i—l—x)%—i—p Ly(x) = 0. (112)

Note that depending on books, different conventions are around, differing in the indices of the polynomials,
the normalization, etc. Some useful properties are

Ly(z) = L)(z) = %T % [aPe™"] = % (% - 1) 2P, (113)
Ly(a) = () o [Lpral@)] (114)

Some general expressions are
Li(zx) =1, LY (z)=14a— .

Some recursion relations are

(p+1)Ly(x)=2p+a+1—x)Ly(x)—(p+a)Ll, q(v), (115)
z Ly (x) = (z —p) Ly(x) + (p+ a) Ly_y (x), (116)
Li(x) = Ly (@) + Ly (2). (117)

Some explicit polynomials are

Lo(@) =1, Li(2) =1,
Ll(z) =1-uz, 1
1 Li=2 (1 — = x) ,
L2($)21—2$+§l‘2, 2
1
3 1 1 —_ o -2 )
Li(z)=1—-3z+ - 2? — —2®, Ly () 3<1 z+6z>
2 6
3
2
1 2
1
-1 1 2 3 4
-2 -1
-3 -2
The L,(z) or LaguerreL[p,x] functions for p The Lg(z) or LaguerreL[p,a,x] functions for a
=0, 1, 2, and 3. =landp=0,1, and 2.

3.4 A note on Bohr quantization

The model of Bohr of the atom imposes quantization in an ad hoc way by requiring ¢ = n i with n being
integer. For the electron in the atom one uses the condition that the central force to bind the electron is

provided by the Coulomb attraction,

muv? 7 e2

(118)

r dmegr?’



The hydrogen atom

We can solve this for classical (circular) orbits and find

1 7 e? 1 Zeé?
E = _ 2 _ - __
(r) 2 mo dmeg T 2 dmegr’

m€2

C(ry =m2o*r® =Zr Treg

Using the quantization condition on ¢ to eliminate v one finds

n? 4mwey 2
Ty = —

Z me? "’

7?2 met

T2 327’(’635,2,

19

(119)

(120)

which turns out to give the correct (quantized) energy levels and also a good estimate of the radii. At
the classical level the Sommerfeld model of the atom even includes quantization conditions for treating

elliptical orbits.

It is interesting to observe that the Bohr quantization condition not only gives the right characteristic
size (ap) and energy (Ro) and the right power dependence on quantities like Z, but what is more
surprising also the right power behavior of the quantum numbers (n, ¢). Note e.g. that the Bohr model
gives r o« n? and (indeed) all the expectation values involving 7 have a polynomial behavior in (n, £) of

order 2p.
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4 Spin

4.1 Definition

In quantum mechanics spin is introduced as an observable defined via the vector operator s, which is a
part of the rotation operator. These (three) hermitean operators satisfy commutation relations

[si, 85] = ihejk sk, (121)

similar to the commutation relations for the angular momentum operator £ = r x p. The spin operators
s commute with the operators r and p and thus also with £. That’s it. All the rest follows from these
commutation relations.

4.2 Rotation invariance

For the orbital angular momentum, we have seen the link to rotations, ¢, = —ih 9/0p. That means that
scalars (e.g. numbers) are not affected. Also operators that do not have azimuthal dependence are not
affected, which means for operators that they commute with ¢,. The various components of a vector do
depend on the azimuthal angle and ’vector operators’ such as r or p do not commute with ¢,. In fact
scalar operators S and vector operators V satisfy

[¢;,S] =0 . . . .
100 V3] = ih e Vi for a single particle without spin, (122)
e.g. scalars S = r2, p2, 7 - p or £2 and vectors V = r, p or £.
Including spin vectors s, this seems no longer true, e.g. [¢;,s;] =0 and [¢;,£-s| = —ih (€ X s);. But
with the ’correct’ rotation operator
j=t+s, (123)

we do get
[ji, S]=0

Ui, V] = ihieijn Vi, } for a single particle (124)

not only for the above examples, but now also for the vectors s and j and including scalars like s? and
£-s.

For a system of many particles the operators r, p and s for different particles commute. It is easy to
see that the operators

N N N
L:Zlen, S:len, J:len:L+s, (125)

satisfy commutation relations [L;, L;] = the;jx Ly, [Si,S;] = ihe€ijn Sk, and [J;, J;] = ihejk Ji, while
only the operator J satisfies

V3] = i e Vi } for an isolated system (126)

for any scalar operator S or vector operator V.

Exercise: Show that the inner product a - b of two vector operators satisfying the commutation relation
in Eq. 126 indeed behaves as a scalar operator, satifying the required scalar commutation relation.
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An important property is that rotational invariance is one of the basic symmetries of our world, which
reflects itself in quantum mechanics as

Rotation invariance of a system of particles requires
7, H] = 0, (127)

where J = L+ 8 = ). (£;+s;). This is the (generalized, cf. Eq. 27) fundamental symmetry of nature
for particles with spin!

Besides the behavior under rotations, also the behavior under parity is considered to classify operators.

Vector operators behave as PV P~! = —V, axial vectors as PAP~' = 4+ A, a scalar operator S
behaves as P S P~! = +8, and a pseudoscalar operator S’ behaves as P’ P~! = —S’. Examples of
specific operators are
vector | axial vector scalar | pseudoscalar
T £ r? s-T
p s p’ s p
J s
L-s

The hamiltonian is a scalar operator. Therefore, if we have parity invariance, combinations as s-r cannot
appear but a tensor operator of the form (s7 - 7)(s2 - 7) is allowed. Note, however, that such an operator
does not commute with £.

4.3 Spin states

As mentioned above, the commutation relations are all that defines spin. As an operator that commutes
with all three spin operators (a socalled Casimir operator) we have s? = s2 + 53 + 82,

[sis85] = iR €iji sk, (128)
[s%,5;] = 0. (129)

Only one of the three spin operators can be used to label states, for which we without loss of generality

can take s,. In addition we can use s2, which commutes with s,. We write states xsyi) = |s,m) satisfying
s%[s,m) = h*s(s + 1)|s,m), (130)
8|8, m) = mh|s, m). (131)

It is of course a bit premature to take i% s(s + 1) as eigenvalue. We need to prove that the eigenvalue
of 82 is positive, but this is straightforward as it is the sum of three squared operators. Since the spin
operators are hermitean each term is not just a square but also the product of the operator and its
hermitean conjugate. In the next step, we recombine the operators s, and s, into

St =85 0y (132)
The commutation relations for these operators are,

[82,Si] =0, (133)
[$z,84] = £hsy, (134)
[$4,8-] =2k s,, (135)
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The first two can be used to show that

s%si|s,m) = s18%|s,m) = h? s(s + 1) s+|s,m),

Sz 84|s,m) = (sts., £hsy)|s,m) = (m=*1)hsy|s, m),
hence the name step-operators (raising and lowering operator) which achieve
stls,m) =cyls,m £ 1).
Furthermore we have s = s+ and s2 = s2 + (s;s_ +s_s;)/2, from which one finds that

|Ci|2 = (s,m|slsi|s,m> = (s,m|s2 — si — [54,5¢]/2|s,m)
2

= (s,m|s* — s> Fhs.|s,m)=s(s+1) —m(m=£1).

It is convention to define

sels,m) = hy/s(s+1)—m(m+1)|s,m+1)

= =hJ/(s—m)(s+m+1)[s,m+1) (136)
s_|s,m) = hy/s(s+1)—m(m—1)|s,m—1)

= m/(s+m)(s—m+1)]s,m—1). (137)

This shows that given a state |s, m), we have a whole series of states

cos,m=1), |s,m), |s,m+1),...

2

But, we can also easily see that since s — s2 = s2 + s2 must be an operator with positive definite

eigenstates that s(s + 1) —m? > 0, i.e. |m| < /s(s+ 1) or strictly |m| < s+ 1. From the second
expressions in Eqs 136 and 137 one sees that this inequality requires m,,q, = s as one necessary state
to achieve a cutoff of the series of states on the upper side, while m,,;, = —s is required as a necessary
state to achieve a cutoff of the series of states on the lower side. Moreover to have both cutoffs the step
operators require that the difference my,qp — Mmin = 2 s must be an integer, i.e. the only allowed values
of spin quantum numbers are

s=0,1/2, 1, 3/2,...,

m=s,s—1,...,—s.

Thus for spin states with a given quantum number s, there exist 2s + 1 states.

4.4 Why is / integer

Purely on the basis of the commutation relations, the allowed values for the quantum numbers s and m
have been derived. Since the angular momentum operators £ = r X p satisfy the same commutation rela-
tions, one has the same restrictions on ¢ and my, the eigenvalues connected with £% and (.. However, we
have only found integer values for the quantum numbers in our earlier treatment. This is the consequence
of restrictions imposed because for £ we know more than just the commutation relations. The operators
have been introduced explicitly working in the space of functions, depending on the angles in R3. One
way of seeing where the constraint is coming from is realizing that we want uni-valued functions. The
eigenfunctions of £, = —ihd/d¢, were found to be

Y (6, 6) oc et ™
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In order to have the same value for ¢ and ¢ + 27 we need exp(27im) = 1, hence m (and thus also ¢) can
only be integer.

For spin, there are only the commutation relations, thus the spin quantum numbers s can also take
half-integer values. Particles with integer spin values are called bosons (e.g. pions, photons), particles
with half-integer spin values are called fermions (e.g. electrons, protons, neutrinos, quarks). For the
angular momenta which are obtained as the sum of other operators, e.g. 3 = £+ s, etc. one can easily see
what is allowed. Because the z-components are additive, one sees that for any orbital angular momentum
the quantum numbers are integer, while for spin and total angular momentum integer and half-integer
are possible.

4.5 Matrix representations of spin operators

In the space of spin states with a given quantum number s, we can write the spin operators as (2s+ 1) x
(2s 4+ 1) matrices. Let us illustrate this first for spin s = 1/2. Define the states

1 0
2=z (o) wmd nacya==c= (1)

Using the definition of the quantum numbers in Eq. 131 one finds that

(12 0 (00 (01
Sz_h[ 0 1/2]’ S+_h[1 0]’ s—_h[o 0]’

For spin 1/2 we then find the familiar spin matrices, s = ho /2,

(o0 1 (0 —i (1 0
=1 0> %=l o) %" lo -1]"

For spin 1 we define the basis states |1, +1), |1,0) and |1, —1) or

>
+=
—a—
I1l
—
OO =
——
=
S~
=
=
I1l
—_—
o = O
N
=<
=
= —
I1l
—
— o O
N

The spin matrices are then easily found,

10 0 0 v2 0 0 0
s:=h| 0 0 0 |,sy.=hlo0 0 V2 |,s_=m]|] V2 0
0 0 -1 0 0 0 0 V2

o O O

from which also s, and s, can be constructed.

Exercise: Convince yourself that you can do this construction, e.g. by doing it for spin 3/2.

4.6 Rotated spin states

Instead of the spin states defined as eigenstates of s,, one might be interested in eigenstates of s-n, e.g.
because one wants to measure it with a Stern-Gerlach apparatus with an inhomogeneous B-field in the

n direction. We choose an appropriate notation like |7, &) or two component spinors ng)s (1), shorthand

X am) =xi () and x"{70) = x_(7)
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Suppose that we want to write them down in terms of the eigenstates of s., given above, x;,_(2) =
X1/1- To do this we work in the matrix representation discussed in the previous section. Taking n
(sinf, 0, cosf), we can easily write down

(138)

.1 .
s-n—aha-n—g sinf —cos6

h { cosf  sin6 ]

We find the following two eigenstates and eigenvalues

X+(n) = [ Z?jgg;g)) ] with eigenvalue 4+ h/2,
x—(n) = [ _csg(lée/g) ] with eigenvalue — h/2.

The probability that given a state x4 with spin along the z-direction, a measurement of the spin along
the 4+n-direction yields the value +1/2 is thus given by

2

J = cos?(0/2).

X4 (7)) X

Instead of explicitly solving the eigenstates, we of course also can use the rotation operators in quantum
mechanics,

U@,n)=exp(ifn-J), (139)

where J is the total angular momentum operator referred to before in chapter one and in the section on
rotation invariance. The total angular momentum operator is the generator of rotations.

A simple example is the rotation of a spin 1/2 spinor. The rotation matrix that brings a spin up state
along the z-axis into a spin up state along a rotated direction with polar angle in the 2 — z plane is? is

U0) = e 99/2 = cos(0/2) I — i sin(0/2) a,.

where I is the 2 x 2 unit matrix.

Exercise: Check that U(0)|1/2,1/2) gives the rotated spin state above, while S - f = U(6) S, U~1(9).

To find the expansion of any rotated spinor in the original spin states one considers in general the
Euler rotations of the form
Ulp,0,—p) = e~i¢ o= 10Ty piw

Its matrix elements are referred to as the D-functions,
(G, |U (.0, =p)|j;m) = D), (9,0, —p) = "2 4 (). (140)

In general the rotated eigenstates are written as

i) (0)
XPm) = | 42, o) |- (141)
d®),,,(0)

2Use the relation exp (if 7o - o/2) = cos(8/2) I +io - n sin(0/2).
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where dy,m (0) are the d-functions. These are in fact just matrix elements of the spin rotation matrix
exp(—i 60 J,) between states quantized along the z-direction. Extended to include azimuthal dependence
it is necessary to use the rotation matrix e*?”7z ¢=?%/v ¢=iX /= and the relevant functions are called
Dy (9,0, x). For integer £ one has

(4)
Dyo(,0,0) = \/%Jrl (0, 0), (142)
(5) (0 9 / 26 - 1 (143)
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5 Combination of angular momenta

5.1 Quantum number analysis
We consider situations in which two sets of angular momentum operators play a role, e.g.

e An electron with spin in an atomic (nf)-orbit (spin s and orbital angular momentum £ combined
into a total angular momentum j = £+ s). Here one combines the R? and the spin-space.

e Two electrons with spin (spin operators s; and s2, combined into S = s; + s2). Here we have the
product of spin-space for particle 1 and particle 2.

e Two electrons in atomic orbits (orbital angular momenta £; and €3 combined into total orbital
angular momentum L = £; + £3). Here we have the direct product spaces R3 @ R3 for particles 1
and 2.

e Combining the total orbital angular momentum of electrons in an atom (L) and the total spin (S)
into the total angular momentum J = L + S.

