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Abstract

A new model to make inferences about population characteristics from experimental datasets is presented. It derives con-
cepts and procedures from quantum chemistry. The model uses the observed values and the uncertainty estimates thereof. It
provides the different modes of the distribution and for each mode the expectation value, the standard deviation and a per-
centage indicating the fraction of observations encompassed. An implementation of the model that does not require uncer-
tainty estimates is provided too. In this paper, the model is elaborated and applied to the evaluation of interlaboratory stud-
ies. It has, however, a much wider generic application. It is demonstrated that the model can cope with asymmetric, strongly
tailing and multimodal distributions and that it is superior to existing techniques (e.g. 1SO 5725, robust statistics). © 2000
Elsevier Science B.V. All rights reserved.
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1. Introduction istics is frequently complicated by the nature of the

distribution underlying the data. A range of proce-

Statistical inferences of population characteristics
from experimentally obtained datasets, e.g. measures
for location and dispersion, need to be made in many
fields of science. The caculation of such character-
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dures has been developed to deal with this problem,
such as outlier tests based on assumptions about the
distribution functions [1] and nonparametric algo-
rithms like robust statistics [2] and bootstrapping [3].
Better procedures are, however, till desirable.

A new model is presented in this paper which de-
rives concepts and practices from quantum chem-
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istry, in particular wavefunctions and matrix algebra
No physical laws can be used to derive wavefunc-
tions underlying the experimental data encountered in
practice. The square of a wavefunction is a probabil-
ity density function. Using an estimate for the proba-
bility density function of the measurement process
concerned, a ‘wavefunction’ can be derived which
underlies the observation and which comprises the
observed value and its uncertainty. The wavefunc-
tions of all individual observations constitute a basis
set in which wavefunctions describing the properties
of the total dataset can be constructed. The procedure
outlined in this paper constructs the wavefunctions for
the dataset as a whole as linear combinations of the
wavefunctions of the observations. For each linear
combination, which corresponds to a mode of the
distribution of observations, the expectation value,
the standard deviation and a percentage indicating the
fraction of the observations encompassed is calcu-
lated. The first mode provides the population charac-
teristics sought.

Although this model can be applied to a variety of
situations, this paper will only be providing informa
tion for the evaluation of data from interlaboratory
studies. Interlaboratory studies play an important role
in analytical chemistry to assess the performance pa-
rameters of a method, to assess the performance of
laboratories and to certify materials [4]. The design,
conduct and evaluation of interlaboratory studies have
received considerable interest in the past years. In
close collaboration, IUPAC, AOAC and I1SO haveis
sued guidelines for method-performance studies [5]
and for laboratory-performance studies [6]. The Eu-
ropean Union has provided a detailed document de-
scribing how reference materials should be prepared
and certification studies should be conducted in
the framework of the Standards, Measurements and
Testing Programme [7]. The Analytica Methods
Committee of the UK-Roya Society of Chemistry
(denoted as AMC in this paper) reported on the or-
ganisation and statistical assessment of proficiency
tests [8]. 1SO recently has published guides on the
organisation of interlaboratory studies[9,10]. A com-
mon element throughout these standards and guide-
lines is the need to provide a statistical evaluation of
interlaboratory studies.

Youden and Steiner [11] have provided a corner-
stone with respect to the development of statistical

procedures related to the evaluation of method-per-
formance studies. The work of these authors has
evolved in time in to AOAC guidelines [12], and the
standard 1SO 5725 [13,14]. Basically, a series of out-
lier tests are applied to the data after which an
ANOVA based procedure is adopted to obtain the
expectation value and the reproducibility and re-
peatability of the method under study.

The procedure is based on the assumption that all
of the within-laboratory variances are equal and nor-
mally distributed, and that a normal distribution un-
derlies the between-laboratory variance. These as-
sumptions seem acceptable for method-performance
studies, in which participating laboratories experi-
enced in the method tested, follow the same, single
method protocol. In practice, however, these assump-
tions are frequently violated. The direct application of
ISO 5725 for laboratory-performance studies is
highly questionable. In such studies, laboratories are
free to use their own methodology. In addition to dif-
ficulties related to the distribution of the laboratory
means, there is a priori no reason to assume that the
within-laboratory variances will be the same. Some
researchers have used 1SO 5725 to evauate labora
tory-performance studies after a transformation of the
data with the aim to reduce the problems regarding
deviations from normality and non-equal within-
laboratory variances. (e.g. Ref. [15]). A more funda-
mental criticism of 1SO 5725 concerns the use of
outlier tests [1].

