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ABSTRACT 

Spin Physics and Transverse Structure 
 
Piet Mulders (Nikhef Theory Group/VU University Amsterdam) 
 
Spin is a welcome complication in the study of partonic structure that has led to new 
insights, even if experimentally not all dust has settled, in particular on quark flavor 
dependence and gluon spin. At the same time it opened new questions on angular 
momentum and effects of transverse structure, in particular the role of the transverse 
momenta of partons. This provides again many theoretical and experimental 
challenges and hurdles. But it may also provide new tools in high-energy scattering 
experiments linking polarization and final state angular dependence. 
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Parton distribution (PDF) and fragmentation (PFF) functions 

  Parton densities (PDFs) and decay functions (PFFs) are natural way of dealing 
with quarks/gluons in high energy processes (several PDF databases) 

  PDFs can be embedded in a field theoretical framework via Operator Product 
Expansion (OPE), connecting Mellin moments of PDFs with particular QCD matrix 
elements of operators (spin and twist expansion)  

  Hard process introduces necessary directionality with light-like directions,          
P – M2 n and n = P’/P.P’ (satisfying P.n = 1)  

  The lightcone momentum fraction x of the parton momentum p = x P is linked 
to xB = Q2/2P.q (DIS) or x1 = q.P2/P1.P2 and x2 = q.P1/P1.P2  (DY) 

  Polarization, MS = SL P + MST - M2 SL n (longitudinal or transverse) is a 
welcome complication, experimentally challenging but new insights emerged 

  Consideration of partonic transverse momenta, p = x P + pT + (p2 pT
2) n opens 

new avenues to Transverse Momentum Dependent (TMD) PDFs, in short TMDs 
with experimental and theoretical challenges 

  The measurement is mostly not for free, but requires dedicated final states 
(jets/flavor), polarized targets or polarimetry e.g. through decay orientation of 
final states (ρ or Λ)  

3 



Link to matrix elements à hadron correlators 

  Structure of PDFs and PFFs as correlators built from nonlocal field configurations, 
extending on OPE and useful for interpretation, positivity bounds, modelling, …  
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ui ( p,s)u j ( p,s) ⇒ Φij ( p | p)   ~ P ψ j (0) | X >< X |ψi (0) P
X
∑ δ( p− P + PX )

              =
dξ
2π∫ ei p.ξ P ψ j (0)ψi (ξ ) Pψi (ξ ) ψ j (0)

ui (k,s)u j (k,s) ⇒ Δij ( p | p)  ~ 0ψi (0) | KhX >< KhX |ψ j (0) 0
X
∑ δ(k − Kh − KX )

            = dξ
2π∫ eik .ξ 0 ψi (ξ )ah

+ahψ j (0) 0

no T-invariance! 

parametrized using symmetries (C, P, T) 
|X><X| gateway to models: e.g. diquarks 

WG6/12  Mao, Lu, Ma 
AUT predictions (diquark model) 

Collins & Soper, NP B 194 (1982) 445 



Link to matrix elements à hadron correlators 

Gluonic matrix elements 

    

 
  Also needed are multi-parton correlators  

 
  or better:  

     (color gauge invariance) 
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ΦA;ij
α ( p− p1, p1 | p) =

d 4ξ d 4η
(2π )8∫ ei ( p−p1).ξ+ip1.η P ψ j (0)A

α (η)ψi (ξ ) P

ΦA(p-p1,p) 

εµ ( p,λ)εν∗( p,λ) ⇒ Φg αβ ( p | p)   ~ P Aα (0) | X >< X | Aβ (ξ ) P
X
∑ δ( p− P + PX )

                           = dξ
2π∫ ei p.ξ P Fnα (0)Fnβ (ξ ) P

Φg αβ ( p)

ΦD;ij
α ( p− p1, p1 | p) =

d 4ξ d 4η
(2π )8∫ ei ( p−p1).ξ+ip1.η P ψ j (0)D

α (η)ψi (ξ ) P

ΦF ;ij
α ( p− p1, p1 | p) =

d 4ξ d 4η
(2π )8∫ ei ( p−p1).ξ+ip1.η P ψ j (0)F

nα (η)ψi (ξ ) P



(Un)integrated correlators 

 

  p- = p.P integration makes time-ordering automatic. 
The soft part is simply sliced at a light-front instance 

 
  Is already equivalent to a point-like interaction 

  Local operators with calculable anomalous dimension  

unintegrated 
 
  TMD (light-front) 

  collinear (light-cone) 

  local 
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Φ(x, pT ;n) =
d(ξ .P)d 2ξT
(2π )3∫ ei p.ξ P ψ(0)ψ(ξ ) P

ξ .n=ξ+=0

Φ = P ψ(0)ψ(ξ ) P
ξ=0

Φ(x) = d(ξ .P)
(2π )∫ ei p.ξ P ψ(0)ψ(ξ ) P

ξ .n=ξT =0 or ξ 2=0

Φ(x, pT , p.P) =
d 4ξ
(2π )4∫ ei p.ξ P ψ(0)ψ(ξ ) P



TMDs and color gauge invariance 

  Gauge invariance in a non-local situation requires a gauge link U(0,ξ) 

  Introduces path dependence for Φ(x,pT) 
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0

(0, ) exp ig ds AU
ξ

µ
µξ −

⎛ ⎞= ⎜ ⎟
⎝ ⎠

∫P

ψ(0)ψ(ξ ) = 1
n!
ξ µ1 ...

n
∑ ξ µNψ(0)∂µ1 ...∂µNψ(0)

ψ(0)U (0,ξ )ψ(ξ ) = 1
n!
ξ µ1 ...

n
∑ ξ µNψ(0)Dµ1

...DµN
ψ(0)

0
ξ.P 

ξΤ

ξ

Φ[U ](x, pT ) ⇒ Φ(x)