Let us discuss as the generic example
J=73,+7s. (144)

We have states characterized by the direct product of two states,
lj1,m1) @ |j2,m2), (145)

which we can write down since not only [j7,71.] = [j3,72:] = 0, but also [jim,j2,] = 0. The sum-
operator J obviously is not independent, but since the J-operators again satisfy the well-known angular
momentum commutation relations we can look for states characterized by the commuting operators J>
and J, |...;J, M). Tt is easy to verify that of the four operators characterizing the states in Eq. 145,
[J2,71.] # 0 and [J?, j2.] # 0 (Note that J? contains the operator combination 27, - j2, which contains
operators like j1,, which do not commute with j;,). It is easy to verify that one does have

[72,41] = [J2, 53] = 0,

and thus we can relabel the (251 +1)(2j2+1) states in Eq. 145 into states characterized with the quantum
numbers

|j1,j2;J,M>. (146)

The basic observation in the relabeling is that J, = j1, + j2, and hence M = mj 4+ my. This leads to the
following scheme, in which in the left part the possible m; and me-values are given and the upper right
part the possible sum-values for M including their degeneracy.

M 0 -
= It
Mo e o o o o o o o o o o
") X Iy N
m; —e e o — —e 9o ¢ o o
“lp ) +

— o o &
\jl' jz\
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1. Since |m1| < j1 and |ma| < jo, the maximum value for M is j; + j2. This state is unique.

2. Since J4 = j14 + jot acting on this state is zero, it corresponds to a state with J = j; + jo. Then,
there must exist other states (in total 2J + 1), which can be constructed via J_ = ji_ + jo— (in
the scheme indicated as the first set of states in the right part below the equal sign).

3. In general the state with M = j; + jo — 1 is twofold degenerate. One combination must be the state
obtained with J_ from the state with M = j; 4 j2, the other must be orthogonal to this state and

again represents a ‘'maximum M’-value corresponding to J = j; + jo — 1.

4. This procedure goes on till we have reached M = |j; — jo|, after which the degeneracy is equal to
the min{2j; 4+ 1,2j2 + 1}, and stays constant till the M-value reaches the corresponding negative

value.

Thus

Combining two angular momenta j; and js we find resulting angular momenta J with values

J=j1+j2, it — 1. = el (147)
going down in steps of one.
Note that the total number of states is (as expected)
Ji+j2
> @T+1) = (2 + 1252 +1). (148)
J=lj1—7j2]

Furthermore we have in combining angular momenta:

half-integer with half-integer — integer
integer with half-integer — half-integer
integer with integer — integer

5.2 Clebsch-Gordon coefficients

The actual construction of states just follows the steps outlined above. Let us illustrate it for the case of
combining two spin 1/2 states. We have four states according to labeling in Eq. 145,

[s1,m1) ® |s2, ma) : [1/2,+1/2) @ |1/2,4+1/2) = | 11),

11/2,+1/2) © |1/2, —1/2

1. The highest state has M = 1 and must be the first of the four states above

|51752; S, M>
11/2,1/2;1,41) = [ 11).

2. Using S_ = s1_ + s3— we can construct the other S + 1 states.

S_I1/2,1/2:1,41) = hV2[1/2,1/2:1,0),

(s1i—+s2)[ TT) =h([ T1) + | 11)),

)

) :
1/2,-1/2) @ |1/2,+1/2) = | [1),
11/2,-1/2) @ [1/2,-1/2) = | l]).

. Thus for the labeling

(149)
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and thus

11/2,1/2:1,0) = % <| 1)+ | m). (150)

Continuing with S_ (or in this case using the fact that we have the lowest nondegenerate M-state)
we find

11/2,1/2;1, 1) = | L]). (151)

3. The state with M = 0 is twofold degenerate. One combination is already found in the above
procedure. The other is made up of the same two states appearing on the right hand side in
Eq. 150. Up to a phase, it is found by requiring it to be orthogonal to the state |1/2,1/2;1,0) or
by requiring that S = s14 + sa4 gives zero. The result is

1/2,1/20,0) = = (| . n>). (152)

The convention for the phase is that the higher m-value appears with a positive sign.

It is easy to summarize the results in a table, where one puts the states |ji1,m1) ® |j2,m2) in the
different rows and the states |j1, j2; J, M) in the different columns, i.e.

Jixge | J
M

For the above case we have

1/2x1/2 |1 1 0 1
1 0 0 -1
+1/2 4+1/2 |1
F1/2 —1/2 @ @
-1/2 +1/2 @ _@
~1/2 —1/2 1

Note that the recoupling matrix is block-diagonal because of the constraint M = mj+ms. The coefficients
appearing in the matrix are the socalled Clebsch-Gordan coefficients. We thus have

|j15j2;JaM>: Z C(jlamlanamQ;JaM) |j15m1>®|j25m2>' (153)

mi,ma

Represented as a matrix as done above, it is unitary (because both sets of states are normalized). Since
the Clebsch-Gordan coefficients are choosen real, the inverse is just the transposed matrix, or

lj1,m2) ® |j2,m2) = Z C(j1,ma, ja, ma; J, M) |1, j2; J, M). (154)
T M

In some cases (like combining two spin 1/2 states) one can make use of symmetry arguments. If a
particular state has a well-defined symmetry under permutation of states 1 and 2, then all M-states
belonging to a particular J-value have the same symmetry (because j14+ +j24 does not alter the symmetry.
This could have been used for the 1/2 x 1/2 case, as the highest total M is symmetric, all S = 1 states
are symmetric. This is in this case sufficient to get the state in Eq. 150.
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We will give two other examples. The first is

1x1/2 3/2 3/2 1/2 3/2 1/2 3/2
+3/2 +1/2 +1/2 -1/2 -1/2 -3/2
+1 +1/2 1

1 2

Y1 —1/2 1 \/;
1
3

0 +1/2 2 -

0 —1/2 2 3

-1 +1/2 3 —/3

-1 -1/2 1

for instance needed to obtain the explicit states for an electron with spin in an (2p)-orbit
coupled to a total angular momentum j = 3/2 (indicated as 2p3/o) with m = 1/2 is

o(r,t) = u2(7) ( %Yf(@wp) X1 +\/§Y10(9a90)XT>-

r

The second is

1x1 | 2 2 1 2 1 0 2 1 2
+2 41 41 0 0 0 -1 -1 -2
F1 1| 1
1 1
+1 0 \/; 3
1 1
0 +1 Nt
1 1 1
+1 -1 6 2 3
2 1
0 0 JEoo0 o8
1 1 1
+1 -1 \/g —\/32 3
1 1
0 -1 2 \/;
1 1
-1 0 2 V2
-1 -1 1

This example, useful in the combination of two spin 1 particles or two electrons in p-waves,
illustrates the symmetry of the resulting wave functions.

5.3 The Wigner-Eckart theorem

Specific matrix elements of the form (3|O|a) describe for instance transitions between states o and 3.
For instance the absorption or emission of a photon in a state « produces the state Ola). The probability
that this state is observed as a state |3) is

Proba— = |(80la)?.

For particular operators O we can make statements on the transition being allowed for specific angular
momentum quantum numbers of the states (similar as illustrated for parity).

We first note that for any operator S commuting with the angular momentum operators ([J, S| = 0),
the quantum numbers are not changed, thus

<J/MI|S|J,M>N6JJ/ 6M]\/[/. (155)
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Thus one has AJ = AM = 0.
A second interesting case are vector operators, for which we also know the commutation relations. It
is easy to rewrite these using J+ = J, +iJ, and V4 =V, £¢V,,. One has

[Jma Vi] = :Fh‘/za [Jy) Vﬂ:] = _Zh‘/za [JZ) Vﬂ:] = ith:, (156)
or using J4,
[Jy, Vi =[J-,V_] =0, [Js, V4] = £20V,. (157)
These can just as in the analysis of angular momentum quantum numbers be used to show that
J2VI|J, M) =hrJ(J+1)V|J, M), (158)
L Ve, M) = (M £ 1)hVy|J, M), (159)

Thus we have the selection rules stating that one can have nonzero transition probabilities only under
specific changes of quantum numbers,

for V, : AM =M — M =0,
for Vi : AM =M — M' = +1,
for V_: AM =M — M = —1.

Because of the commutation relations with the J operators one refers to this as the ’spherical basis’
‘/em — ‘/1’ITL7

Ve+1iV,
[ v e R (160)
These are chosen such that
[J., 0] =mhOy and  [Ji, O] = /€€ + 1) — m(m £ 1) O+, (161)

for which one in general can write

(M OF 10, M) = C(¢,ms J, 03 ', a7y SN
V2J' +1

The quantity |J'||Oy||J) is referred to as reduced matrix element. The most well-known applications
of the Wigner-Eckart theorem are its application to the multipole operators describing the interactions
of photons with matter, as well as selection rules in interactions between atomic nuclei and elementary
particles with different spin states. It reduces (2J + 1)(2¢ 4+ 1)(2J’ 4+ 1) matrix elements to one reduced
matrix element and the use of (tabulated) Clebsch-Gordan coefficients.

(162)
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6 Identical particles

6.1 Permutation symmetry

The hamiltonian for Z electrons in an atom,

Z I Ze? Z e?
H(re, o770y py) =S (-2 W2 — N 163
ricerzipepn) =3 (g Vi 4mm)+;4mlm_m (163)

is invariant under permutations of the particle labels, i < j, written symbolically as
H(l...i...j...Z2)=HQ1...j...i...2). (164)
Consider first two identical particles and assume an eigenstate ¢(12),
H(12)6(12) = E6(12),
Because H(12) = H(21) one has also
H(21)¢(12) = E¢(12).
Since the labeling is arbitrary one can rewrite the latter to
H(12)¢(21) = E¢(21).

Thus there are two degenerate solutions ¢(1,2) and ¢(2,1). In particular we can choose symmetric and
antisymmetric combinations

¢¥4 = 9(12) = ¢(21), (165)

which are also eigenstates with the same energy. These are eigenfunctions of the permutation operator
P;;, which interchanges two labels, i.e. Pijop(l...¢...5...) =¢(1...5...i...) with eigenvalues + and -
respectively. This operator commutes with H and the symmetry is not changed in time.

For three particles one has six degenerate solutions, ¢(123), ¢(213), ¢(231), ¢(321), ¢(312) and ¢(132).
There is one totally symmetric combination,

% = $(123) + ¢(213) + 4(231) + ¢(321) + H(312) + ¢(132), (166)
(any permutation operator gives back the wave function), one totally antisymmetric combination
¢ = ¢(123) — ¢(213) + ¢(231) — ¢(321) + ¢(312) — (132), (167)

(any permutation operator gives back minus the wave function) and there are four combinations with
mixed symmetry. Nature is kind and only allows the symmetric or antisymmetric function according to
the socalled

spin-statistics theorem: for a system of identical particles one has either symmetric wave functions
(Bose-Einstein statistics) or antisymmetric wave function (Fermi-Dirac statistics). For identical par-
ticles obeying Bose-Einstein statistics the wave function does not change under interchange of any
two particles. Such particles are called bosons. For particles obeying Fermi-Dirac statistics the wave
function changes sign under a permutation of any two particles. Such particles are called fermions.
This feature is coupled to the spin of the particles (known as the spin-statistics connection): particles
with integer spin are bosons, particles with half-integer spin are fermions.
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For instance electrons which have spin 1/2 (two possible spin states) are fermions. The total wave
function must be antisymmetric. This has profound consequences. It underlies the periodic table of
elements. Consider again for simplicity a two-particle system which neglecting mutual interactions has a
separable hamiltonian of the form

H = Ho(1) + Ho(2).

Suppose the solutions of the single-particle hamiltonian are known,
H0(1)¢a(1) = Ea¢a(1)a HO(1)¢I)(1) = Eb¢b(1)a

etc. Considering the lowest two single-particle states available, there are three symmetric states and one
anti-symmetric state,

ba(1) a(2)
symmetric: ®a(1) P6(2) + ¢u(1) Pa(2)
ou(1) ¢6(2)
antisymmetric: 00 (1) op(2) — dp(1) Pa(2)

In particular bosons can reside in the same state, while any two fermions cannot be in the same state,
known as the Pauli exclusion principle.

A way to obtain the completely antisymmetric wave function is by constructing the antisym-
metric wave function as a Slater determinant, for instance for three particles the antisymmet-
ric wave function constructed from three available states ¢o, ¢p and ¢, is

- 5| ) 48 58
= —F b b b
V3 6.1) 02 6e(3)

6.2 Applications
Bose-Einstein condensates

Bosons can reside in the same state. For instance by cooling down a gas of bosons they can all have
momentum p = 0. The wave function in momentum space would be a delta function, §(p), leading to
a single multi-boson system with macroscopic extension (in theory infinite for a true delta-function) in
which all particles have lost their identity.

Atomic structure

The most well-known application of Fermi-Dirac statistics is the consecutive filling of atomic levels giving
the periodic table of elements. For many-electron atoms a good starting point is trying to approximate
the average effect of the electron-electron repulsion term in Eq. 163 into an effective central potential.
The effective charge felt by an electron is expected to behave like

A
Z eif

- T — 00

r—0 7
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The behavior of Z.g(r) can e.g. be obtained from the electron densities in a self-consistent matter. Thus,
one can approximate the many-electron hamiltonian by

z

K2 Zogp (1) €2

H(Tlv---v7’Z§p1a---7pz)Q‘Z(%V?#O)T,)JF--- (168)
i=1 v

The advantage of this procedure is that part of the repulsion is taken into account retaining a central
interaction and a separable hamiltonian. This will modify the spectrum, lifting the degeneracy between
different ¢-values for given n. In general the higher ¢ values will because of the angular momentum
contribution A2 £(£+1)/2mr? in the effective radial potential will feel a smaller charge and hence become
less bound.