In the past 10 years, robust statistics have been put
forward as a suitable technique to analyse the data
from interlaboratory studies[1,16—21]. The AMC and
Lischer methods have been tested by different groups
[22-24]. In studies on marine samples, it has been
observed that many data distributions tend to have
positive outliers owing to, for instance, calculation or
transcription errors, errors with units or contamina
tion [22]. Such data normally form up to 5% and, in
some cases, as much as 10% of the total amount of
data. The robust statistics of AMC and Lischer [26]
appear to have difficulties in coping with these
asymmetrical distributions, which is manifested as
inflated values for the robust means and robust stan-
dard deviations. In practice, this problem can be cir-
cumvented by inspecting the data and removing ‘ ob-
vious outliers’ prior to the statistical evaluation [22],
but this brings an element of subjectiveness which the
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robust statistics intended to avoid. Other robust
methods are also reported in the literature, each with
its own advantages and disadvantages (e.g. Refs.
[20,21,25,26)).

Lischer [26] has listed the criteria for procedures
to evaluate interlaboratory studies [28]. These criteria
include a good efficiency for an ideal model (i.e. the
normal distribution), a small impact of minor devia-
tions from the ideal model on the outcome of the cal-
culations and a high resilience towards large devia
tions. The model presented in this paper meets the
criteria stated by Lischer [26]. The method is, how-
ever, more robust for asymmetrical distributions and
includes numerical and graphical meansto assess data
distributions. A particular feature of this procedureis
that explicit use is made of the uncertainty of the in-
dividual laboratory data to establish the expectation
value and its uncertainty.

The mathematical approach is provided and ex-
plained in Section 2. Thereafter, the procedure is il-
lustrated with simulated datasets and with real
datasets derived from international laboratory-perfor-
mance studies.

2. Design and implementation of the model

In the model proposed in this study, so called
measurement functions are defined. The measure-
ment functions are written in the Dirac notation [27]
as | ¢;(x)) (where x is the measurand), which is ab-
breviated to | ¢;), for laboratory i and as | ¥ for
the interlaboratory study. The laboratory measure-
ment function | ¢, )is set equal to the square root of
a probability density function which encompasses the
expectation value u; and uncertainty of the measure-
ment of laboratory i. Likewise, ¥? represents a
probability density function which comprises the
consensus value and uncertainty of the interlabora
tory study.

The measurement function has by definition the
following properties

(oley =1, (olg)=5;,0<§;<1, (1)

(oilxle) = ;. (2

In these formulas, {¢; | ;> implies an integration
over the entire measurement range, S; is the overlap
integral quantifying the ‘similarity’ of results of two
laboratories i and j, and u; is the expectation value
of laboratory i for the sample tested.

The measurement functions of al N laboratories
congtitute a basis set, {I ¢;), i=12,...,N}, from
which the interlaboratory measurement function is
constructed, i.e.

|1I’>=Zci|€0i>- (3)

A procedure needs to be developed to estimate the
expansion coefficient c;.

It is assumed that the best estimate of the expecta-
tion value of the dataset is provided by the combina-
tion of laboratory measurement functions which has
the highest probability. This combination comprises
the best trade-off between the number of overlapping
observations in relation to the intensities of the over-
laps. We search for the maximum of (¥ | ¥ ) under
the constraint Y;c? = 1. For this, we use the method
of Lagrange multipliers

d
— |‘I’>—/\(Zci2—1)=0, a=1,...,N
ac i

(o3

(4)
which is egqual to

d
ac,

—(%cicj<¢i|¢j> —A(;Ciz— 1)) =0,

a=1,...,N (5)
and can be elaborated to the equation

ZCISO(I_/\Cazo’ a=1,...,N. (6)
I

The N equations given in Eg. (6) can be written in
matrix form as an eigenvalue problem Sc = Ac,
where the symmetric N X N overlap matrix S con-
tains elements §; and c isthe N X 1 vector with el-
ements c;. Thereare N solutions A with accompany-
ing eigenvectors c. The trace of the overlap matrix S
is equal to N, because al the diagonal elements are
equal to one. Therefore, the sum of the N eigenval-
ues is also equal to N.