  Quarks in nucleon: 
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u( p,s)u ( p,s) = /p+m

Parametrization of Φ(x) à collinear PDFs 

 
 

Φq (x)   ∝   x f1
q (x) /P  +  ....  = f1

q (x) /p +  ....

compare  p = x P 

unpolarized 
quarks 



  Quarks in nucleon: 

  Operator connection through Mellin moments 

    

  Anomalous dimensions can be Mellin transformed into the splitting functions that 
govern the QCD evolution. 
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u( p,s)u ( p,s) = /p+m

Parametrization of Φ(x) à collinear PDFs 

Φq (x)   ∝   f1
q (x) /p +  ....

compare 

unpolarized 
quarks 

xN−1Φ(x) = d(ξ .P)
(2π )∫ ei p.ξ P ψ(0)(∂ξ

n )N−1U[0,ξ ]
[n] ψ(ξ ) P

ξ .n=ξT =0

=
d(ξ .P)
(2π )∫ ei p.ξ P ψ(0)U[0,ξ ]

[n] (Dξ
n )N−1ψ(ξ ) P

ξ .n=ξT =0

Φ(N ) = dx xN−1Φ(x)∫ = P ψ(0)(Dn )N−1ψ(0) P

x = p+ = p.n  



  Quarks in nucleon: 
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u( p,s)u ( p,s) = /p+m

Collinear PDFs without polarization 

 
 

Φq (x)   ∝   x f1
q (x) /P  +  ....

compare  p = x P 

unpolarized 
quarks 



  Quarks in polarized nucleon: 
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compare 

S = SL
P
M

+Mn
!

"
#

$

%
&+ ST 0 ≤ SL

2 − ST
2 ≤1

spin ßà spin u( p,s)u ( p,s) = 1
2 ( /p+m)(1+γ5/s)

Collinear PDFs with polarization 

DIS/SIDIS programme to obtain 
•  Flavor PDFs:  q(x) = f1q(x) 
•  Polarized PDFs: Δq(x) = g1L

q(x) 
                           δq(x) = h1T

q(x)  
 

WG6/70 
JAM global QCD analysis 

WG6/142 Drachenberg (STAR) 
Transversity in polarized pp 

Φq (x)   ∝   x f1
q (x) /P  + SLxg1

q (x) /Pγ5 + xh1
q (x) /ST /Pγ5  + ...

compare 

T-polarized quarks 
in T-polarized N chiral quarks in 

L-polarized N 
unpolarized 
quarks 

WG6/150 Gunarathne (STAR) 
Longitudinal spin asymm. in W prod. 



  Quarks in polarized nucleon: 

 
 

 
 
  … but also 
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Φq (x, pT ) ∝ xf1
q (x, pT

2 ) /P  + SLxg1L
q (x, pT

2 ) /Pγ5 + xh1T
q (x, pT

2 ) /ST /Pγ5  + ...

compare 
unpolarized 
quarks 

T-polarized quarks 
in T-polarized N 

S = SL
P
M

+Mn
!

"
#

$

%
&+ ST 0 ≤ SL

2 − ST
2 ≤1

chiral quarks in 
L-polarized N 

Φq (x, pT ) ∝ ... + 
( pT ⋅ ST )
M

xg1T
q (x, pT

2 ) /Pγ5    +   ...

chiral quarks   
in T-polarized N 
(worm-gear) 

spin ßà spin 

u( p,s)u ( p,s) = 1
2 ( /p+m)(1+γ5/s)

TMDs with polarization 



  Quarks in polarized nucleon: 

 
 

 
 
  … but also 
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compare 
unpolarized 
quarks 

T-polarized quarks 
in T-polarized N 

S = SL
P
M

+Mn
!

"
#

$

%
&+ ST 0 ≤ SL

2 − ST
2 ≤1

chiral quarks in 
L-polarized N 

spin ßà spin 

u( p,s)u ( p,s) = 1
2 ( /p+m)(1+γ5/s)

TMDs with polarization 

Φq (x, pT )   ∝   ... + 
( pT ⋅ ST )
M

xh1T
⊥q (x, pT

2 ) /
pT
M

/Pγ5    +   ...

T-polarized quarks   
in T-polarized N 
(pretzelocity) 

WG6/103  Prokudin, Lefky 
Extraction pretzelosity distribution 

Φq (x, pT ) ∝ xf1
q (x, pT

2 ) /P  + SLxg1L
q (x, pT

2 ) /Pγ5 + xh1T
q (x, pT

2 ) /ST /Pγ5  + ...



  … and T-odd functions 
 
 

  spin-orbit correlations are T-odd correlations. Because of T-conservation they 
show up in T-odd observables, such as single spin asymmetries, e.g. left-right 
asymmetry in  

 
 

TMDs with polarization  
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u( p,s)u ( p,s) = 1
2 ( /p+m)(1+γ5/s)

Φq (x, pT )  ∝  ... + ih1
⊥q (x, pT

2 ) /
pT
M

/P + i ( pT × ST )
M

xf1T
⊥q (x, pT

2 ) /P  + ...

compare 

unpolarized quarks in 
T-polarized N (Sivers) 

T-polarized quarks 
in unpolarized N 
(Boer-Mulders) 

spin ßà orbit 

p p
↑
→ π X



TMD structures for quark PDFs 
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QUARKS 

U 

L 

T 

/pγαγ5

f1T
⊥

h1L
⊥

h1T , h1T
⊥

/pγ5/p

f1

g1L

h1
⊥

g1T



  Also for gluons there are new features in TMD’s 
 

 
 

 
  Collinear situation:  

     Unpolarized gluon PDFs:  g(x) = f1g(x) 
     Polarized gluon PDF: Δg(x) = g1L

g(x) 
 
  Some of the TMDs also show up in                 

resummation. An example are the linearly                                            
polarized gluons (Catani, Grazzini, 2011) 

                         
 

Φg  µν ( p)

gluon TMD’s without polarization  

16 

εµ ( p,λ)εν∗( p,λ)  = −gT
µν + ...