E
The (schematic) spectrum for many-electron
6 (10x) 34 atoms. A possible parametrization of the levels
(2x) 3 _ (61 3p taking into account the screening effect is
(6x) R
—=-2p = ——
(29 o eI
where dy is referred to as quantum defect, and
one expects 0y — 0 for large ¢-values. This will
work particularly well for atoms with one electron
ﬂ 1s outside a closed shell.
=0 =1 =2

In the central field approximation, the hamiltonian is separable for the different electrons and the solution
is an antisymmetrized product of single electron states (Slater determinant), where one needs to keep
in mind the spin degeneracy (2 for each level). Operators compatible with the hamiltonian are £; (and
similarly spin operators), just as is the parity operator. Hence one has many good quantum numbers. At
this level of approximation one can label the states by giving the various (nf) levels and their multiplicities,
e.g. for the ground state of helium (1s)?2, for Carbon (15)%(2s)?(2p)?, etc. Combining the angular momenta
and spins into specific multiplets will be discussed as an application of spin but is not yet relevant, since
all states are at this stage degenerate. This remains true if one refines the picture by using an effective
central charge Z.g(r). The only effect of the latter is the splitting of different ¢-values corresponding to
the same principal quantum number n.

The structure of the periodic table is summarized in the table given below with the levels given in
order of increasing energy. In this table the noble gases correspond to situations in which there are large
energy gaps between the filled shell and the next available one. Characteristics of these noble gases are
a high ionization energy and a small affinity to other elements, e.g. Eionization = 24.6 eV (He), 21.6 eV
(Ne) and 15.8 €V (Ar). The level scheme in the table can also be used to establish the excited states.
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n summed #

1 | 2 | 3 | 4 | 5 | 6 | 7 of levels remarks

[ () ] | | | | | [2(He) |

(25)? 4
(2p)° 10 (Ne)

(3s)° 12
(3p)° 18 (Ar)

(45)2 20
(3d)*0 30 Fe-group
(4p)° 36 (K1)

5s) 33
(4d)10 48 Pd-group
(5p)° 54 (Xe)

65) 56
(4f)14 70 Lanthanides
(5d)*0 80 Pt-group

(6p)° 86 (Rn)

(7s)% || 88
(5f)14 102 Actinides
(6d)10 112 Pt-group
(7p)® || 118 (?)
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7 Spin in Atomic Physics

7.1 The Helium atom

As a first-order description of the helium atom, one can consider the independent-electron approxima-
tion, starting with a hamiltonian in which the electron-electron interaction is neglected, as well as any
interactions involving the spin of the electrons. In that case one has a separable hamiltonian and for
each of the electrons the solutions are given by hydrogen-like states (Z = 2), characterized by (nf). Let
us investigate the possible ground-state configurations, (1s)? and the first excited levels (1s)(2p) and

(1s)(2s).

e The ground state configurations (1s)2.
Knowing the two angular momenta involved is sufficient to know the parity of these states, II =
(=) (=)* = 4. The angular momentum recoupling works in the following way.

Combining ¢; = 0 and ¢5 = 0, the only possibility is L = 0. The orbital wave function then is
symmetric under the interchange of the two electrons 1 and 2.

Combining the spins s; = 1/2 and so = 1/2 gives two possibilities, S =0 or S = 1. The first
possibility is antisymmetric under the interchange of the electrons, the second is symmetric.

The total wave function (product of orbital and spin parts) must be antisymmetric for fermions
according to the Pauli principle, hence L = 0 can only be combined with S = 0. This leaves

only one possibility for the total angular momentum, J = 0. The notation for the only allowed
ground state configuration is

(m fl)(ng 62) 2S-i_ILJH = (18)2 1SQ+.

e The configurations (1s)(2p) with parity II = —.

We have L = 1, but appearing twice. We can construct the symmetric and antisymmetric
combinations,
s/a 1 Juis(r) Uap(T2) u15(r2)

u2p(r1)
O, = 5 | Ty Yo () = Y (@) £ Y () U Y ()

for the spatial part.

The combination of the spins gives again an antisymmetric S = 0 and a symmetric S = 1
wave function.

The allowed configurations are thus obtained by the appropriate antisymmetric combinations
of orbital and spin parts,

[(1s)2p))* *'Pi- and  [(1s5)(2p)]" *Po- 1 o

e The configurations (1s)(2s) with parity II = +.

We have L = 0, but now also appearing twice in a symmetric and antisymmetric combination.
As above, antisymmetric S = 0 and symmetric S = 1.

This gives the allowed configurations

[(15)(25)]* 1Sp+ and [(15)(28)]* 3S;+.
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Summarizing in tabular form

Configurations in Helium

configuration E© /Roo | L | S | Parity | Symmetry | J-configurations | # states
(15)? -8 00 + A 1So+ 1

1 + S not allowed 3
(1s)(2p) & (2p)(1s) -5 110 - S/A p - 3

1 — S/A 3P0—,1—,2— 9
(1s)(2s) & (2s)(1s) -5 010 + S/A 1So+ 1

1 + S/A 38+ 3

Important to note is that although additional terms may be present in the full hamiltonian, the solutions
found in this way do form a complete set of states for the atom. Other interaction terms give rise to
shifts in the zeroth order energies and they may mix the states. To calculate such shifts we need to use
perturbation theory.

7.2 Atomic multiplets

In a more realistic atom the ee-interaction term (or what remains after taken into account an effective
charge) must also be considered. It breaks rotational invariance in the hamiltonian for the electron
coordinate 7;, thus £; is no longer compatible with the hamiltonian. We note that L is still compatible
with the hamiltonian. Since there is no spin-dependence, spin operators s; and also .S are compatible
with the hamiltonian and corresponding quantum numbers still can be used.

To illustrate how one easily finds the allowed L and S values given an electron configuration, we
consider the ground state configuration of Carbon, (1s)?(2s)?(2p)%. The allowed states in a shell can be
represented as a number of boxes, e.g. an s-shell as two boxes, a p-shell as six boxes,

mol mi | 0 | molome | 1] 0 | 41]
+1/2 +1/2
—1/2 —1/2

etc. Putting N electrons in these boxes with at most one electron per box (Pauli principle) one has
6!/N1(6 — N)! possibilities, e.g. for a filled only one possibility. Obviously then all magnetic quantum
numbers combine to zero, M; = Mg = 0 and one also has for the total L and S quantum numbers
L = S = 0. Hence filled shells can be disregarded for finding total (L, S) values.

As a consequence the specta of atoms with one electron outside a closed shell (Li, Na, K, Rb, Cs,
Fr) resemble the spectrum of hydrogen, e.g. the configurations for sodium (Na) are (nf) with n > 3.
The groundstate for Na is (35)25] s, the first excited states are the (3p)®Py /o and (3p)?Ps) levels. The
electric dipole transition 2P —?2 S is the well-known yellow Na-line in the visible spectrum, which by
the fine-structure (see below) is split into two lines corresponding to the transitions 2P /2 —2 8, /2 and
2P1/2 —2 S1/2. For atoms with two electrons outside a closed shell (Be, Mg, Ca, Sr, Ba, Ra) the multiplet
structure resembles that of helium.

For a particular number of electrons it is easy to look at the number of possibilities to construct
particular My, and Mg values. This is denoted in a Slater diagram

Myl My | 2] 1] 0 [+1] 2]

+1 0 1 1 1 0
0 1 2 3 2 1
-1 0 1 1 1 0

It is easy to disentangle this into
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0j[0|0|0]O0 0Oj1|11(1]0 0(0|0|0]O0

111111 n 0Oj1|1(1]0 n 0101100

0j(0|0|0]O0 Oj1|11(1]0 0(0|0|0]O0
(L,S)=(2,0) (L,S) =(1,1) (L,S) =(0,0)

Thus for the Carbon one finds in the groundstate configurations the multiplets
'D p 1S

Also for configurations involving more shells that are not completely filled, it is straightforward to find
the states in an Mg — My diagram. At this point we have completed the quantum number analysis of
the spectrum. In order to find the energies one needs to use perturbation theory as well as variational
methods to be discussed next. The results of these methods have shown that for the ordering in the
spectrum a number of phenomenological rules can be formulated, the Hund rules. In particular for the
groundstate configuration one has that the terms with highest S-values (highest multiplicity) and then
highest L-values have the lowest energy, i.e. in the example for Carbon

E(PP) < E(*D) < E(*9).

7.3 Selection rules

For emission and absorption of light (photons) the relevant operator is the electric dipole operator, which
in essence is the position operator. The calculation of transition probabilities are given by the matrix
elements between the appropriate states. Since the dipole operator does not involve spin operators, the
spin wave function doesn’t change in a dipole transition, giving rise to a spin selection rule: ms1 = mgao,
ie.

As = Am, = 0. (169)

In fact the photon polarization determines which of the components of the position operator is the relevant
operator. The photon polarizations for linearly polarized light (directed in z-direction) are

linear: e, =2 and ¢, =7,

or

circular : e, = —(&+i¢)/V2 and e_ = (& —1i7)/V2

For polarized light we thus precisely get the (spherical) representation of the position vector in terms of

the two spherical harmonics with ¢ =1,
47
T €m, = \/?rYlmV.
We now just can do the explicit calculation

<1|’I' . €|2> = \/g/dgr 1/}:11417711 (’I’) rYlmW (9a 50) T/anbmz (T‘),

which factorizes into

47T my % m m
(1|7 - €]2) = ,/? /dr T Up, ey (T) unng(r)/dQ Y™ (0,0) Y7 (0, 0) Y20, ).
From the ¢-dependence of the spherical harmonics one sees that the matrix element is proportional to

/d(p TP gl M iy 21 6(ma + m~y —my),
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giving rise to the selection rule
Ame = il, (170)

each of these corresponding to a specific photon polarization. The integral for the ¢-dependent part is
simple, but more general one can use the properties of the Y;”-functions to see what happens with the
full angular integration. One only gets a nonzero result if the addition of angular momenta |¢2, m2) and
|1,m.) can yield the final state |¢1,m1) via the well-known angular momentum addition rules. The result
is simply proportional to the Clebsch-Gordan coefficient in this recoupling,

4
(1]r - €]2) =4/ 3 /dr T Upy o, (T) Ungr, (1) C(1, My, bo, ma; €1, m1).

which is an explicit example of the Wigner-Eckart theorem. This leads besides the m-selection rule to
|Al] < 1 Knowing the parity of the spherical harmonics one immediately gets a parity selection rule,
namely II; 1Ty = —1 or with IT = (—)*, one is left with

Al = +1. (171)

Rotational invariance further requires that the sum of the total angular momentum in initial and final
state is conserved. This becomes relevant if the orbital angular momentum and spin of electrons and/or
atomic nuclei are coupled to a specific total angular momentum. In many cases the orbital angular
momentum then is no longer a good quantum number. Still, even when ¢ and s are coupled to j, or for
many particles L and S are coupled to .J, the transition operator involves a simple Y,"”, implying

AJ =0, +1 (172)

(with J =0 — J = 0 forbidden!).

The interactions (absorption or emission) of photons in atoms can also proceed via different operators.
The one treated here is known as electric dipole radiation (E1). In order of strength one has also the
magnetic dipole radiation (M1), electric quadrupole radiation (E2), etc. For instance electric quadrupole
radiation is governed by operators of the type x; z;, i.e. in a spherical representation the ¢ = 2 spherical
harmonics. This leads to transition selection rules in which parity is not changed and since the operators
are proportional to 72 Y,"" one has Al = 2.
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8 Bound state perturbation theory

8.1 Basic treatment

Perturbation theory is used to obtain in a systematic way a solution for a hamiltonian H = Hy + AV
in the form of an expansion in the (small) parameter A, assuming the solutions of Hy are known, (Hy —

ET(IO)) |¢r) = 0. One inserts expansions for the energy and the solution of the form

E,=E® + XED + X2ED 1 (173)
[¥n) = l6n) + Al950), (174)

into the Schrodinger equation (H — Ey)|1,) = 0,
(Ho + AV) (I¢n) + M) +...) = (B + XED +..) (|n) + MolD) +...). (175)

After ordering the terms according to the power of A, one finds at zeroth order the unperturbed Schrédinger
equation for |¢,) and at first order

AVIn) + A Holto(V) = AEV|¢n) + AEP (V). (176)
Realizing that the unperturbed solutions form a complete set we take the scalar product with (¢, | and
with (¢, | for m # n, yielding

AEDN = (¢n AV gn), (177)

MEY = ED) (¢l $)) = (@m|AVIgn)  (for m # n). (178)

To obtain the first equation we have assumed that 1/17(11)> can be choosen orthogonal to |¢,) (thus
(nl) 7(11)> = 0). This can be done without loss of generality. It may be necessary to renormalize
the final result, because we have more or less arbitrary set the coefficient of |¢,) equalt to one. The first
equation gives the first order shift in the energy AE =F — E, = )\E}(ll), the second gives the correction
in the wave function. Summarizing,

E'r(zl) = <¢n|v|¢n = Vnna (179)
(1) (pm|V]gn) 180
[ ;nwsm Ny Ol n;m 771 o (180)

The latter result can be written down only for the case that the unperturbed state |¢,,) is nondegenerate.
The second order results involve the A\? terms of Eq. 175, giving

Holg®) + Vo) = EPWE) + ELP ) + P |on). (181)
Taking the scalar product with (¢,| gives the result
Vnm an
EP = (gulVIvi) = Y —" " (182)

EY - EY

m#n
Perturbation theory is very useful if the first-order shift in the energies is small, to be more precise if

{dm|AV|dn)| < |E7(10) — E}(,g)| for all m # n. In principle the expressions have been written down for
discrete spectra, but for bound states we can generalize

o=+ / dE p(E (183)

where the integral covers the continuum spectrum in which p(E) dFE is the number of states in an energy
interval dE around F.
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8.2 Perturbation theory for degenerate states

In many applications we will encounter the situation that the energy levels in the unperturbed hamiltonian
will be degenrate, in which case the step from Eq. 178 to 180 cannot be made. Eq. 178, however, also
tells us how to proceed. Make sure that the states |pn1), ..., |¢ns) which are degenerate with respect to
Hj are choosen to be eigenstates of the perturbation A V. In that case we can choose the wave function
corrections orthogonal to all |¢,,) and we have (¢n;|AV|¢n,;) = 0. The result is that we get instead of

Eq. 180 the result
(1) _ (Pm|V]gn)
B #B nooom

In practice we often look for a suitable set of states for which both the unperturbed hamiltonian and the
perturbation potential are diagonal by looking for a relevant set of compatible operators. In worst case
one can ressort to a brute force diagonalisation of the perturbation potential.