40 W.P. Cofino et al. / Chemometrics and Intelligent Laboratory Systems 53 (2000) 37-55

Let | ¥,) be the interlaboratory measurement
function corresponding to the first (highest) eigen-
value A; and eigenvector c, . Then the expectation
value X, and variance s? can be obtained with the

following formulas

(Wl x[Wy)
SRS ?
SANG 2
2 _ 4 2y
Sl <q-,l|,ll-,l> 1 (8)

When dl laboratories work in perfect agreement, i.e.
all laboratory measurement functions are identical, all
overlap integrals §; will be equal to one and the
eigenvalue A, of | ¥;) will be equal to N. Such a
situation will normally not be encountered, and A,
will have a value between 1 (all off-diagona overlap
integrals are zero) and N. The value of A; isamea
sure for the degree of overall comparability of the
laboratories. More general: eigenvalue A; is propor-
tional to the probability of eigenvectors c, . The for-
mula (A;/N) X 100, 0 < A; < 1, represents the
percentage of basis functions (or observations) incor-
porated in the interlaboratory measurement function
| ¥.). For ingtance, if the eigenvalue A, of the se-
cond eigenvector ¢, iscloseto A;, abimodal distri-
bution is present. This may be inspected in detail by
plotting the laboratory means in a histogram or, in
analogy with principal component analysis, by the
construction of a biplot (eigenvector C,, versus
eigenvector c, ).

The procedure outlined above renders the total
variance s2,,. Frequently, separate estimates of the
within- and between-laboratory variances (S, e-
spectively Siyween) are required. This is accom-
plished by estimating S, and Sy, followed by the
calculation of Spen USiNG the formula 2., =
SZerween T Saitnin/ My N being the number of replicates.

The within-laboratory standard deviations can be
obtained for each interlaboratory measurement func-
tion | ¥ ) individualy. To this end, a new basis set
is employed: {c, | 6,>, k=12,...,N}. The func-
tions | 6, are obtained from | ¢, ) by replacing in the
formula of the latter the expectation value u; of the
laboratory i by the expectation value X; of the inter-
laboratory measurement function | ¥;). The uncer-
tainties of the individual laboratories are not changed.

Consequently, the functions | 6,) have the same
expectation value and differences in the overlap inte-
grals are caused solely by differences in the uncer-
tainties of the laboratories concerned. A ‘reproduci-
bility measurement function’ | @) is now sought as
the linear combination | @;) = ¥, v, Ci« | 6,7. The
coefficients y are found using the method of La
grange multipliers as described previously. The vari-
ance calculated with formula (8) using | ®) now
represents the within-laboratory variance. In the fol-
lowing, the within-laboratory standard deviation ob-
tained according to this approach is denoted as
Swithinweighed+ 1 NE procedure can also be carried out
without the coefficients being used as weighing fac-
tors (al c;, are set equal to 1), the within-laboratory
standard deviation obtained in thisway isindicated as
Swithin,all -

For the implementation of the model, a mathemat-
ical formulation needs to be established for the labo-
ratory measurement functions. In this paper, the
square root of the normal distribution is used, i.e.

—(X—}Li)z

¢.<x>>—\/0¢12_we o (9

The use of the normal distribution for the probability
function of a laboratory makes the approach concep-
tually transparent to laboratories. It is also suggested
by the use of this distribution as basis for control
charts. In most cases, however, the number of obser-
vations from which the laboratory mean is estimated
israther small, so that Student’s t-distribution may be
considered more appropriate. In this paper, cacula
tions are carried out using basis functions based on
both the normal distribution and Student’s t-distribu-
tion. The model can also be based on different prob-
ability functions. As an example, the symmetric tri-
angular probability distribution is employed. It is
emphasized that no assumptions are made regarding
the relative magnitude of the within-laboratory vari-
ances, nor about the nature of the distribution of W2,

L with upper bound a, and lower bound a_ and a=(a, —
a_)/2, thisdistribution is p(t)=(t—a_)/a® for a_ <t <(a,
+a_)/2, p=(a,—a_)/a for (a, +a_)/2<t<a,,
p(t) = 0 otherwise [34].
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The procedure requires a knowledge or estimate of
the uncertainty of the results of each laboratory. In
interlaboratory studies where the analyses are carried
out in replicate, the standard deviations of the indi-
vidual laboratories can be calculated and used in an
approximative sense for this purpose. When the stan-
dard deviations or other measures of uncertainty are
not known, an estimate may be made giving each
laboratory the same standard deviation. In analogy
with the international harmonised proficiency testing
protocol [6], these estimates may include a value
chosen by perception, for instance derived from liter-
ature, other interlaboratory studies or experience, by
prescription, based on the performance character-
istics required for a specific task, by reference to val-
idated methodology and /or by reference to a gener-
alised modedl. In this paper, examples are given for
most possibilities. In addition, in the following an
implementation of the model is provided which re-
produces for a normal distribution the mean and
standard deviation. This implementation, denoted as
‘the normal distribution approximation’, can be used
when no estimates of the uncertainties are available.