Φg  µν (x, pT )  ∝  − gT
µν xf1

g (x, pT
2 )  + iSLεT

µν xg1L
g (x, pT

2 )

                                    + 
pT
µ pT

ν

M 2
− gT

µν pT
µ

2M 2

!

"
##

$

%
&&xh1

⊥g (x, pT
2 )   +   ...

compare 

unpolarized gluons 
in unpol. N quarks 

linearly polarized  
gluons in unpol. N 
(Rodrigues, M) 

circularly polarized 
gluons in L-pol. N 

WG6/75  Li (STAR) 
Jet and di-jet in pol. pp 

WG6/316  Pisano 
Linear polarization Higgs + jet prod 

WG6/63  Guragain (PHENIX) 
ALL results, impact on Δg 



TMD structures for quark and gluon PDFs 
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QUARKS 

U 

L 

T f1T
⊥

h1L
⊥

h1T , h1T
⊥

f1

g1L

h1
⊥

g1T

GLUONS 

U 

L 

T f1T
⊥g

h1L
⊥g

h1T
g , h1T

⊥g

−gT
αβ

f1
g h1

⊥g

g1T
g

pT
αβεT

αβ

g1L
g

/pγαγ5/pγ5/p



TMD structures for quark and gluon PFFs 
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QUARKS 

U 

L 

T D1T
⊥

H1L
⊥

H1T , H1T
⊥

D1

G1L

H1
⊥

G1T

GLUONS 

U 

L 

T D1T
⊥g

H1L
⊥g

H1T
g , H1T

⊥g

−gT
αβ

D1
g H1

⊥g

G1T

pT
αβεT

αβ

G1L
g

/pγαγ5/pγ5/p



Requirements and possibilities to measure QT 

  Parton collinear momentum (lightcone fractions)   ßà   scaling variables 

  Parton transverse momenta appear in noncollinear phenomena (azimuthal 
asymmetries) 
  Jet fragments:  k = Kh/z + kT    or    kT = k – Kh/z = kjet – Kh/z 
  SIDIS:                        q + p = k but q + x PH ≠ Kh/z 
  Hadrons:          p1 + p2 = k1 + k2 but x1 P1 + x2 P2 ≠ k1 + k2  

 
  Two ‘separated’ hadrons involved in a hard interaction (with scale Q), e.g.   

SIDIS-like (γ*H à h X or γ*H à jet X), DY-like (H1H2 à γ* X or H1H2 à dijet X 
or H1H2 à Higgs X), annihilation (e+e- à h1h2 X or e+e- à dijet X) 

  Number of pT’s in parametrization ßà rank of TMDs ßà azimuthal sine or 
cosine mφ asymmetry à Need for dedicated facilities at low and high energies 
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Rich phenomenology  
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WG6/22  Lyu 
Collins Asymmetry at BESIII 

WG6/161  Vossen 
FFs at Belle 

WG6/151  Seder (COMPASS) 
Charged kaon multiplicities in SIDIS 

WG6/135 Sbrizzai (COMPASS) 
Transverse spin asymmetries SIDIS 

WG6/75  Li (STAR) 
Jet and di-jet in pol. pp 

WG6/84  Anulli 
Collins Asymmetry with BaBar 

WG6/136 Diefenthaler (SeaQuest) 
Polarized DY measurements 

WG6/153 Barish (PHENIX) 
Transverse Single-spin asymm. 

WG6/139  Allada 
Recent SIDIS results at JLab 

WG6/318  Liyanage 
Recent polarized DIS results at JLab 



TMDs and factorization 

  Collinear PDFs involve operators 
of a given twist 

  x ‘measurable’  

  TMDs involve operators of all twist 
pT in a convolution (scale and rapidity 
cutoffs) 

  Impact parameter representation  
including also large bT  

 

  At small bT, large kT collinear physics 
(Collins-Soper-Sterman) 
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dσ ~ dp1T∫ dp2Tδ( p1T + p2T − qT ).....

..... F (x1, p1T ;ς1,µ)F (x2 , p2T ;ς 2 ,µ)
dσ ~ F (x1;µ)F (x2;µ)H (Q,µ)

dσ ~ dbT∫ exp(iqTbT )....

             ...F (x1,bT ;ς1,µ)F (x2 ,bT ;ς 2 ,µ)

+ .........

WG6/33  Collins 
TMD factorization and evolution 

122 5 Libby-Sterman analysis and power-counting

A

H
S

B
PB

PA

t

z

(a) (b)

Fig. 5.17. (a) An important reduced graph for the amplitude for the Drell-Yan
process. (b) Space-time diagram for collinear subgraphs.

In light-front coordinates, we write the momenta as

PA =
(

P+
A , m2

A/2P+
A , 0T

)

, (5.15a)

PB =
(

m2
B/2P−

B , P−
B , 0T

)

, (5.15b)

q =

(

xAP+
A

√

1 + q2
T/Q2, xBP−

B

√

1 + q2
T/Q2, qT

)

. (5.15c)

Here the scaling variables are defined by

xA = Qey/
√

s, xB = Qe−y/
√

s, (5.16)

where y = 1
2 ln q

+
P

−
B

q
−

P
+
A

is the center-of-mass rapidity of the lepton pair, and

Q =
√

q2 is its invariant mass. In the center-of-mass, the large components

of the hadron momenta are P+
A and P−

B , both equal to
√

s/2 up to power-
suppressed corrections. Frequently, the cross section is integrated over qT,
and is presented as d2σ/(dQ2 dy).