8.3 Applications
Fine structure in hydrogen: the mass correction

In the hydrogen atom there are a number of additional terms in the hamiltonian that can be attributed

to relativistic corrections,
H = Hy + Hpyass + HFoldy + Hyo (185)

The first term is a correction coming from the difference of the relativistic and nonrelativistic kinetic

energies,
2 4

— 2.2 2.4 _ 2P P
Hooss = VP22 + m2ct — me o T gmaa (186)
Including this correction, the operators £% and £, still remain compatible with the hamiltonian, but
the radial dependence now will be modified. However in first order perturbation theory one obtains an
accurate estimate of the energy shifts by calculating the expectation value of the correction. We here
just state the result (treated in many quantum mechanics books),

4
p 9 Roo 1 3
AF hass = | == =" — | — - — ). 1
ass(l) = (nfm .. .| 3 362|n€m ) a3 (E % 4n) (187)

Fine structure in hydrogen: the spin-orbit interaction

Another interaction term arises because of the interaction of the spin with the induced magnetic field by
the orbital motion. It can be up to a factor 2 be derived with classical arguments, but a proper derivation
requires the use of the relativistic Dirac equation for the electron. The result for a particle in a central

potential is
1 1dV,

2m2c2 r dr
When applying perturbation theory for this term one must be careful. One cannot simply calculate the
expectation value between hydrogen states [nfsmems). Since the level is 2(2¢ + 1)-fold degenerate the
perturbation mixes these degenerate states. Application of perturbation theory requires a reordering of
these states, such that they are compatible with the perturbation. Instead of the brute force way of
diagonalizing the matrix (nsmjm/|Hgs|nlsmems), there is a smarter way. By rewriting

He = 0-s. (188)

E-s:§[j2—£2—52},
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one sees that the operators €2, s2, j2 and j. (which from the theory of addition of angular momenta
are known to be compatible with each other) are also compatible with the hamiltonian. This is not true
for the set €2, s2, ¢, and s,. Hence if we use states [n€sjm), the correction term has no off-diagonal
elements, hence does (for given ¢ and s not mix the unperturbed degenerate states and the splitting for
the correct combinations of states is directly found as
AFEs(nlsjm) = ﬁ(nﬁsjmé % £ - s|nlsjm)
e? h? 1
B e2h? j(i+1)—L(l+1)—s(s+1) (189)
~ 32meg m2c? adndl(l+1)(0+ 1)

We thus must couple £ and s to j-eigenstates. For one electron with a given £ # 0 there are two possibilities
for 7, namely j = ¢+ % giving for £ # 0

R 1 1
AE. . (nfi)=a2 2 — -~ _ 190
o0 =5 (71 757) o
and for the combined result
R 1 3
9o Lo
R (r=t-) e

In the Hydrogen atom one also has the Foldy term, which is a relativistic correction proportional to
§3(r) and thus only affects s-waves. It makes the above equation valid also for s-waves. Schematically
(not on scale) one has the following fine structure in the hydrogen spectrum

%P3y
Ey =-3.4eV gp T PPy
S 231/2\\ — )
P Sv2
P12 e ? 4x10° eV
57x10° eV P72
Lamb-shift
2s
Ep =-13.6eV 1s Lz 59x10° e\
“2s F=1}
spin-orbit F=o0 4
H0 spin—orbit mass
Foldy hyperfine structure

The various terms cause shifts in the order of 10~% eV, giving within a orbit characterized by the principal
quantum number n states with well-defined j-values. We denote such a level with a term symbol, for
hydrogen

(nﬁ) (2S+1)LJ

where (nf) indicates the spatial part of the electron wave function, 25+1 is the total spin multiplicity and
L is the total orbital angular momentum of the electrons (using notation S, P, D, ... for L =0,1,2,...).
In this specific case of hydrogen with just one electron S = 1/2 and the multiplicity is always 2 while
L = (. The splitting of the 25 /5 and 2P, /5 is about 4 x 107% eV produces a splitting of the Lyman «
line. Also transitions between both levels are possible via an E1 transition with frequency of about 1
GHz.
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Fine structure in hydrogen: the hyperfine splitting

The hyperfine structure in hydrogen is due to the interaction of the magnetic moments of electron and
nucleus. Also the proton has a magnetic moment, which induces a magnetic dipole field felt by the
electron and vice versa. It produces an interaction term, which for s-waves is of the form

1

1
v?2
ss — : — 192
67eq 2 Be ™ By r (192)

We know that p, = ge (e/me) S and p,, = g, (e/M,) I (where we use the in atomic physics conventional
notation I for the nuclear spin). The splitting thus is proportional to

ABo o 909, (8 1) = 5 90 9o B [F(+F1) = S(5 +1) ~ 1(7 +1)]. (193)
The proper eigenstates are labeled by eigenstates for the angular momentum operators F2 and F,, where
F = S + 1. For normal hydrogen in the ground state (I = 1/2), it produces two states with F' = 0
(para-) and F = 1 (ortho-hydrogen). The splitting is much smaller than the fine structure. For the
(1s) 25 /2 level in hydrogen the splitting is 5.9 x 107¢ eV (see figure in previous section), corresponding
to a transition frequency v,y = 1.42 GHz or a wavelength of 21 cm. Although the radiative transition
is heavily suppressed (it is certainly not an electric dipole transition!) it plays a very important role in
radio astronomy. It traces the abundant occurence of hydrogen in the universe not in the least since the
21 cm wavelength is not strongly attenuated by interstellar dust.

The fine structure of atoms

When combining angular momenta, we discussed the multiplets forming the fine structure in atoms. For
not too heavy atoms, the splitting of energies within the multiplets turn out to be described well by a

spin-orbit interaction of the form
Hso - A(L, S) L . ;S’7 (194)

with a strenght A depending on the multiplet, coming among others from the radial dependence of
the basic interaction. The spin-orbit interaction splits states with different J-values, leading to 25+1L
multiplets and a magnitude for the splitting being given by
1
AE(LSTM) = 5 AR?[J(J+1) = L(L+1) - S(S +1)]. (195)

An example of the splitting of the three terms for an (np)? configuration is given below.

25+ J J (i.0)
Is o 0
; 2 7 \
,’, 1D 2 \\
2/ Y 2
n P (N
= . 2 @puy AP
2 1
N 3P ///— _— //’
o N 1 /,’
0 0 (U212
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Note that the average (beware of degeneracy) of a multiplet gives the energy of the multiplet without the
spin-orbit interaction. The pattern of levels can in principle be obtained from atomic spectra. The use of
magnetic fields is helpful to determine the degeneracy of the levels. But already the spin-orbit splittings
contains interesting patterns, such as

E(QS+1L.]) o E(QS+1LJ,1) J

= = 1
" ECSTL, 1) —E(StL, 5) J-1 (196)

e.g. for the ratio (E(®P2) — E(Py))/(E(2P1) — E(3P)) one expects r = 2 if LS-coupling describes the
fine structure. For Carbon the actual ratio is 1.65, for Silicium (Si) it is 1.89, but for a heavy atom as
lead (Pb) the result is just 0.36, indicating a different type of fine structure. A different scheme is the
jj-scheme in which first the orbital angular momenta and spins of the electrons are coupled, which in
turn are combined into J-values, illustrated in the figure for the (np)? configuration. Note that coupling
two identical j-values of the electrons, one needs to account for the symmetry of the wave function. The
wave function for the maximal J = 2j is symmetric, for the next lower J it is antisymmetric, then
again symmetric, etc. This explains the J-values in the jj-coupling scheme. In the final result the same
J-values must appear, but note that the actual wave functions are different.
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9 Magnetic effects in atoms and the electron spin

9.1 The Zeeman effect

Interaction of orbital angular momentum with magnetic field

In a magnetic field an additional interaction is added to the hamiltonian,

n?_, Ze?
H=——V" - " +Viae, 197
2m dmeg r + & (197)
Hy
where Vinag = —p - B. Neglecting spin, the magnetic moment of a particle in orbit is given by
- .y (198)
Ky = —ge om

with g, = 1. What are the eigenfunctions and eigenvalues (energies) of this new hamiltonian. For this
it is useful to find as many as possible commuting operators. Commuting operators are H, £2, £, (and,
although overcomplete, the parity operator). However, the term

e
Vmag = % £- Ba

implies that one only can have ¢, as an operator compatible with H if the z-axis is chosen along B, i.e.

B = Bz. In that case it is easy to convince oneself that the eigenfunctions are still the hydrogen wave

functions, while the energies are shifted over an amount

eB
AEnim, = <n€mg|% £ |ntmyg) = my upB, (199)
where 5 ) 5
e 2o -5
pE =5 =g 58 x 107° eV/T (200)

is the Bohr magneton.

Interaction of electron spin with magnetic field

For a proper description of an electron, one needs to specify in addition to (7, ) a spin wave function.
For electrons with spin 1/2 one can resort to a description with two-component wave functions, where the
spin operators are given by matrices, s = % h o where o are the three Pauli matrices. Just as the orbital
angular momentum, the spin gives in a magnetic field rise to an interaction term in the hamiltonian.

Vinag = — My - B, (201)

with
e eh
M Z—gs%sz—gsaa.

The g-factor for the spin of the electron is gs ~ 2. Actually the deviation from 2 is due to subtle but
calculable effects in quantum electrodynamics, g. — 2 = a/7 + ... &~ 0.00232. If the interaction of the
spin with the magnetic field is the only interaction (e.g. for s-waves), the result of the interaction term is
a simple shift in the energies for the states, that now include also spin quantum numbers.

(202)
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The Zeeman effect in many-electron atoms

In general a 2°*1[ level in a magnetic field is split by an interaction term

Vinag = —p - B, (203)
where p = —pp(g9r, L + gs S), resulting in a number of levels with the splitting given by
AB(LSMpMg) = —pupB(My, + 2 Ms). (204)

In normal magnetic fields (say smaller or of the order of 1 T), the splittings are only fractions of an eV
and there are other effects causing different splitting patterns, such as the L - S spin-orbit interaction.
But for very large magnetic fields one does see the above normal Zeeman splitting pattern.

M, 2Mg
o~ 1 1
- 0 1
2P ——é/}:——— j-l 31
0 -1
h -1 -1
Zeeman splitting of levels in a magnetic
field (no spin-orbit). Also indicated are
the transitions, separated into AMy, =
0 (m-transitions) and AMy = +1 (o-
2 - 0 1 transitions).
ST B 0 1
2 R N
no |

Finally we note that the magnetic effects discussed here are those in an external magnetic field. This
defines a preferential direction in space and leads to dependence on eigenvalues of the (z-)component of
the angular momentum operators. This is also found back in the names magnetic quantum numbers for
mye, Mg, etc.

9.2 Spin-orbit interaction and magnetic fields

Inclusion of the spin-orbit interaction is important to describe the fine structure of the multiplets in
atomic spectra. This fine structure in general turns out to be considerably larger than the magnetically
induced splittings. In that case one cannot simply use the results for the normal Zeeman effect when
spin plays a role. So consider the situation that one has an interaction term in the atom of the form

Hyw=AL-S—p- B, (205)

with p = pp(9rL + gsS)/h = up (L + 25)/h. We have already seen what happens in the situations
A=0and B=|B|=0. One has

A=0: eigenstates |(...)LSMpMg),
AE(LSMMg) = upB(Mp, + 2Msg),

B=0: eigenstates |(...)LSJM),
1
AE(LSJM) = 3 AR?[J(J+1) = L(L+1) — S(S +1)].
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The splitting pattern for A = 0 has already been given, for B = 0 it splits the 2°*1L multiplet into the
different 25+1 L ; multiplets, for the 2P —2 S transition indicated as the first splitting in the figure below.

J M
3/2 +3/2
2p ————— 32 +1/2
2p 3/2 oo 32 12 The spin-orbit splitting lead-
3/2 +3/2 ing to the 25*1L; multiplets
2 e— 1/2 +1)2 2 2
|:)1/2 = 15 ijs for the P apd S .1e\{els .and
the consecutive splitting in a
magnetic field for the case of
a small magnetic field.
) ) o 12412
S o SIS - 172 -1/2

When one switches on the magnetic field, one deals with an interaction term for which neither | LSM Mg},
nor |LSJM) are proper states (check compatibility of the relevant operators!). If the magnetic field is
small the states will be in first order given by |LSJM) and one can calculate the energy shift via

AEmag = ppB (... )LSIM|L, + 28.|(...)LSJM) = ppB((..)LSJM|J, + S,|(...)LSJM). (206)

The part with which we need to be careful is the expectation value of S, Evaluating it between states
with different M-values belonging to the same J gives zero, because if two M values involve the same
Mg, the Mp’s must be different (remember that in the coupling M = Mj, + Mg). Thus we just need

JJ+1)+S(S+1)— L(L+1)

LSJM|S.|LSIM) = M
(LSTM|S:|LSTM) 2J(J +1)

(207)

which follows from a subtle relation involving S and J operators®, J2S, +5.J% = 2.J, (J - S) leading to

JJ+1)+S(S+1)— L(L+1)
2J(J +1)

gJ

APmag = |1+

M ppB, (208)

where g is called the Landé factor. This splitting is also indicated in the figure. Note that the procedure
only works for small B-values. For large B-values (Paschen-Back limit) the assumption of states being
approximately given by |LSJM) is not valid and one gets the previously discussed normal Zeeman
splitting.