The model has been programmed in MATLAB.
When normal distributions are used as basis func-
tions, the overlap integrals can be expressed analyti-
caly. The formulas are given in the annex. When
Student’s t-distribution is employed, analytical ex-
pressions for the overlap integrals can only be ob-
tained for specific cases, e.g. when the standard de-
viation and the number of degrees of freedom n of
the two distributions are equal and n=3,7,11,....
Therefore, numerical integration has been used for all
calculations invoking probability density distribu-
tions other than the normal distribution. To this end,
the Matlab toolbox for Composite Gauss integration
provided by Wilson [28] has been used. The pro-
grams described in this paper are available as MAT-
LAB toolbox upon request.

3. An illustration of the model

3.1. A small number of simulated observations

As afirst illustration of the procedure, a situation
with only two laboratories is discussed. The mea-

surement functions of laboratories 1 and 2 are | ¢,
and | ¢,), the overlap between them S;,. The solu-
tion to this problem is given by | ¥;) = (1 ¢;) + |
©,0)/y2 and | ¥,) = (1 ¢1) — | ¢,))/y2, the
eigenvalues being, respectively, 1+ S, and 1 - S,.
The expectation value (Eg. (7)) will be equal to the
conventionally employed average of the two labora
tory means if the uncertainties in both are equal, oth-
erwise, the expectation value will be dlightly more
oriented to the laboratory mean with the lowest
uncertainty (see formulas in Appendix A). The un-
certainty of the expectation value, expressed as the
standard deviation (Eg. (8)), is related to the uncer-
tainties of the individual laboratory data and will in-
crease as the latter become greater. When the result
of athird laboratory is added, two situations may oc-
cur:

1. The overlap integral S;; and/or S,; is distinctly
larger than zero, the laboratory is involved in the
mixing process and obtains a non-zero expansion
coefficient in the interlaboratory measurement
function | ¥,).

2. The overlap integrals S;; and S,; differ both neg-
ligibly from zero. The 3 X 3 overlap matrix ob-
tains effectively a block-diagonal form with the
original 2 X 2 matrix, the solutions given above,
and a 1 X 1 matrix with eigenvalue 1.

In the second situation, the result of the third lab-
oratory would be classified as ‘outlier’ using normal
statistics, but it has no effect on the expectation value
obtained with this model. This argument may be ex-
tended to state that observations have no effect on the
expectation value {¥,|x|¥,) if they do not overlap
with either | ¢, or | ¢,). Only the percentage ob-
servations accounted for decreases as more non-over-
lapping observations occur, i.e. from (14 S)/2 for
the originally two laboratories to (1+ S)/N when
N — 2 non-overlapping laboratories are involved.

3.2. Normally distributed simulated datasets

It is illustrative to consider the behavior of the
model for normally distributed datasets. To this end,
calculations have been carried out on data extracted
from a population with w =1 and o;;,, = 1, and on
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datasets which have in addition a normally dis-
tributed ‘ between-sample’ (or between-laboratory)
component o peeen = 2 X Oyitnin- 1 heSe datasets
simulated 50 observations (laboratory means), each
based upon seven replicates. One hundred calcula
tions have been carried out for each of the two types
of datasets, the results are summarised in Table 1. The
correlation coefficients given in this table relate for
the parameter proper of the outcome of this model
and ANOVA.