We first discuss the DY amplitude. Its reduced graphs are constructed
by an elementary generalization of the construction for DIS. We now have
two collinear subgraphs, A and B, associated with each incoming particle.
As in DIS, we classify the reduced graphs by the number of outgoing
directions of lines from the hard scattering H. Now H has incoming lines
from each of the A and B subgraphs, and has the virtual photon taking
out momentum. This allows the minimal situation, illustrated in Fig. 5.17,
with no extra collinear groups at all going out from H. The soft subgraph
can create particles in the final state that fill in the rapidity gap between
the beam remnants.

This is illustrated by the microscopic view of a collision shown in Fig.
5.18 (which corresponds to Fig. 2.2 for DIS). Here we have shown the

11 February 2011

J.C. Collins, Foundations of Perturbative 
QCD, Cambridge Univ. Press 2011 

WG6/312  Kang 
TMD evolution and global analysis 
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u  Gauge links associated with dimension zero (not suppressed!) collinear An = A+ 
gluons, leading for TMD correlators to process-dependence: 

Non-universality because of process dependent gauge links 

2
[ ] . [ ]

[0, ]3 . 0

( . )( , (0) ( ); )
(2 ) j

q C i p CT
ij T i n

d P dx p n e P U Pξ
ξ ξ

ψ ψ ξ
ξ ξ
π =

Φ = ∫

Φ[-] Φ[+] 

Time reversal 

TMD 

… A+ … 
… A+ … 
(resummation) 

   SIDIS  DY 

path dependent gauge link  

Belitsky, Ji, Yuan, 2003; Boer, M, Pijlman, 2003 



23 

Non-universality because of process dependent gauge links 

Φg
αβ[C ,C '] (x, pT ;n) =

d(ξ .P)d 2ξT
(2π )3∫ ei p.ξ P U[ξ ,0]

[C ] Fnα (0)U[0,ξ ]
[C '] Fnβ (ξ ) P

ξ .n=0

u  The TMD gluon correlators contain two links, which can have different paths. 
Note that standard field displacement involves C = C’  

u  Basic (simplest) gauge links for gluon TMD correlators: 

[ ] [ ]
[ , ] [ , ]( ) ( )C CF U F Uαβ αβ
η ξ ξ ηξ ξ→

Φg
[+,+] Φg

[-,-] 

Φg
[+,-] Φg

[-,+] 

   gg è H 

 in gg  è QQ  
Bomhof, M, Pijlman, 2006; Dominguez, Xiao, Yuan, 2011 



Consequences for parametrizations of TMDs 

  Gauge link dependence 

  Leading quark TMDs 
 
 

  Leading gluon TMDs 
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momentum qT of the produced lepton pair,

σ(x1, x2, qT ) =

∫
d2p1T d2p2T δ2(p1T + p2T − qT )

× Φ[−]
1 (x1, p1T )Φ

[−†]
2 (x2, p2T )σ̂(x1, x2, Q), (10)

which involves a convolution of TMDs. What is more important, it is the color flow
in the process, in this case neutralized in initial state, that determines the path in
the gauge link in the TMDs, in this case past-pointing ones. In contrast in semi-
inclusive deep inelastic scattering one finds that the relevant TMD is Φ[+] with a
future-pointing gauge link. In a general process one can find more complex gauge
links including besides Wilson line elements also Wilson loops. In particular when
the transverse momentum of more than one hadron is involved, such as e.g. in the
DY case above, it may be impossible to have just a single TMD for a given hadron
because color gets entangled 5,6.

The correlators including a gauge link can be parametrized in terms of TMD
PDFs 7,8 depending on x and p2

T
,

Φ[U ](x, pT ;n) =

{
f [U ]
1 (x, p2

T
)− f⊥[U ]

1T (x, p2
T
)
ϵpTST

T

M
+ g[U ]

1s (x, pT )γ5

+ h[U ]
1T (x, p2

T
) γ5 /ST

+ h⊥[U ]
1s (x, pT )

γ5 /p
T

M
+ ih⊥[U ]

1 (x, p2
T
)
/p

T

M

}
/P

2
, (11)

with the spin vector parametrized as Sµ = SLPµ + Sµ
T +M2 SLnµ and shorthand

notations for g[U ]
1s and h⊥[U ]

1s ,

g[U ]
1s (x, pT ) = SLg

[U ]
1L (x, p2

T
)−

pT · ST

M
g[U ]
1T (x, p2

T
). (12)

For quarks, these include not only the functions that survive upon pT -integration,
f q
1 (x) = q(x), gq1(x) = ∆q(x) and hq

1(x) = δq(x), which are the well-known collinear
spin-spin densities (involving quark and nucleon spin) but also momentum-spin den-
sities such as the Sivers function f⊥q

1T (x, p2
T
) (unpolarized quarks in a transversely

polarized nucleon) and spin-spin-momentum densities such as g1T (x, p2T ) (longitu-
dinally polarized quarks in a transversely polarized nucleon).

The parametrization for gluons, following the naming convention in Ref. 9, is
given by

2xΓµν[U ](x,pT ) = −gµνT fg[U ]
1 (x,p2

T
) + gµνT

ϵpTST

T

M
f⊥g[U ]
1T (x,p2

T
)

+ iϵµνT gg[U ]
1s (x,pT ) +

(
pµT p

ν
T

M2
− gµνT

p2
T

2M2

)
h⊥g[U ]
1 (x,p2

T
)

−
ϵpT {µ
T pν}T
2M2

h⊥g[U ]
1s (x,pT )−

ϵpT {µ
T Sν}

T +ϵST {µ
T pν}T

4M
hg[U ]
1T (x,p2

T
). (13)
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momentum qT of the produced lepton pair,

σ(x1, x2, qT ) =

∫
d2p1T d2p2T δ2(p1T + p2T − qT )

× Φ[−]
1 (x1, p1T )Φ

[−†]
2 (x2, p2T )σ̂(x1, x2, Q), (10)

which involves a convolution of TMDs. What is more important, it is the color flow
in the process, in this case neutralized in initial state, that determines the path in
the gauge link in the TMDs, in this case past-pointing ones. In contrast in semi-
inclusive deep inelastic scattering one finds that the relevant TMD is Φ[+] with a
future-pointing gauge link. In a general process one can find more complex gauge
links including besides Wilson line elements also Wilson loops. In particular when
the transverse momentum of more than one hadron is involved, such as e.g. in the
DY case above, it may be impossible to have just a single TMD for a given hadron
because color gets entangled 5,6.