SFrom [J;, A;] = ihe;jp Ag, one obtains the relations [J%, A;] = —ihe(Jp A + ApJy), which yields [J2,[J?, A;]] =
2h2(J2A; + A;J%) — 4R (A- J)J;. For the proof one also needs to realize that between J? eigenstates the expectation value
(JM|[J?,0]|JM) = 0 for any operator.
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10 Variational approach

10.1 Basic treatment

The variational method is used to obtain an estimate for the ground state energy and the ground state
wave function for a given hamiltonian. This is done by taking a trial wave function |14, a,,..]) depending
on a number of parameters a; and calculating the expectation value for the (given) hamiltonian,

<1/J[O¢1,O¢2,...] |H|1/J[O¢1,062,...]>
<w[a1,a2,...] |7/)[a1,a2,...]>

It is a simple exercise to show that if the true solutions and energies of H are given by (H — E,,) |¢5) = 0,
that

(209)

E[Otl,OLQ,...] =

Elay,0s,..] 2 Eo, (210)

with the equal sign being true if |¢[a1 1a2w]) = ¢y. By minimizing the expectation value of the hamiltonian
by varying the parameters,
aE[al,QQ,...]
8041'

one hopes to get close to the true ground state. The succes of the method not only depends on the
number of parameters used and the calculational power of computers, but also on smart choices for the
trial wave function such as choosing the correct symmetry, the correct number of nodes and the correct
asymptotic (large and small ) behavior of the wave function.

If one wants to apply variational methods to find other (higher-lying) states, one must ensure that the
trial function is chosen to be orthogonal to any lower state. This may be achieved by looking for states
with a particular symmetry, which of course (why?) only works if the Hamiltonian one is working with,
has this symmetry. In this way one can look for the lowest p-wave in radially symmetric Hamiltonian by
using an ansatz of the form ¢ o< z f(r). One might also constrain oneself to wave functions which always
have a node, keeping in mind the node theorem for bound states.

=0, (211)

10.2 Application: ground state of Helium atom
As a trial function for the He ground a good ansatz could be a simple product of wave functions,

a3

r1,Tr2) = —=
’l/)T( 1, 2) ﬂ_age

—ary/ag

ear2/ao, (212)

By allowing the coefficient o in the exponent to vary, we try to incorporate the screening. We can use
the variational approach to see how well we can do. With the results from the sections on the hydrogen
atom and those of the previous section we find

h2 5 5 h?
(Yr| — o (Vi+V3) [Ur) = a7 a? =20’ Ry, (213)
—7Ze2 /1 1 27¢2
— 4+ = =— = —4ZaRa, 214
rl e (£ 4% ) o) = — o= ~42a (214)
(Wrl——jur) = R (215)
— = —aRe,
T 47‘(‘60 T12 T 4

and thus .
Ejq =2 {aQ — (22 — —) a} R, (216)
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which is minimized for

5
=Zg =2 — — 21
o eff 16 ( 7)
with
50\ 2
Elamin] = =2 (Z — —) R (218)
16
For He this gives Fgg = —5.7 Ro, wich is within a few percent of the experimental value of —5.81 R =

79.0 eV and much better than the perturbative value discussed in section 8.3 (which of course is just the
result obtained for av = 2). As expected the value Zeg = 27/16 is less than 2.

10.3 Application: ionization energies and electron affinities

Some results that we have encountered in previous sections are

HY +e” =H+ 13.6 eV,
Het 4+ e~ =He" + 54.4 eV,

Adding another electron in the latter case yields
He™ + e~ = He+ 24.6 eV, (219)

showing that adding electrons one gains less energy if there are already other electrons. The energy one
gains in adding the last electron is the ionization energy. In many cases one can still add additional
electrons and gain some energy, which is called the electron affinity E.g. for Chlorine

Cl" +e” =Cl+ 13.0 eV,
Cl+e” =Cl" + 3.6¢€V.

The binding energy of Chlorine is 13.0 eV, the electron affinity is 3.6 eV. Electron affinities play a role
in molecular binding.
An interesting example is actually the hydrogen atom, which also has a positive electron affinity,

H+e =H + 0.76 V.

The H atom, however, also illustrates that adding a second electron completely changes the structure of
the wave functions. Adding one electron to HT or He™™ one has simple hydrogen-like wave functions.
But adding the second electron one has to account for the presence of the other electron as illustrated
for He using the variational approach. In that case a product wave function still worked fine. If one tries
for a second electron in H™ such a product wave function one does not find a positive electron affinity.
In order to find a positive electron affinity for the H-atom (for which an equivalent statement is that the
H~-ion has a binding energy of 0.056 R, = 0.76 €V) one can use e.g. a trial function of the form

wT =-C |:e—(oz17"1+0427"2)/a0 + e—(a1T2+Ot2T1)/U«0 . (220)
The form is suggestive for two different orbits with fall-off parameters «; and asg, but as electrons are

indistinguishable one must (anti)-symmetrize (depending on spin) the two terms. With a plus sign one
has wave functions without nodes giving the lowest energy.
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11 Time-dependent perturbation theory

11.1 Explicit time-dependence

Repeating the case of a hamiltonian without explicit time-dependence, i.e. Hy = Ho(r,p,...). One
employs the time-independent solutions of the eigenvalue equation H(r,p,...)¢n, = E, ¢,. Using the
completeness of the states ¢,, one can write

D(t) =Y cnlt)én, (221)

insert this in the Schrédinger equation,

oy
ih—> = Hy(1) (222)

leading to ]
ilién(t) = Epcn(t) = cp(t) = cpe  Ent/h, (223)

with constant coefficients ¢,, = ¢, (0). There are two possibilities:

1. One starts (e.g. after a measurement) with ¢(0) = ¢;, where ¢; is one of the eigenstates of Hy with

eigenvalue/energy E;. In that case '
Y(t) = gie N, (224)

known as a stationary state. All expectation values of operators (that do not explicitly depend on
time) are time-independent.

2. One starts in a mixed state, say ¥(0) = ¢1 ¢1 + c2 ¢2. In that case one has
W(t) = c1 gy e PP ey g e RN, (225)
which leads to oscillations in expectation values with frequency wis = (E1 — E2)/h.

In the situation that the hamiltonian of a system contains explicit time dependence, i.e. H = H(r,p,...,t)
one no longer has simple stationary state solutions of the form ¢, e *#»t/" We consider the case that
the time-dependence is contained in a part of the Hamiltonian.

H = Hy+ V(1) (226)

The part Hy does not have explicit t-dependence, while the second part has a (possible) time-dependence.
Assume the problem Hj to be known with eigenstates ¢, and eigen-energies E,. When doing time-
independent perturbation theory (i.e. the case that V' is time-independent) one tries to express the true
eigenfunctions of H in the complete set ¢,. In the present treatment one makes the observation that if
the system at some time is in a state ¢;, it will at a later time have a nonzero probability to be in another
state. The calculation of the rate of change is what is done in time-dependent perturbation theory. This
can actually be used for both time-independent and time-dependent perturbations.
Starting with the known (time-independent) part Hy, we use completeness of the states ¢, to write

G(t) = cn(t) pn e Fnth, (227)

Note that one could have absorbed the exponential time-dependence in ¢, (t), but not doing so is more
appropriate because the time-dependence of ¢, is then solely a consequence of V.
By substituting the expression for 1 (t) in the Schrodinger equation,

B Dap(t) = (Ho + V(1)) p(0) (229)
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one simply finds
ihep(t) =Y Vpn(t) cn(t) e, (229)

n

where V., = (¢p|V (t)|¢rn) is the expectation value of the potential V' between the (time-independent)
eigenstates of Hy, and wp, = (E, — E,)/h. As expected if V' = 0, the righthand-side is zero and the
coefficients are time-independent.

In the next section we solve the above equations for a simple two-state system. Often, however, one
will encounter a perturbative approach treated after that example.

11.2 Example: two-level system

Consider a two-state system, with ¢, and ¢ being solutions of the unperturbed Hamiltonian with eigen-
values E, and Ey, Hy ¢, = E, ¢, and Hy ¢, = Ep ¢p. Using a matrix notation and the basis

%[é] and qbb[(l)] (230)

the Hamiltonian Hy and the perturbation V are taken to be

e (5 8 ) v (50 50) - (10 50)

We have restrict ourselves to the simpler situation that there is only a time-dependent off-diagonal
element. Most applications can be cast in this form anyway. The solution can be written as

w0 =l (5 Jemmaa (] om0 e

and the coefficients ¢, (t) and ¢,(t) obey a simple coupled set of equations of the form

n(56) = (o ™05 ) (56)

_ 0 v ()
ol ) (5)
representing simple coupled equations,
i ¢a(t) = v(t) (), (234)
icp(t) = 0™ (t) ca(t), (235)

Two-level system with harmonic perturbation

Let us assume a harmonic time dependence for V;(t). An example would be the following hamiltonian
for a two-state system,

H=-p-B(t)=—s-B(t), (236)
describing the interaction of a spinning particle (with magnetic moment p proportional to its spin) in
a magnetic field. For instance for an elementary electron g = —(e/m) s where s = (f/2) o. For other

(composite particles) the factor may be different. However, for any spin 1/2 particle the spin operators
can be represented by the Pauli matrices. Starting with a constant magnetic field in (say) the z-direction,
By = (0,0, By), and using the matrix representation for a spin 1/2 particle one has

7By 7By [1 0 ]

Hoi 5 O—z:*Th 0 _1

(237)
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The solutions are easily obtained,

B
b = [ (1) ] with Eaz—% h, (238)
B
by = [ (1) ] with  Ej, = —7205, (239)

If the system is in a spin-state along the z-direction, it will stay in this state. If it is in another direction,
it will start to oscillate with a frequency wap, = (E, — Ep)/h = —7v By, known as the Larmor frequency.

Next consider the system in a circulating magnetic field in the x-y plane, superimposed on By, B(t)
= By + B;(t), where B;(t) = (By coswt, By sinwt,0). In that case

B B
H = _%hgz_%h(gm coswt + oy sinwt)
4By, (1 0 1B 0 et
2h[0—1]2h etiwt 0 ' (240)

We thus have a harmonic perturbation of the form

1B

e—iwt and ’U(t) _ Vab(t) e+iwabt
2

Vi () = — :

= vy e HWTwar)t, (241)
with v; = —vyB1/2.
The coupled equations in Eq. 233 can now simply be rewritten into a second order differential equation
for c,,
o+ i(w — Wap) Cq + V3 cq = 0. (242)
This equation has two independent solutions of the form e‘P* with

1
b= 75 (W - Wab) + Wy (243)

with the Rabi flopping frequency w, = %\/(w — wap)? + 4v2. The general solution can then be written as

ca(t) = e 2@ wa)t (4 gin(w, t) + B cos(w, t))

p(t) = —— ca(t). (244)

Starting off with ¢4(0) = 0 and |¢;(0)| = 1, it is straightforward to check that

ca(t) = Ae™ 31 (©0mwan)t gin(w, 1), (245)
2 2B2

A 2 — U_l — v 1 246

e R P ey 7 (246)

lca(®)* + len(t)]* = 1. (247)

Thus, given an initial spin aligned parallel or antiparallel to the By field, the probability for transition to
the other spin state shows oscillations with a frequency w,., while the magnitude depends on the frequency
of the rotating perpendicular B; field, showing a resonance at w = wqp. In that case the spin completely
flips from parallel to antiparallel and back with frequency w, (at resonance we have w, = |v1]).
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11.3 Fermi’s golden rule

In many case we are not able to exactly solve the time-dependent problem and we treat the problem
perturbatively. Writing, H = Hy + AV (¢), including a multiplicative factor A to keep track of orders. In
the case of perturbation theory, we realize that in writing a solution of the form

ep(t) =)+ V() + ..., (248)
the time-dependence of a specific order is determined by the next lower order,

ih el =N "V () ) (8) et ernt (249)

Starting with ¢,(0) = d,;, one immediately sees that the first two orders are given by

(1) = 8, (250)
17 o
es(r) = E/O dt Vys(t) et (251)

This can straightforwardly been extended and leads to the socalled ‘time-ordered’ exponential, which we
will not discuss here.
The quantity |c,(7)|? is the probability to find the system in the state ¢,, which means the probability

for a transition ¢ — p. The first order result is valid if |c,()0) (1) + c,(,l)(7')|2 ~ 1.