Table 1 demonstrates that the model works well
with normally distributed data when the data are
drawn from one and the same population. The expec-
tation values and the standard deviations compare
well with those obtained with ANOVA. The interlab-
oratory measurement function ¥, accounts for the
major part (92.3 + 1.2%) of the observations. The
model renders in comparison with the imposed popu-
lation characteristics and the outcome of ANOVA a
distinctly lower s, and low percentage observa-
tions accounted for when a between-sample variance
is applied. This observation can be explained as fol-
lows. The model calculates the characteristics of the
interlaboratory study on the basis of the interlabora
tory measurement function ¥;. In this function, the
laboratories, which collectively account for the high-
est area of overlap, are emphasized. The overlap is
determined by the difference in laboratory-means in
relation to the magnitude of the laboratory-uncertain-
ties. In the second calculation, S,.yeen 1S Much larger
than s,;,,. Laboratories in the centre of the normal
distribution underlying S,.en have more neigh-
bours at short range than laboratories in the tails. The
procedure emphasizes the former laboratories —
driven by the uncertainties of the observations a nar-
row selection is made which is reflected in the lower
value for S, een Calculated with the model.

The effect of the ratio S, iwin-1aboratory/
Shetween-laboratory ON the resullts has been studied into
more detail. Twenty datasets of 20 laboratory-means
have been generated from a normal distribution with
afixed Spenyeen-laporatory- FOr €2Ch set, a series of cal-
culations with different Swithin-Iaboratory/sbetween—laboralory
ratios have been carried out by varying Syimin-taboratory »
each laboratory being given the same value. The re-
sults of the computations are plotted in Fig. 1. The
expectation value corresponds well with the mean of
the population in all cases. As the within-laboratory

standard deviation decreases, the scatter in expecta
tion values increases and the calculated between-
laboratory standard deviation Spu,en &d the per-
centage of observations accounted for decrease.
The decline in the overall standard deviation cal-
culated with ¥, (IMF1 in Fig. 1) with decreasing
swithin—Iaboratory/Sbetween—laboralory ratio Clearly demon'
strates the selection mechanism described above.
When the within-laboratory standard deviation isvery
small compared to the between-laboratory standard
deviation, then the highest overlap is established by
an interlaboratory measurement function giving the
highest weight to the two laboratories with the small-
est difference in concentration. For this reason, the
spread in expectation values is largest at low
SWithin-laboratory/ Sbetween—laboralory ratios.

The calculations illustrate that the dependence
of the Sbetween with the ratio SWithin—laboratory/
Shetween-laboratory 1S & CONSequence of the consideration
of the uncertainty in the calculations.

The calculated expectation value and Speyeen &€
in good agreement with the mean and standard devi-
ation of the underlying population when the ratio
sWithin-Iaboratory/Sbetween—laboratory iS abOUt 0.78 (see Flg
1). This observation can be used to derive empiri-
cally an implementation of the model for (near) nor-
mal distributions which does not need estimates for
Swithin-laboratory - 10 this end, a normal distribution of
observations (laboratory means) is used and the re-
quirement is imposed that the mean and standard de-
viation of this normal distribution are reproduced
well. In analogy with robust estimators of the stan-
dard deviation of a population [17,26], the standard
deviation is approximated as S;,; = « X MAD = «a
X median(|d;; ), where d;; =x;; —M, M being the
median of the dataset. The parameter « is varied to
minimize the differences (mean — calculated expec-
tation value) and (S,opuiation — Shew procedure)- 1HeE Cal-
culations lead to

Snormal distribution approximation = 1.168 X MAD. (10)

The use of Eq. (10) and its underlying approxima
tions will be denoted as the normal distribution ap-
proximation of the model.

3.3. A case study: bimodal distributions

Among the calculations which have been carried
out and described in Section 4, two cases involving



Table 1
Results of 100 calculations on simulated datasets with normal distributions
ANOVA This model
Mean Seotal Swithin Mean Stotal Swithin, weighed  Swithin, all Fraction encompassed (%)
w="1and oy = 1, 1004005 1004004 1004004 100+005 098+004 0954004 0944004 923+12
no between laboratory effect r’=0.98 r2=024 r2=09 r’=094
p=1and oy =1 100401 5114053 1004004 100403  219+04 1004005  094+004 323+36
and a between-laboratory r’=043 r2=0.13 r2=071 r’=094

COMPONENt T peryeen = X Tyithin
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Fig. 1. Dependence of mean and Speqyeen Calculated with IMFL on the assumed ratio Syimin-iaboratory/ Soetween-laporatory - 1N dotted lines indi-
cate the maximum and minimum values encountered in the 20 calculations, which have been carried out.

bimodal distributions are encountered which can be
used to illustrate and clarify the model. The two
datasets concerned are those for CB28 in the BCR
reference material CRM 536 (see Fig. 3 and Table 2)
and for Pb in a sandy marine sediment (Fig. 4 and
Table 4).