The correlators including a gauge link can be parametrized in terms of TMD
PDFs 7,8 depending on x and p2

T
,

Φ[U ](x, pT ;n) =

{
f [U ]
1 (x, p2

T
)− f⊥[U ]

1T (x, p2
T
)
ϵpTST

T

M
+ g[U ]

1s (x, pT )γ5

+ h[U ]
1T (x, p2

T
) γ5 /ST

+ h⊥[U ]
1s (x, pT )

γ5 /p
T

M
+ ih⊥[U ]

1 (x, p2
T
)
/p

T

M

}
/P

2
, (11)

with the spin vector parametrized as Sµ = SLPµ + Sµ
T +M2 SLnµ and shorthand

notations for g[U ]
1s and h⊥[U ]

1s ,

g[U ]
1s (x, pT ) = SLg

[U ]
1L (x, p2

T
)−

pT · ST

M
g[U ]
1T (x, p2

T
). (12)

For quarks, these include not only the functions that survive upon pT -integration,
f q
1 (x) = q(x), gq1(x) = ∆q(x) and hq

1(x) = δq(x), which are the well-known collinear
spin-spin densities (involving quark and nucleon spin) but also momentum-spin den-
sities such as the Sivers function f⊥q

1T (x, p2
T
) (unpolarized quarks in a transversely

polarized nucleon) and spin-spin-momentum densities such as g1T (x, p2T ) (longitu-
dinally polarized quarks in a transversely polarized nucleon).

The parametrization for gluons, following the naming convention in Ref. 9, is
given by

2xΓµν[U ](x,pT ) = −gµνT fg[U ]
1 (x,p2

T
) + gµνT

ϵpTST

T

M
f⊥g[U ]
1T (x,p2

T
)

+ iϵµνT gg[U ]
1s (x,pT ) +

(
pµT p

ν
T

M2
− gµνT

p2
T

2M2

)
h⊥g[U ]
1 (x,p2

T
)

−
ϵpT {µ
T pν}T
2M2

h⊥g[U ]
1s (x,pT )−

ϵpT {µ
T Sν}

T +ϵST {µ
T pν}T

4M
hg[U ]
1T (x,p2

T
). (13)



Transverse moments à operator structure of TMD PDFs 

  Operator analysis for TMD functions: in analogy to Mellin moments consider 
transverse moments involving gluonic operators 
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pT
αΦ[±](x, pT ;n) =

d(ξ .P)d 2ξT
(2π )3∫ ei p.ξ P ψ(0)U[0,±∞]iDT

αU[±∞,ξ ]ψ(ξ ) P ξ .n=0

dpT∫ pT
αΦ[U ](x, pT ;n) = !Φ∂

α (x)+CG
[U ]ΦG

α (x)

T-even  T-odd  

calculable  

T-even (gauge-invariant derivative)  

ΦD
α (x) = dx1∫ ΦD

α (x − x1,x1 | x)

T-odd (soft-gluon or gluonic pole, ETQS m.e.)  

Φ
∂
α (x) = ΦD

α (x)−ΦA
α (x)

ΦA
α (x) = PV

dx1
x1

ΦF
nα (x − x1,x1 | x)∫

ΦG
α (x) = πΦF

nα (x,0 | x)

Efremov, Teryaev; Qiu, Sterman; 
Brodsky, Hwang, Schmidt; Boer, Teryaev; Bomhof, Pijlman, M 



TMD and collinear twist 3 

  There are many more links between TMD factorized results, pQCD 
resummation results and collinear twist 3 results: 

26 

WG6/108 Dai Lingyun 
Sivers asymmetry in SIDIS 

WG6/104  Granados 
Left-right asymm. in chiral dynamics 

WG6/120  Koike 
Collinear twist 3 for spin asymm. 

WG6/57  Pitonyak et al. 
Transverse SSA in pp à π/γ X 

WG6/309  Metz 
Twist-3 spin observables 

WG6/315  Burkardt 
Transverse Force on Quarks in DIS 



 

 

Operator classification of TMDs according to rank 

factor TMD PDF RANK 
0 1 2 3 

1 
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Φ
∂∂
(x, pT

2 )Φ
∂
(x, pT

2 )Φ(x, pT
2 ) Φ

∂∂∂
(x, pT

2 )
Φ{G∂},c (x, pT

2 )ΦG ,c (x, pT
2 ) Φ{G∂∂},c (x, pT

2 )
Φ{GG∂},c (x, pT

2 )ΦGG ,c (x, pT
2 )

ΦGGG ,c (x, pT
2 )

CG ,c
[U ]

CGG ,c
[U ]

CGGG ,c
[U ]

Buffing, Mukherjee, M 



Distribution versus fragmentation functions 

  Operators:   Operators: 
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Φ[U ]( p | p) ~ P |ψ(0)U[0,ξ ]ψ(ξ ) | P Δ(k | k)
~ 0 |ψ(ξ ) | KhX KhX |ψ(0) | 0

X
∑

ΔG
α (x) = πΔF

nα ( 1Z ,0 | 1Z ) = 0

d 2kT∫ kT
αΔ[U ](x,kT ) = !Δ∂

α (x)

ΦG
α (x) = πΦF

nα (x,0 | x) ≠ 0

d 2 pT∫ pT
αΦ[U ](x, pT ) = !Φ∂

α (x)+CG
[U ]ΦG

α (x)

T-even T-odd (gluonic pole) 