Even for a time-independent interaction V', transitions occur, if the initial state is not an eigenstate of
the full Hamiltonian, but only of Hy. For a time-independent interactions V', and slightly more general
for an interaction with a harmonic time dependence proportional to e ¢“!, we can easily obtain the

coefficient cl(jl). If V is sufficiently weak, we find the result in first order perturbation theory,

P ih 0 h(w_wpi) o

Vi —i(w—wpi) 2Vl —i (w—wpi)T/2
— e (g H(w—wpi)T) — _ 21¥Vprl - ' 92 i (W—wpi)T , 259
B — wy) ( e ) Fw — ) sin((w — wpi)7/2) € (252)

and thus for p # i,

.2
(1) 4 |‘/m|2 sin®((w — wpi)7/2)
P = . 253
i—p (7_) K2 (UJ _ wpi)2 ( )
The function )
sin“(w7/2
o=t

is for increasing times 7 ever more strongly peaked around w = 0. The value at zero is f(0) = 72/4, the

first zeros are at |w| = 27/7. Since
2
sin“(wr/2) w7
dop —— 12 - _~ 254
[aw ST (254)
we approximate
2
sin“(wr/2) 7T
Then we find*

i—p

27
P, (1) = 7 5 [Vl 6(B, — E: — Q) (256)

4 S(az) = L 6(x)

la]
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where Q = fw, or for the transition probability per unit time,

Wiy~ P = 2% \V,il?6(E, — E; — Q)  Fermi’s Golden Rule. (257)
Including a harmonic perturbation, Fermi’s golden rule implies £y = E; 4+ @, where @ is the energy
transferred to the system in the interaction. Although the allowed final state is selected via the energy
delta function, it is often possible that the system can go to many final states, because we are dealing
with a continuum. In that case one needs the density of states ps(E), where p;(E)dE is the number of
states in an energy interval dF around E. The transition probability per unit time is then given by

2w 27
Wios [ By os(By) 1V 8(B, — B~ Q) = 2 Vil py(E: + @) (258)

(Fermi’s Golden Rule No. 2).
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12 Emission and absorption of radiation and lifetimes

12.1 Application: emission and absorption of radiation by atoms

We take a plane wave for the scalar and vector potential,
¢ = o(k,w) expli(k -7 —wt)], (259)
A = A(k,w) expli(k - r — wt)], (260)

with w = |k|c, corresponding with the energy and momentum relation, E = |p|c, for a massless photon.
Although the physical fields are real, we can work with the plane waves by always taking also the complex
conjugate solution into account. The corresponding behavior for the electric and magnetic fields can be
obtained from the potentials®

E = E(k,w) expli(k - r — wt)], (261)
B = B(k,w) expli(k - r — wt)]. (262)

The interaction of matter with an electromagnetic field is given by
Hont = [ [olr) o) ~ (r) - Alr)] (263)

where p and j are the charge and current distribution. The dipole approximation is valid when the wave
length A = 27/|k| is much larger than the typical size of the system, e.g. for light (A ~ 6000 A) and
atoms (size ~ 1 — 10 A). In that case one can restrict oneself to the first nontrivial term in

expli(k-r—wt)] =e " (1+ik-r+...). (264)

One obtains
Hpypy = e*iwt/d% [(1 Fiker)p(r) dk,w) — (1 +ik-7)§(r)- A(k,w)] (265)
et {Q d(k,w)— D E(k,w) — p-Bk,w)+...|, (266)

where we have used that ik¢ = —E + (w/c) A and ik x A = B. The charge and current distributions
give rise to charge, electric and magnetic dipole moments,

Q= /d3r p(r) = Zq (267)
D= /dgr rp(r) = Z%‘ i (268)
u:/dsrrxj(T)zz%ﬁi, (269)

The results after the arrow in the above equations indicate the results for a number of charges ¢; at
position 7;, i.e. p(r) =, ¢ 6*(r — r;). For a neutral system the first interaction term disappears and
the next important one is the interaction with the electric dipole moment (D).

5Recall that
1 0A
E=-Vd— - a—,
c Ot
B=VxA
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The radiation fields can be obtained from the vector potential

cEo(k,w)

(2%

A =¢€(k,w) expli(k - r — wt)] (270)

and ¢ = 0. The vector € is called the polarization. One has

E = € Ey expli(k -7 — wt)], (271)
B= % By expli(k - r — wt))]. (272)

In the dipole approximation the interaction with matter is given by
V(t)=-D -E(t)=—D -eEye "t (273)

Although we have a time-dependent interaction, we can proceed as in the derivation of Fermi’s golden
rule. We obtain now .
(| D - €|¢hi) Eo € (wpi—w)T _q

M () =
e (1) ih i (wp — w)

, (274)
which gives as before rise to a delta function §(w —wy,;). With w being the positive photon frequency, this
can only describe absorption of a photon, hw = E, — E; > 0. For the real electromagnetic fields also the
complex conjugate solution must be considered, which gives the same result with w — —w. This gives
rise to a delta function §(w + wp;) and describes the emission of a photon, fw = —fw,;, = E; — E, > 0.
The transition probability can be summarized by

E§(w)
h2

T

[{0p] D - €l6i)* == 6(w — |wpil)- (275)

PY (1) = 5

If one is not working with monochromatic light one has an integral over different frequencies w. In-
stead of the intensity of the field Ey = Ep(w) one can use the number of incident photons N(w)
(number/(areaxtime)). This number is determined by equating the energy densities in a frequency

interval dw,

1
5 €0 B} (w) dw = ——— dw. (276)
c

Integrating over the photon frequencies, one sees that the atom absorps or emits photons of the right
frequency leading to a transition rate

(1) T
Py = e ol Nlwl) (6, D - €l ) (277)
For electrons D = — )" er; = —e R. For unpolarized light € is arbitrary and averaging gives a factor

1/3. In terms of the fine structure constant o = e? /4 ¢y hc the averaged transition rate is

1 4
Wiy = P = = 72 alwpi| N(|wpi]) [(0p | Rl 03] (278)

z—>p*3

Note that by treating also the electromagnetic field quantummechanically one finds in addition to the
stimulated absorption or emission rate a spontaneous emission rate

6, 4 wp
WP = — o =L [(¢,| Rl i), (279)

P 3 ¢

governed by the same transition matrix element and thus obeying the same selection rules.
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12.2 Application: unstable states

In many circumstances one encounters unstable states, i.e. the probability P to find a system in a
particular state decreases in time,

dP
P(t+dt)=P(t) (1 —~vdt) = i —v P(t),
where 7 is the decay rate or decay probability per unit time. The solution is
P(t) = P(0)e "t = P(0) e VT, (280)

with T'= 1/ = h/T the lifetime. The quantity I is referred to as the width of a state. For a decaying
state we thus write

[ (£)) ox €~ Bt/ =0t/2, (281)
We can expand a decaying state in eigenmodes according to
. o g .
e—l En,t/h—’Ynt/Q H(t) — / 2_(4) C(UJ) e—lwt, (282)
oo 2T

(including the Heavyside step function 6) with

oo
o) = [ dr e
0
. oo
_ -t eJri (W—wn+ivn/2)t
W — Wy +i7,/2 0

1
= — 283
W — wp +1Y,/2 (283)
For unstable states the transition amplitude for emission or absorption of a photon is then proportional
to

dw! dw’
T(w) = /2L:r1 2¢:r2 cs(wh) e (wh) 2m §(w — Wi + wh)

d i
- [ aWa +e)

7T
dw' [° o0 - ) oy )
/2_/ dtl/ dts efz(w —wa—1iv2/2)ts eJrz(w Fw—wi+iv1/2)t1
T Jo 0

_ /oo i, /OO dty ¢t (watin2/2)ts i (W—wi+in1/2)t S(ty —ta)
0 0

— dt €+’i (W*W12+'L‘712/2)t = Z . ) 284
/0 W —wiz +iv12/2 o

where wis = w1 — ws and 732 = 71 + 2. Thus the line-intensity becomes instead of a delta-function
d(w — |wpi|) proportional to
1

(W —wi2)? + 775 /4

I(w) o< [T (W)]* o

or normalizing to the peak intensity

. If/4

0 h2 (w — W12)2 + F%2/4,
showing the reason for the name width. The quantity I'1 is precisely the width of the peak at half-

maximum intensity, when plotting I as a function of the photon energy Aw. The function is known as a
Lorentzian distribution or a Breit-Wigner distribution.

I(w) = (285)




Adiabatic processes 57

13 Adiabatic processes

13.1 Sudden and adiabatic approximation

The sudden approzimation, where an instantaneous jump between (time-independent) Hamiltonians H_
and H, at time ¢ = 0 is considered, in essence involves reexpressing the instantaneous wave function v (0)
in terms of the new eigenstates of Hy, which determines the time evolution for ¢t > 0. Its validity can
be investigated and requires the timescale of the change to be much faster than the typical timescales
related to the initial motion.

The opposite is an adiabatic approximation, where the change in the Hamiltonian is slow. Although
the treatment is similar on some parts, the difference with time-dependent perturbation theory is that
the whole system (full spectrum) changes, usually due to the environment, expressed as H(t) = H(R(t)).
One might think here of moving the center of mass of a complex system through an environment that
determines (part of) the Hamiltonian, but also of changing gradually some other external parameters,
such as slowly increasing the strength of a confining harmonic oscillator well or of slowly varying electric
or magnetic fields.

We simply start with writing down instantaneous sets of (normalized) eigenfunctions,

H(t)¢n (t) =E, (t) ¢n (t)v (286)
and solve for 5
ih &w = H(t)¥(t). (287)
For the solution we use the ansatz
G(t) =D calt) gn(t) e, (288)
with .
. 1 / /
i0,(1) = = /O it En(t)), (289)

satisfying 0, (t) = E,(t)/ih = —iw,(t). Singling out this phase is just convenient, generalizing the time-
independent treatment. For a time-independent Hamiltonian with time-independent eigenfunctions and

eigenvalues we actually get i6,,(t) = —iwnt.
We find from the Schrodinger equation that
bp == (¢plon) cn @0, (290)

n

Note all quantities in this expression are time-dependent. The matrix element can be related to the
matrix element of H, starting from Eq. 286, Hop,, = —H¢,, + Endn + Endn, giving

(GplH|pn) = (En — Ep) (¢p|n)- (291)

This gives the result

Cp = *<¢p|¢p> Cp — Z % cp €' 0n=0), (292)
n P

n#p
In the adiabatic limit the change of the Hamiltonian is assumed to be small compared to the intrinsic
time-dependence, which is of the order of i/AE, where AE are typical energies or energy differences in
the spectrum. Therefore, omitting the second term, and starting with ¥ (0) = ¢,,(0) in the nth eigenstate,

one gets in the adiabatic limit ' .
v(t) = e g, (1), (203)
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where the phase v, defined as

lt) = i / dt' (nlh),

o8

(294)

incorparates the effect of the (first) term on the righthandside in Eq. 292. As defined, the phase 7, is
real, because it’s imaginary part (the real part of (¢,|¢,)) is zero for normalized wave functions. The

phase 7, is known as Berry’s phase.

13.2 An example: Berry’s phase for an electron in a precessing field

For an electron in a precessing magnetic field one has (using wg = —y B),
hiwg . : .
H(it) = —yS-B= 5 (cosa o, +sina cos(wt) o, + sin « sin(wt) o)
_ hwo cos e~ sina
D) et®tsina —cosa

The energies are Fy = +hwy/2 and the normalized eigenspinors are

o (t) = [ cos(ar/2) e~ wt/2 ] , () = [ — sin(a/2) e"wt/2 ] '

sin(a/2) etiwt/2 cos(a/2) etiwt/2

In this case the exact solution is actually known (see Eq. 245). With the appropriate starting point and

realizing that in this case the Rabi frequency is

2

[

wr =3 \/(w —wp cosa)? + wi sin” o = 1 \/w2 + wd — 2wwy cos a,

one has

x(t) =

2w,

cos(ar/2) e~ ™t/2 (cos(wyt) — i (‘”2"—;:”) sin(wrt))
sin(a/2) etiwt/2 (cos(wyt) — i Lot sin(wrt)) '
The overlap with x_(¢) is (exactly)
2 w? 2 .9
- (IO = 2 sin o sin?( 1)
In the adiabatic limit (w small) the Rabi frequency becomes

1
Wy A E(WO*W cosa),

and one has w < wy ~ w,. The overlap with x_(¢) disappears and the remaining part is
X(t) ~ e—iwot/2 ei(u cos a)t/2 X-‘r(t)-
Using _
. 1 cos(a/2) e~ wt/?
X (t) = 5w [ —sin(a/2) etiwt/2 |

Berry’s phase is indeed also found from Eq. 294

t
O =i [ dt (elie) = (o cosat
0

(295)

(296)
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13.3 The geometric nature of Berry’s phase

Berry’s phase is an example of a phase that depends on the nature of solutions and their dependence on
parameters, such as shape of potential, position in external fields. Such positions or shapes can return
to their original position but still the phase may persist. The phase, however, does not depend on the
time it takes to get back to the original situation, but on the path in the parameter space. Such a phase
is called a geometric phase. To see the geometric nature of Berry’s phase, one realizes that the time
dependence in ¢, comes from the 'environment’, summarized as the motion R(¢) in parameter space.

The change in ¢, (t) = ¢, (R(t) becomes

. dR
dn = Vo (R() - .
and the phase is given by
) t , dR ] Rf
T lt) = z/ At X 6|V 6n) = z/ AR - 60|V 1 60). (297)
0 Rz

For a closed contour C' in R-space, enclosing a surface .S, this phase can also be written as a surface
integral

nlt) = z‘jécdR (60lV 1 ) = z'/SdA-vR % (6u|V 1 b0 (208)

Example 1: Electron in rotating magnetic field

The example worked out in the previous section, can for the phase after a full cycle, also be done for the
spinor corresponding to spin pointing in the direction (6, ).

_ cos(6/2)
X+ = | e sin(6/2) |-
(Note that this choice is well-defined at @ = 0). Performing the calculation (use polar coordinates) one
finds

.2 .
_sin®(0/2) | R
X+IVx4) =i sng ¥ and V x {(x+|Vxi) = 53 '
In one cycle of the magnetic field, the phase is
1 [7-da 1 1
7+ (cycle) = _5/ 2 5 /dQ =3 Q, (299)

where (2 is the solid angle swept out by the magnetic field, which is in the example of the electron in a
rotating magnetic field was Q = w(1 — cos ).

Example 2: the Bohm-Aharonov effect

Another famous example of a Berry type of phase is the phase acquired by an electron moving around a
magnetic field enclosed in an infinitely long solenoid. In such a solenoid (radius R and taken along the z-
axis) the B-field is uniform inside the solenoid, it is zero outside and it is described by an electromagnetic
vector potential

2 2 2

BR? _BR?y BRz
: A= > =
rea 2y ¥ ( 272 7 272 ’O)

B —By B
r<a: A:—r¢: <_y7_z70>,
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In quantum mechanics the field A is very relevant. In fact the Hamiltonian for a charge in an electro-
magnetic field is described by

1 2
H=—(-ihV—-qgA . 300
o (ihY g A) 40 (300)
Taking the electric field zero, one sees that the solution is found by looking for eigenstates
(—ihV — g A) gy (r) = ke 1 (r). (301)
Outside of the solenoid, where V x A = 0, the exact solutions involve a line integral
q [T
¢r(r; A) = exp <z 7 / ds - A(s)) exp(ik-r). (302)
O

This result is in fact nothing else than Berry’s phase modifying the plane wave solution. Eq. 300 imme-
diately gives us the gradient of ¢y (7), which can be used in Eq. 297 to get the phase.
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14 Scattering theory

14.1 Differential cross sections

The quantummechanical treatment of a scattering problem is that of a particle (with mass m and incoming
momentum p) scattering in a given potential V(r). We assume that the particle is scattered into a final
state with momentum p’. The latter is the result of a measurement with a detector with opening angle
dS, located under an angle (6, ¢) with respect to the incoming momentum.

The number of scattered particles per unit time per solid angle, n(6, ¢), is proportional to the incoming
flux j;n, the number of particles per area per unit time,

n(0,¢) d2 = |j;,| do(0,¢). (303)

This is the definition of the differential cross section do, from which it should be immediately clear that
the unit of cross section indeed is that of an area.

Typically cross sections have something to do with the area of the target as seen by the in-
coming particle, e.g. for proton-proton scattering a characteristic cross section is 40 mb, where
1barn =1b=10"2 m2. The number 40 mb, indeed, is roughly equal to the area of a proton
(with a radius of about 1 fm = 107 m). Besides the area of the target the cross sections
also depends on the strength of the interaction. For instance electromagnetic interactions are
typically a factor 100 or (100)* smaller, e.g. o+, &~ 100 ub and o, ~ 1pub, corresponding to
the presence of the fine structure constant o or o2 respectively, where o = €2 [dmweghe = 1/137.
Weak interactions, e.g. neutrino-proton scattering, again have much smaller cross section in
the order of 1072 pb, indicative for the weakness of the "weak” interactions.

14.2 Cross section in Born approximation

We use the result of time-dependent perturbation theory to obtain an expression for the cross section,
namely the unperturbed situation is the free case, with as possible solutions, the incoming particle in a
plane wave, ¢;(r) = \/p exp (ip - r/h), with energy E = p?/2m and the detected final state, ¢y (r) =
VP exp (ip' - r/h), with energy E' = p’?/2m. Note that we allow processes in which the energy of the
scattered particle changes. writing @ = E’ — F one has @ = 0 for an elastic scattering process, an energy
release, @@ > 0, for an exothermic process and energy absorption, @ < 0, for an endothermic process.
The potential V' is a perturbation that can cause transitions between these states. Using Fermi’s golden
rule, we have for the number of particles with momentum p’ (of which the direction with respect to p is
given by the angles 6, ¢),

n(6,0)d9 = 2 [1(os VI p(E) (304)

E'=E+Q

In order to get do we need to get the flux . in the initial state and the density of states p(E’) in the
final state.
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e [nitial state flux.
The initial state flux is obtained from the wave function in the initial state via the expression for

the current,

h
3(r,8) = 5o (07 V= (VO)'0) = p 2 = po. (305)

The incoming flux is along p and, as expected, given by % = pv = pp/m (we use p = |p|).

e Final state density of states. The final states are plane waves and the density of plane waves is in
momentum space given by

—_

d3p
d’p = - :
p(p) d’p > nhy

(306)

This can be seen by looking at the expansion of the unit operators in coordinate and momentum
space consistent with the choice of the normalization of the plane waves,

3
1= [drin = [ G ol (307)

Another way is to use box normalization, in which case one finds that for one particle in a box with
sides L,ie. 0 <2 <L, 0<y<Land0 <z <L (ie. density p = 1/L3), the wave function is
found after imposing periodic boundary conditions,

Bo(r) = 1373 xplip /1), (308)

with p = (2n7/L) (ng, ny,n.), showing a density of states in p-space given by (L/27h)3. Rewriting
the final state density p(p’) in terms of E’ and ' we find

p/2
(2mh)3

1 myp
dp' dSY = =
g p (2mh)?

p(p)d®p = dE"dQ) = p(E")dE" dSY . (309)

DI

With the flux and density of final states, we get immediately

2

g (SN LS
0(0.0) =t (5755) 2 | [ @r e (70— 7) VO o’ (310)
or introducing the Fourier transform
V(k) :/d3r V(r) exp(ik 1), (311)

one obtains the following expression for the differential cross section in the socalled Born approzimation,

/ 2

)

V(a) (312)

i~ (o) 5

where ¢ = (p — p')/h is the momentum transfer in the process. Often the differential cross section
is azimuthally symmetric and one uses dQ2 = dcosfd¢ = 2w dcosf to obtain do/df. Integrating the
differential cross section over all angles one obtains the total cross section,

o(E) = /dQ %(E,Q). (313)
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Note that in the case of elastic scattering one has p’ = p in which case the momentum transfer squared
is given by

rPq* = lp—p'P=p"+p” +2pp cos(0)
= 2p%(1 —cosh) = 4p* sin?(0/2). (314)
A dependence of the differential cross section (do/dQ2)(E, 6) on this combination is a test for the validity of

the Born approximation. This dependence is in particular applicable for central potentials, V(r) = V (r),
in which case the Fourier transform

V(q) = /dgr V(r) exp(iqg-r)

[e%s) 1
= 271'/ dr/ dcosa T2V(r)ei‘” cos o
0 1
47

dm [ dr rV (r) sin(gr), (315)
q Jo

only depends on g = |q|.

14.3 Applications to various potentials
The square well potential

As a first application consider the square well potential, V(r) = Vp for » < a and zero elsewhere for
sufficiently weak potentials at low energies and small angles (ga <« 1). We will come back to the
applicability of the Born approximation in a later section. The Fourier transform is given by

. 4 a
Vig) = m Vo / dr r sin(gr)
0

q
dr Vo [1°
= 7T3 0 / dx x sin(x)
q 0
47V

0.
= = [sin ga — ga cos qa]

1 1
[Qa — 5(00)° —ga+ 5 (qa)’ + .. ] = — Vod®, (316)

qakl 47 VO
3
q

leading for £ — 0 to
do 1 (2 2\ 2
do (M) 42 (317)

The Coulomb potential
The integral
- Ze? Am [

_ dr si 318
Tres 0 ) r sin(qr) (318)
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diverges and we need to consider for instance the screened Coulomb potential, multiplied with exp(—pur).
In that case one obtains

~ Ze? 4
Vig) = = dr sin(gr)e™""
47reo q Jo
_ Ze? dr [ 0 i (ei(lH-iu)T _ ei(q—iu)r)
Cdmey g 0 2
Ze? 1
= = 2,2 (319)
€ g+ p

allowing even the limit ;4 — 0 to be taken. Thus

do m N2 [ Ze2\? 1 Zer \° 1
Z(EQ) = [—— =) == . 2
dQ( ) (2#52) < €0 > q* (87‘1‘60])’(}) sin(0/2) (320)

This result is known as the Rutherford cross section.

Processes near threshold

If the volume integral over the potential exists, one knows that V(O) is finite and one sees that for small
values of the momentum transfer one can write

(321)

o(E)

ﬁ

Thus for an endothermic process (energy absorptlon or @ < 0) one has a threshold value for the incoming
energy, Eyny = |@Q| and one has for E &~ Eyy,

x E — Epy. (322)
For an exothermic process (with energy release @@ > 0) one can scatter for any (positive) energy E and
one has near F =~ (0

o(FE) (323)

=

Application to two-particle collisions

In most applications, the target is not an ”external” potential, but rather two particles that collide
(collider experiments) or one particle that is shot onto another one (fized target experiments). This can
in general lead to several possibilities corresponding to several scattering channels,

a+b — a+b (elastic scattering)
: 211 1222 +ds } (inelastic scattering) (324)

Nevertheless, one can deal with these processes, at least the two — two ones, by considering the problem
in the center of mass (CM) system. Considering two particles with momenta p; and p, and masses
mq and me, for which the only translationally invariant interaction that is allowed must be of the form
V(ry —re) = V(r) with » = r1 — r2 the relative coordinate. Since the flux factor is just given by
PPy

S =plvi—vof=p -
my ma

—p \3] (325)

I
where p is the relative momentum and p the reduced mass one sees that the collision of two particles
indeed can be described by considering the scattering of one particle with reduced mass p having the
relative momentum p, scattering of the potential V(7).
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iH
“T
i

Notes:

e Note that in the scattering of one particle in an ”"external” potential, there is no translation in-
variance, hence no momentum conservation, while for two particles with a potential depending on
the relative coordinate there is translation invariance. The latter requires conservation of the total
momentum P = p; + p,, but not of the relative momentum.

e In the limit that one of the masses becomes very large, the light particle’s momentum and mass,
indeed, coincide with relative momentum and reduced mass, so one finds (consistently) that the
heavy particle can be considered as scattering center.
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15 Scattering off a composite system

15.1 Form factors

Consider the scattering of an electron off an extended object, e.g. an atomic nucleus consisting of Z
protons with charge +e each (and N neutral neutrons) or an atom with a nucleus with charge +Ze and
Z electrons with charge —e each. The hamiltonian is given by

H = Hgystem + He +V, (326)

where Hgygtem is the hamiltonian for the nucleus or the atom, H, is the free electron hamiltonian and V'
describes the interaction between the scattering electron and the system. Let us start with the simplest
situation in which the system is described by a wave function ¥(r’), remaining the same during the
collision. The wave functions of the scattering electron in initial and final states are as before plane
waves characterized by the momenta p = hk and p’ = hk’, respectively. The full initial state and final
state wave functions are then ¥;(r) = exp(ik-7r) ®(r’) and ¥;(r) = exp(i k' - r) ®(r’), respectively. The
Fourier transform of the potential needed in the cross section now becomes

—e?

— &
olr—7| A

o (r')exp(ik - 7)

Vig) = /dsr/d%’ exp(—ik'-7) P (r")

- /d% exp(iq-r)/d3r’ pr) (327)

47 € lr — 7|’

which shows how the potential is modified by the fact that the system has a finite extension. To evaluate
this, we exchange the integrations and introduce "/ = r — 7’ as integration variable to obtain

2 /
Vig) = 74;3_60 /d3r' exp(iq - r’)/d3r” exp(iq-r") p(:/)
e? Ar
= - — F 328
o). (328)
where we have introduced the form factor
F(q) = /dgr exp(iq - ) p(r) (329)
which is the Fourier transform of the density. The result for the cross section is
do me? 2 p’ 9
—=|——F—= | —|F ) 330
o= (pmez) Lirta) (330)

and shows the possibility to determine the charge distribution of the system.
In realistic cases the charge density often corresponds to a many-particle system, e.g. an atomic
nucleus. In that case one has a charge density for each of the Z positively charged protons, leading to

A Z
ppa(r) = Z/Hd%k B —r)®%(ry, ..., r2)®a(ry, ..., 72)
j=1 k=1

Z
Z/H q)*B(T7T27"'aTZ)(I)A(TaTQa"'vTZ):ZpBA(r)' (331)
k=2

The second line of this equation could be written down because the wave functions ® 4 and ®p are fully
antisymmetric under interchange of particles (Pauli principle). The quantity ppa(r) is called the one-
nucleon (transition) density and its Fourier transform is the (transition) form factor Fpa(q). The effect
in the cross section is a factor Z2 |Fpa(q)|*.
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One can in turn also include the intrinsic density of the protons, which in the cross section will appear
as a multiplicative factor |F,(q)|?, where F,(q) is related to the charge distribution within the proton.
Then one should also include the charge densities of the neutrons.

In the case of scattering off an atom one obtains contributions from the atomic nucleus and the
electrons. These contributions are additive in the form factor, leading to a contribution in the cross
section of the form Z2|6a — Fyal?.

15.2 Examples of form factors

Form factors as encountered in the previous section are defined as the Fourier transform of a density,

F(@) = [ & espliq ) p(r). (332)

As before in discussing the potential in momentum space, one has for a spherically symmetric density,

F(q) = %T /dr r p(r) sin(gr). (333)

For a spherical distributions it is trivial to find by expanding the exponential exp(iq-r) =1+ iq-r -
2(g-7)*+..., that
Flg)=Q— ¢ () +..., (334)

where
Q= /dgr p(r), (335)
(r?) = /dgr 2 p(r). (336)

This is the reason that the small-q behavior of a form factor can be used to determine the charge radius
of an atom or similarly of elementary particles, like pions or nucleons.
Some examples of form factors corresponding to specific densities are:

e A uniform density
p(r) = po forx <R (337)

(and zero elsewhere). If pg = 3/4wa?, i.e. the integrated density is one, the Fourier transform is
given in terms of the Bessel function ji,

371(gR)
F(q) = ——= 338
() =="®r (338)
where .
sinx  cosx
j = - . 339
i) = F -2 (339)
Note that 31 (2) )
J1{& 2
~1—-— e 4
. 0% T (340)
and, indeed, the charge radius of a uniform distribution is (r?) = % R%.
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e A (normalized) Yukawa distribution

p(r) =2 C—, (341)

has as form factor

Fq) = (342)

R T
which is called a monopole form factor. We have encountered this example already in a previous
section where we derived the momentum space screened Coulomb potential.

e The form factor of the exponential distribution
lu’ —pr
= 343
pr) = E e, (343)

is simply found by differentiation of the Yukawa form factor with respect to p,

e_‘”:—i e .
du r

1

This gives

Flg) = ——=> (344)
(1+¢2/u2)?
which is called a dipole form factor.
e Finally a normalized Gaussian distribution
p(r) = ppe 3 /1 (345)

has also a Gaussian form factor T
F(q)=e 271", (346)
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16 Time-independent scattering solutions

In this section we will attack the scattering of a potential in a different way, namely by solving the
Schrédinger equation. The time-independent Schrodinger equation can be rewritten as

(V2 +K2) ¢(r) = =5 V(r) ¢(r), (347)

where E = h?k?/2m. This is a linear equation of which the righthandside is referred to as source term.
There is a whole family of solutions of such an equation. Given a solution of the above inhomogeneous
equation, one can obtain all solutions by adding any of the possible solutions of the homogeneous equation,

(V2 + &) ¢pnom(r) = 0. (348)
The solutions of the homogeneous equation are well-known, namely the plane waves,
or(r) =exp(ik - r),

characterized by a wave vector k. This plane wave can be expanded in terms of spherical harmonics
multiplying spherical Bessel functions, which will be used to treat scattering problems using a Partial
Wave Ezxpansion.