T-even operator combination, 
but still T-odd functions! 

out state 

Collins, Metz; Meissner, Metz; 
Gamberg, Mukherjee, M 



 

Operator classification of TMDs 

factor TMD PDF RANK 
0 1 2 3 

1 

29 

Φ
∂∂
(x, pT

2 )Φ
∂
(x, pT

2 )Φ(x, pT
2 ) Φ

∂∂∂
(x, pT

2 )
Φ{G∂},c (x, pT

2 )ΦG ,c (x, pT
2 ) Φ{G∂∂},c (x, pT

2 )
Φ{GG∂},c (x, pT

2 )ΦGG ,c (x, pT
2 )

ΦGGG ,c (x, pT
2 )

CG ,c
[U ]

CGG ,c
[U ]

CGGG ,c
[U ]

factor TMD PFF RANK 
0 1 2 3 

1 Δ
∂∂
(z−1,kT

2 )Δ
∂
(z−1,kT

2 )Δ(z−1,kT
2 ) Δ

∂∂∂
(z−1,kT

2 )

Buffing, Mukherjee, M 



  

 

  Example: quarks in an unpolarized target are described by just 2 TMD structures; 
in general rank is limited to to 2(Shadron+sparton) 

 

 

  Gauge link dependence: 
     (coupled to process!) 
 

 

Operator classification of quark TMDs (unpolarized nucleon) 
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factor QUARK TMD PDF RANK UNPOLARIZED HADRON 
0 1 2 3 

1 

h1
⊥

f1
CG
[U ]

CGG ,c
[U ]

!Φ(x, pT
2 ) = f1 (x, pT

2 )( ) P2 !ΦG
α (x, pT

2 ) = ih1
⊥(x, pT

2 )
γT
α

M

#

$
%%

&

'
((
P
2

T-odd T-even  [B-M function] 

h1
⊥[U ](x, pT

2 ) =CG
[u]h1

⊥(x, pT
2 )



Operator classification of quark TMDs (polarized nucleon) 

factor QUARK TMD PDFs RANK SPIN ½ HADRON 
0 1 2 3 

1 

31 

h1T
⊥(A)

h1
⊥ , f1T

⊥

f1, g1L , h1T g1T , h1L
⊥

h1T
⊥(B1) , h1T

⊥(B2)

CG
[U ]

CGG ,c
[U ]

A :  ψ∂∂ψ =Trc ∂∂ψψ"# $%

B1: Trc GGψψ"# $%

B2 : Trc GG"# $%Trc ψψ"# $%

Three pretzelocities: 

Process dependence also for (T-even) pretzelocity,  

h1T
⊥[U ] = h1T

⊥(1)(A) +CGG ,1
[U ] h1T

⊥(B1) +CGG ,2
[U ] h1T

⊥(1)(B2)

Buffing, Mukherjee, M  



  Note also process dependence of (T-even) linearly polarized gluons 
 
 

Operator classification of TMDs (including trace terms) 

32 

factor GLUON TMD PDF RANK UNPOLARIZED HADRON 
0 1 2 3 

1 f1
g

CGG ,c
[U ]

h1
g⊥(A)

h1
g⊥(Bc)

h1
g⊥[U ] = h1

⊥(A) + CGG ,c
[U ] h1

⊥(Bc)

c
∑

Buffing, Mukherjee, M  



Operator classification of TMDs (including trace terms) 

factor TMD PDF RANK 
0 1 2 3 

1 

33 

Φ
∂∂
(x, pT

2 )Φ
∂
(x, pT

2 )Φ(x, pT
2 ) Φ

∂∂∂
(x, pT

2 )
Φ{G∂},c (x, pT

2 )ΦG ,c (x, pT
2 ) Φ{G∂∂},c (x, pT

2 )
Φ{GG∂},c (x, pT

2 )ΦGG ,c (x, pT
2 )

ΦGGG ,c (x, pT
2 )

CG ,c
[U ]

CGG ,c
[U ]

CGGG ,c
[U ]

ΦG.G ,c (x, pT
2 )

 
  Trace terms affect pT width (note ΦG.G(x) = 0) 

Boer, Buffing, M, arXiv:1503.03760 



  Note process dependence, not only of linearly polarized gluons but also 
affecting the pT width of unpolarized gluons   

                                                  with δf1g(Bc)(x) = 0 
 
 

Operator classification of TMDs (including trace terms) 
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factor GLUON TMD PDF RANK UNPOLARIZED HADRON 
0 1 2 3 

1 f1
g

CGG ,c
[U ]

h1
g⊥(A)

h1
g⊥(Bc)

h1
g⊥[U ] = h1

⊥(A) +CGG ,c
[U ] h1

⊥(Bc)

δ f1
g (Bc)

f1
g[U ] = f1

g +CGG ,c
[U ] δ f1

g (Bc)

Boer, Buffing, M Boer, Buffing, M, arXiv:1503.03760 



Operator classification of TMDs (including trace terms) 

factor QUARK TMD PDFs RANK SPIN ½ HADRON 
0 1 2 3 

1 

35 

h1T
⊥(A)

h1
⊥ , f1T

⊥

f1, g1L , h1T g1T , h1L
⊥

h1T
⊥(B1) , h1T

⊥(B2)

CG
[U ]

CGG ,c
[U ]

Process dependence in pT width of TMDs is due to 
gluonic pole operator (e.g. Wilson loops) 
 
                                         with δf1(Bc)(x) = 0 

δ f1, δg1, δh1

f1
[U ] = f1 +CGG ,c

[U ] δ f1
(Bc)

Boer, Buffing, M, arXiv:1503.03760 



Entanglement in processes with two initial state hadrons 

Resummation of collinear gluons coupling onto external lines contribute to 
gauge links 

  …. leading to entangled situation (Rogers, M), breaking universality  

  Gauge knots (Buffing, M) 