16.1 Asymptotic behavior and relation to cross section

In order to construct solutions of the Schrodinger equation that describe a scattering process, one wants
the appropriate asymptotic behavior, which includes a plane wave part, describing the incoming part and
outgoing spherical waves, describing the scattering part, pictorially represented below

Hi= v -

We thus require the following asymptotic form,

ikr

o(r) =% explik-r)+ — f(k: 0, ). (349)

We have seen in the previous chapter that for » — oo, this is a solution of the homogeneous equation.

It can also simply be checked that the above represents a solution if r — oo, by inserting it
into the homogeneous equation. In order to select the leading part for large r one needs to use
that V f(k;0,¢) < 1/r and V> f(k;0,$) o< 1/r2,

For the asymptotic solution the current corresponding to the first part is given by

hk
P —— 350
Jl’n/ m ) ( )
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while the second part up to €(1/r) corresponds with a radially outward directed flux of magnitude

o[ (S4)o] - B UEOOR 5
From it, one derives the cross section using that
[jin| do (8, ¢) = n(6, ¢) dQ = j, r* A2, (352)
ie.
= 1fk:0.0) (353)

The above considerations require a careful analysis of the forward direction (6 = 0), where also the
interference term becomes important. For an acceptable asymptotic scattering solution one must have
that [ d j,|,—r = 0 for large R, i.e. that there is no loss of probability. This leads to the optical theorem

or Bohr-Peierls-Placzek relation,

k
Im fa( =0) = 0T (354)

where op is the total cross section and f.; is the scattering amplitude for elastic scattering.

In order to derive this result, one can just consider the current corresponding to the full wave
function in Eq. 349. Keeping only the dominant contributions when r — oo, this is given by

Bk 2 ikr(1—cos 0)
G = —{cos@+ @ + Ze [(1 + cos ) eif]
T

m r

Integrating over the polar angle (writing cos = X ) gives for the interference term:
1 et kr(1-X)
%e/ dX 1+ X)—f
r

-1
:%6/1 d(eikr(l—X)) (1+X)f
-1

—i kr?
B 2 f(k;0 =0) b ehri=X g
27mf(k;0=0) 1
- kr? +o (T_3) '

The interference term thus actually only contributes at forward angles if r — oo. Neglecting
any contribution disappearing faster than 1/r? the integral over the angles gives

/deT

yielding the optical theorem. In fact the result is only derived if the total cross section is given
by the integration over |f|?, but it should be clear that flux conservation needs only to hold
if we integrate over elastic and inelastic channels, while the interference only occurs for the
elastic channel. We will encounter the result again in the section on partial wave erpansions.

1

4
— | [0 1P = 2 smsaio=0).

r=R
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16.2 The integral equation for the scattering amplitude

In order to solve the inhomogeneous equation with which we started, we solve the Green’s function
equation

(V2 + k) G(r,v') = =8%(r — 7). (355)
With the help of the Green’s function an inhomogeneous solution for
(V2 + k%) ¢(r) = p(r),

can be written down, namely

1) = rom(r) = [ & Glrr") plr),
By choosing an ‘appropriate’ Green’s function one can built in boundary conditions. Note that
the difference between any two Green’s function is a solution of the homogeneous equation.

It is possible to check that two particular Green’s functions in our case are

_exp (ik[r —7'))

G (r —r') = 47 |r — 1|

(356)

Note that the difference between these two is a solution of the homogeneous equation. In particular
G™) has the correct asymptotic behavior as discussed in the previous section. As an exact, but implicit,
solution valid for all r, we can write

o(r) = exp(ik - ) — /d%’ oxp (+iklr — 7)) V(') p(r'). (357)

27 h? |r — 7]

This result is the desired integral representation of the inhomogenous Schrédinger equation, which has
the advantages that the boundary conditions for interpretation as a scattering solution have been built
in. It is therefore a good starting point for approximations

The result for f(k; 6, ¢) is obtained by taking the limit for » — oo in the integral equation, in particular

, ror 72 r.r
lr—7|=ry/1-—2 3 +r_2 ~or|l— - +...,

exp (+iklr —r'|) e

~

] exp (ik'-7')+...,

where k' = k#. This gives

ikr
(+) T—o0 3 R L
o) explik )~

/ dPr' exp (=i k') V(') ol (). (358)
and thus the exact expression is

f(k;0,0) = -

2mh2 /d3r’ exp (=i k' - ') V(r') (D (r"). (359)
7r
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16.3 The Born approximation and beyond

The Born approximation is obtained by using perturbation methods, namely to approximate in the above
expression ¢(r’') = exp (i k - '), yielding the result

m
27 h?

f(k;0,0) = d’r' exp(iq-r') V(r'), (360)

where ¢ = k — k’. This gives for the cross section the same result as we found using Fermi’s golden rule.

We can go beyond the first order result by introducing the scattering amplitude T'. It is defined

by
Vol =T,

where ¢§i) is the scattering solution and ¢ the incoming plane wave part of it. One then finds
that the integral equation, qugér) =Vo+ VG qugér) turns into To = Vo +VGT¢, i.e. an
equation for T, 3

T=V+VGT, (361)
the socalled Lippmann-Schwinger equation. Here G is the Green’s function with factor —2m/h?

absorbed, which is the inverse of E — Hy. The exact expression for the scattering amplitude
f is thus given by

F(k:0.9) = 5= (p'T|p). (362)

The lowest order (Born approximation) result is the first term in the expansion obtained from
Eq. 361, 5 o
T'=V4+VGV+VGVGV +....

To judge the validity of the Born approximation one requires that the scattering term in the wave function

is small, i.e.
i klr — 1’
/d3r’ exp (i kjr — 7)) V(r') ol (r)

r— |

m
27 h2

< 1. (363)

The disturbance of the plane wave is near r &~ 0, while for selfconsistency ¢>§j ) (r) should be dominantly
plane wave, thus

21 B2

r! <

T
/d?’r’ exp (i kr' + ik T)V(r')

o2 K2
< ;
m

1
27T/ dX/dr' p e X ()
-1
- h%k
/dr’ (62”” - 1) V(r')

<« — = .
We see two limits in which the Born approximation is applicable

m

e Weak potentials with a finite range.
Starting with the second of the above estimates, we see for a potential with average depth V5 and
range a one has after bringing the absolute value under the integral Vya? < h?/m, i.e.

h?
Vo K T (364)

a condition where an approximately equal sign usually is already ok.
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e High energies (but nonrelativistic!).
In the last of the three expressions the exponential is fast-varying for high momenta k£ and can be
neglected, so Vo a < h? k/m, i.e.

mVpa? mVg§ a?

h2 or E>>T

ka > (365)

16.4 Identical particles

We already discussed how to treat the scattering of two particles in the center of mass frame. In the case
that one has two identical particles the scattering in the following two situations both leads to the same
final state,

Thus if ¥ is the wave function in which particle 1 is coming from the left and is scattered over an angle
0 and 197 is the wave function in which particle 1 is coming from the right and is scattered over an angle
T—0

)

ikr

$12(r) = '™ + f(k;0,0)

—. (366)
ikr
b1 (r) =e % 4 f(ksm — 0,0+ 7) eT , (367)

one has the same final state. One should use the appropriately symmetrized or antisymmetrized wave
functions, leading to (omitting ¢-dependence)

n(6,6) d2 = % F(k:0) + fksm— 0)[2 A0

In the cross section,

do

— . . 2
d_Q - |f(k,9)if(k,7r*9>|

= |f(k;0)* + | f (k7 — 0)|* £ 2%e [f*(k; 0) f(k;m — 0)], (368)

the (third) interference term gives rise to oscillations. Note that in order to determine the total cross
section one has to integrate over the range 0 < 6 < 7/2 in order to avoid double counting. Note that the
cross sections at angles 6 and m — 0 are identical. For destructive interference (a minus sign) the cross
section is zero at 6 = 90 degrees.

For example in the (hypothetical) scattering process of two pions the amplitudes interfere construc-
tively as pions are bosons (spin 0 particles) and the wave function must be symmetric. When scattering
two electrons (spin 1/2 particles) off each other the total wave function is antisymmetric, but the sym-
metry of the scattering solution depends on the spin state. In the spin 0 state (singlet) the spin wave
function is antisymmetric, while in the spin 1 state (triplet) the spin wave function is symmetric. Hence

do
o = O+ fum 0P, (369)
dO’t

d_Q:|ft

(0) = fe(m = )P, (370)
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If one scatters unpolarized electrons, the initial state has a probability 1/4 to be in the singlet state, 3/4
to be in the triplet state, thus for a spin-independent potential

do _1do, 3 doy
dQ  4dQ 449

= |f (kO + |f (ks — 0)|* — Ze [f(k; 0) f* (ks m = 0)]. (371)
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17 Partial wave expansion

17.1 Phase shifts

At low energies a particle scattering off a target with impact parameter b has an angular momentum

Rl +1) =pb,

If the potential has a finite range a the angular momenta that are important correspond to b < a. From
this we obtain ¢ < pa = hka or £ < ka. Therefore it is especially at low energies convenient to expand
into different partial waves, eigenstates of angular momentum, because the lower partial waves dominate.
Also for central potentials, which satisfy [L,V (r)] = 0, it is useful to expand in partial waves, since each
angular momentum state in that case is a proper scattering solution.

Starting off with the plane wave, we have

et = ;(2[ + 1) 4 jg(kr) Py(cos®). (372)

The expansion only contains the ¢-independent spherical harmonics, Y2 (0) = /(2¢ + 1)/4m Py(cos ).
Assuming azimuthal symmetry the scattering amplitude only depends on 6 and also can be expanded in
Legendre polynomials,

f(k;0) = (20+1) fo(k) Py(cost). (373)
¢
Thus one obtains
ikr
Gec(r)  =F D (204 1) Py(cos0) if [jg(k:r)Jr(—z')fe fe(k)| . (374)
[
{2 (r)
Rewriting the scattering wave in the following way,
T—00 i k - g 2 ikr
ooy o WD e g
kr r

1 e*i(krflw/2) ei(krflw/2) L4 2k flk -
= | a2k (375)

Conservation of flux tells us that the incoming and outgoing fluxes should be equal in magnitude, i.e.
14 2ikfo(k) = 0k (376)

where dy(k) is called the phase shift. Going back and expressing f;(k) in the phase shift it is easy to see

that
e2i0ek) _ 1 ei6e(k) gin 5, (k)

felh) = 5 = (377)

and

oo iby(k) sin(kr — n/2 4 64(k)) '

oL (r) ” (378)
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17.2 Cross sections and partial waves

At this point it is useful to slightly generalize the result of the previous section. If also inelastic scattering
is possible a particular ¢-wave amplitude is parametrized

14 2ikfo(k) = e 0™, (379)
where 7, is called the elasticity. One then has for the elastic cross section

dael
ds2

= |f(k;0)]* = 4n > /(20 +1)(20' + 1) folk) for (k) Y% (0) Y2 (6). (380)
0.0

Integrating over angles the orthonormality of the Y;™’s can be used to get
47 .
oo = 13 > (2€+ 1) sin® 5y(k) (381)
¢

Via the optical theorem, which relates the forward scattering amplitude to the total cross section one

finds
2

=12 220+ 1) (1= cos2d), (382)

14

or

which indeed is identical for purely elastic scattering (n, = 1). The difference is the inelastic cross section,

Cinet = 73 9 (20+ 1) (1= n}). (383)
£

17.3 Application: the phase shift from the potential

The easiest illustration of the calculation of the phase shift is the calculation for a square well, V(r) = V;
for r < a and zero elsewhere. We immediately know that for > a the solution must be the asymptotic
solution. Inside the square well we use the radial Schrédinger equation to get the radial wave function
u(r). Thus for

¢ZW(T) Yvém (Ha ¢)a (384)

we have
n? d® (0 +1)

2m dr? r2

+ V(r)} up(r) = Eug(r). (385)

Knowing that u,(0) = 0 we obtain for s-waves (¢ = 0)

2
r<a u(r) = Asin Kr with K = h—?(E—VO),
. . 2m
r>a u(r) = B sin(kr + §p) with k= =) E,
Matching the logarithmic derivative (du/dr)/u(r) at r = a gives
k
tan(ka + o) = — tan Ka (386)

K
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or

k
= tan Ka — tank

tan do (k) - L (387)
1+ % tan Ka tanka

" ka tan Ka __ 1
e 1 [kKGQ tan K]a ’ (388)
+( a) Ka
Ka<1 tan Ka K243
— k —-1| = k 389
“ { Ka ] 3 (389)

For low energies, where s-waves are the dominant contribution, the above result and its limits can be used
to understand many qualitative features in the cross section, e.g. the disappearance of the cross section
at specific energies, because of a zero in 1 — tan Ka/Ka (the Ramsauer-Townsend effect) or the behavior
of the cross section near threshold for weak potentials. The first two coefficients of the phase shift in an
expansion in the momentum,

1
50(kz):a0k+§rek2+..., (390)

have specific names, namely scattering length and effective range, respectively.