36 ψ(ξ1)    ψ(01)

1[ ,0 ]−∞

2[ , ]ξ −∞ 2[ ,0 ]−∞

1[ , ]ξ −∞

1 2[ , ][ , ]ξ ξ+∞ +∞

ψ(ξ2 )    ψ(02 )

1 2[0 , ][0 , ]+∞ +∞



  
  Complications if the transverse momentum of two 

initial state hadrons is involved, resulting for DY at 
measured QT in 

 
  This leads to color factors just as for twist-3 

squared in collinear DY 
 

 

 Correlators in description of hard process (e.g. DY) 

37 

NIKHEF 2013-028

Color entanglement for azimuthal asymmetries in the Drell-Yan process

M.G.A. Buffing1, ∗ and P.J. Mulders1, †
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De Boelelaan 1081, NL-1081 HV Amsterdam, the Netherlands
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In the resummation of collinear gluons emitted together with active partons from the hadrons
in the Drell-Yan process (DY) effects of color entanglement become important when the transverse
directions are taken into account. It is then no longer possible to write the cross section as the con-
volution of two soft correlators and a hard part. We show that the color entanglement introduces
additional color factors that must be taken into account in the extraction of transverse momen-
tum dependent parton distribution functions (TMD PDFs) from azimuthal asymmetries. Examples
where such effects matter are the extraction of the double Sivers and double Boer-Mulders asym-
metries. Furthermore, we will argue why this color entanglement is a basic ingredient already in the
tree-level description of azimuthal asymmetries.

PACS numbers: 12.38.-t; 13.85.Ni; 13.85.Qk

INTRODUCTION

In Ref. [1] it was shown that the inclusion of contribu-
tions of collinear gluons in high-energy hadroproduction
processes leads to the entanglement of color, complicat-
ing factorization of the cross sections into a hard part and
soft correlators. Collinear gluons refer to gluons emitted
from each of the target hadrons, described by parton dis-
tribution functions, with polarization along the hadron
momentum. In Ref. [2] it was argued that this com-
plication of factorization is even important at tree-level,
where gauge links lead to color entanglement in the pro-
cess, making it impossible to write a process with two
initial state hadrons as the product of two correlators.
These complications do not imply that observables can
no longer be calculated, merely that results are different
from the naive picture and have a richer phenomenol-
ogy. In this paper, we will focus on the Drell-Yan pro-
cess only [3] and show in more detail what is different and
how this affects measurements of asymmetries. In this,
we will go beyond the double weighted case in Ref. [2]
and use the results of Ref. [4] to discuss in general all
asymmetries accessible through Drell-Yan involving un-
polarized or polarized TMD PDFs at leading order in an
expansion in 1/Q, often sloppily referred to as ‘at leading
twist’. We will also show why this effect of color entan-
glement is an essential ingredient, already at tree-level.

WILSON LINES AT TREE-LEVEL

The leading order Drell-Yan cross section before taking
into account gauge links, which are also leading order
contributions, is illustrated in Fig. 1 and given by

dσDY ∼ Trc
[
Φ(x1, p1T )Γ

∗Φ(x2, p2T )Γ
]

=
1

Nc
Φ(x1, p1T )Γ

∗Φ(x2, p2T )Γ, (1)

where Φ and Φ are the quark and antiquark correla-
tors respectively, Fourier transforms of forward matrix
elements of quark fields, and where Γ and Γ∗ repre-
sent the hard scattering interaction in which a virtual
photon or weak vector boson with momentum q is pro-
duced. The standard color factor emerges because the
color trace is usually included in the definition of the
correlator Φ, i.e. Trc[1]/(Trc[1] Trc[1]) = 1/Nc. This is
also the basic expression of the TMD factorized parton
model description after expanding into TMD PDFs. The
result involves soft parts integrated over parton virtual-
ities and is actually a convolution over the parton mo-
menta pi = xi P + piT . High-energy kinematics links the
momentum fractions (or p+ components) to scaling vari-
ables x1 = P2·q/P1·P2 and x2 = P1·q/P1·P2 and the sum
of transverse momenta to the observable transverse mo-
mentum p1T + p2T = qT ≡ q − x1 P1 − x2 P2, which is
the transverse momentum of the virtual photon or the
lepton pair with respect to the momenta P1 and P2, see
Ref. [5].

In the qT -integrated situation, collinear gluons are sim-
ply absorbed in the correlators Φ as color gauge links.

FIG. 1: The DY process in the diagrammatic represen-
tation, where the yellow blobs are described by the TMD
PDFs. The Γ and Γ∗ represent the hard scattering, pro-
ducing a virtual photon.

2

FIG. 2: The gauge connections contributing for Drell-
Yan, indicated by gray blobs at the location in the diagram
where they appear after resummation, the coordinates in
brackets labelling the endpoints of the Wilson lines in co-
ordinate space. The separations ξi are conjugate to par-
ton momenta pi involving light-cone ξ− and ξT directions.
The U− gauge connections run to light-cone ξ− = −∞.

The correlators only depend on momentum fractions that
are conjugate to light-like nonlocalities in the expressions
in terms of partonic fields. Gauge links are just sim-
ple straight Wilson lines. At measured qT , determining
the cross section for Drell-Yan includes gauge links with
transverse separations involving collinear and transverse
gluons. In the process the color remains entangled as il-
lustrated in Fig. 2. Bypassing the details of getting gauge
links in the first place, we note that at measured qT the
ingredients that contribute to the gauge links appear in
different parts of the diagram and cannot be trivially ab-
sorbed in the definition of the TMD correlators, nor can
they be incorporated by a simple redefinition of the corre-
lator. Therefore, the name gauge connection rather than
gauge link is used at this point. The result is

dσDY = Trc
[
U †
−[p2]Φ(x1, p1T )U−[p2]Γ

∗

×U †
−[p1]Φ(x2, p2T )U−[p1]Γ

]
(2)

̸=
1

Nc
Φ[−](x1, p1T )Γ

∗Φ
[−†]

(x2, p2T )Γ,

suppressing all parts of the (partial) cross section that are
not of direct importance for our purpose, e.g. the phase
space factors. As arguments of the Wilson lines we have
used a notation with the momenta p1 and p2 in square
brackets, merely to indicate from which correlator the
gauge connections receive contributions in the form of
gluon emissions. Also, in Eq. 2 the dagger indicates the
direction of the gauge connection in coordinate space, as
is explained in e.g. Ref. [2]. In the ‘attempt’ in the second
expression Φ[−](x1, p1T ) = Trc

[
Φ(x1, p1T )U

†
−[p1]U−[p1]

]

is a color gauge-invariant TMD with a nontrivial (staple
like) link running via light-cone minus infinity.
In the above, both the TMD distribution functions Φ

and the Drell-Yan cross section can be expanded in trans-

verse moments, yielding

Φ(x, pT ) =
∑

m

Φ(m)(x, p2
T
) pm

T
(ϕ), (3)

dσDY(x1, x2, qT ) =
∑

m

dσ(m)
DY (x1, x2, q

2
T
) qm

T
(ϕ),(4)

where the angle ϕ represents the angular dependence of
the transverse vectors pT or qT , respectively and pm

T
(ϕ) is

the symmetric traceless rank m tensor constructed from
the transverse momenta, i.e.

pα1...αm

T
= pα1

T
. . . pαm

T
−traces ⇐⇒

|pT |m

2m−1
e±imϕ. (5)

AZIMUTHAL EXPANSION OF THE PARTON

CORRELATORS

By inverting these expressions, one can relate the def-
inite rank TMDs Φ(m)(x, p2

T
) to the azimuthally inte-

grated full TMD PDFs Φ(x, pT ) weighted with pm
T
(ϕ),

as explained in detail in Refs. [2, 4]. The definite rank
functions appearing in the expansion for Φ are actually
quark or gluon correlators with in the matrix elements
additional derivatives or gluonic fields, depending on the
inserted operator being iDα

T
or Aα

T
denoted as Φα

D, Φα
A,

Φαβ
DD, etc. In the treatment of TMD PDFs one needs ac-

tually only particular combinations of these correlators.
Performing the transverse momentum weightings is sen-
sitive to the nonlocality of the operators, in particular
also the gauge links and their path. For example, for a
TMD correlator with a gauge link U one finds

Φα [U ]
∂ (x) =

∫
d2pT pα

T
Φ[U ](x, pT )

= Φ̃α
∂ (x) + C [U ]

G Φα
G(x), (6)

where Φ̃α
∂ (x) = Φα

D(x)−Φα
A(x) is the difference between a

quark correlator including a covariant derivative and the
quark-gluon-quark correlator, while Φα

G(x) is a gluonic
pole matrix element, corresponding to the emission of a
collinear gluon of zero momentum [6]. These functions
are collinear and independent of the gauge link. That

dependence is only in the gluonic pole coefficient C [U ]
G ,

see Ref. [7]. For the simple staple gauge links U± the

gluonic pole coefficients are C [±]
G = ±1. Similarly, we

have higher moments,

Φαβ [U ]
∂∂ (x) = Φ̃αβ

∂∂ (x) + C [U ]
G Φ̃αβ

{∂G}(x)

+ C [U ]
GG,cΦ

αβ
GG,c(x), (7)

etc. An extra index c is needed if there are multiple
possibilities to construct a color singlet as is the case for
a field combination ψGGψ, namely Trc[GGψψ] (c = 1)
and Trc[GG] Trc[ψψ]/Nc (c = 2). For the staple like links

only one configuration is relevant, having C [±]
GG,1 = 1 and

 Two initial state hadrons (e.g. DY) 

σ DY (x1,x2 ,qT )  = 1
Nc
f1(x1, p1T )⊗ f1(x2 , p2T )

                     − 1
Nc

1
Nc

2 −1
h1
⊥(x1, p1T )⊗ h1

⊥(x2 , p2T )cos(2ϕ )

Buffing, M, PRL 112 (2014), 092002 



Attempts to provide a useful database have started 

TMDlib project

 4

http://tmdlib.hepforge.org
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Conclusions and outlook 

  TMDs extend collinear PDFs (including polarization 3 for quarks and 
2 for gluons) to novel TMD PDF and PFF functions 

  Although operator structure includes ultimately the same operators 
as collinear approach, it is a physically relevant combination/
resummation of higher twist operators that governs transverse 
structure (definite rank linked to azimuthal structure) 

  Knowledge of operators for transverse structure is important for 
interpretation, relations to twist 3 and lattice calculations. 

  Transverse structure for PDFs (in contrast to PFFs) requires careful 
study of process dependence linked to color flow in hard process 

  Like spin, the transverse structure does offer valuable tools, but you 
need to know how to use them! 
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Some other (related) contributions  
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WG6/21 Lowdon (ArXiv:1408.3233) 
Spin operator decompositions 

WG6/58  Courtoy, Bacchetta, Radici 
Collinear Dihadron FFs 

WG6/102 Prokudin et al. 
Tensor charge from Collins asymm. 

WG2/87  Yuan 
TMDs at small x 

WG6/304 Kasemets 
Polarization in DPS 

WG6/315  Burkardt 
Transverse Force on Quarks in DIS 

WG2/112 Tarasov 
Rapidity evolution of gluon TMD 

WG2/87  Yuan 
TMDs at small-x 

WG2/326  Stasto 
Matching collinear and small-x fact. 

WG4/88  Yuan 
Soft gluon resumm for dijets 

WG7/297  Zhihong 
SoLID-SIDIS: future of T-spin, TMD 

WG1/325 Kasemets 
TMD (un)polarized gluons in H prod 