Normal distributions are used for the basis func-
tions. In Fig. 2, the sum of al basis functions and of
the corresponding probability density functions are
depicted (the solid lines) for both CB28 and Ph. For
CB28, two poorly resolved maxima are observed, the
highest probability density being observed at about 50
r.g,/kg, the next highest at about 38 p.g/kg. For Pb,
the graphs are more complex and exhibit a number of
well-resolved features, the highest probability den-
sity being found for a cluster of peaks at approxi-
mately 13 mg/kg and the next highest for a cluster
centered at about 8 mg,/kg. The model described in

this paper implies an orthogonal transformation of the
basis functions in such a manner that a linear combi-
nation of basis functions with the highest probability
(i.e. the highest eigenvalue A in the equation Sc=
Ac) is established. This linear combination is de-
noted as the interlaboratory measurement function ¥,
or IMFL. In addition, N — 1 in other interlaboratory
measurement functions ¥; (or IMFi) are con-
structed. In practice, the latter are ranked according
to their eigenvalue A; and may be used to obtain in-
sight in structures within the dataset. In most cases,
it is sufficient to consider ¥,, in particular when A,
attains a value close to A; which indicates that a bi-
modal distribution is present. With Pb the eigenval-
ues A, = 18.6 and A, =9.1 correspond to fractions
encompassed (A; /N X 100) of about 35% and 17%.
With CB28, the fractions encompassed are about 56%
and 37%.
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Measurement functions (arbitrary units)
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Fig. 2. The model illustrated on observed datasets with a bimodal character: CB28 in CRM 536 and Pb in the sandy marine sediment sample

QTM002MS [38].

For CB28 and Pb, the values of the interlabora
tory measurement functions IMF1 and IMF2 and the
corresponding probability density functions IMF12
and IMF2? are also depicted in Fig. 2 as dashed and
dotted curves, respectively. In the case of Pb, it is
seen that the region with the highest probability den-
sity is contained in IMF1, IMF2 encompassing the
next highest mode. The expectation values calculated
for these modes were, respectively, 13.37 + 1.57 and
8.65 4+ 2.02. In the case of CB28, IMF1 and IMF2
have mass at both maxima, the expectation values of
both (44 + 6 and 44 + 7) are in between. The uncer-
tainty in the observationsin relation to the concentra-

tion difference between the two maximais for CB28
relatively large in comparison to that for Pb as mea-
sured by the ratio (concentration difference maxi-
ma) /(uncertainty in observations), which is about 3.9
for CB28 and 5.8 for Pb. When the calculations are
repeated for CB28 using half the value of the re-
ported standard deviations as uncertainties, the clus-
ters are resolved with expectation values close to peak
maxima seen in Fig. 2.

These findings indicate that our model can deal
with bimodal distributions. The eigenvalues A;, A,,
..., act as indicators for possible multimodality. A
separation between the modes will be accomplished
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when the difference between the modes is large with
respect to the uncertainties in the observations. In
other cases, biplots provide insight into the data
structures.

4. Calculations with datasets arising from inter-
laboratory studies

In this section, the model described in this paper
will be applied to datasets obtained in material-certi-
fication studies of the EU and in international inter-
laboratory studies conducted in the framework of the
EU QUASIMEME project [29,30].

4.1. Calculations conducted on the certified refer-
ence materials CRM 349 and CRM 536 issued by the
EU-BCR

The former EU-BCR programme? has issued the
certified reference material for chlorobiphenylsinfish
oil CRM 349 in 1988 [31] and CRM 536 for PCBsin
fresh water sediment in 1998 [32,33]. Laboratories
with a proven track record were invited to take part
in the material-certification studies. The protocol
provided stipulated that the analyses were to be car-
ried in fivefold and that appropriate quality assur-
ance and quality control had to be in place and docu-
mented. The analytical results were discussed in a
meeting with all participating laboratories. The final
dataset was defined on the basis of this technical dis-
cussion. The certified values and the overall standard
deviations were calculated, respectively, as the mean
and the standard deviation of the laboratory means
using severa statistical procedures which test out-
liers, normality and homogeneity of variances. The
confidence intervals were calculated with the t-fac-
tors proper [31-33].

Results of calculations are presented for CB28,
CB52, CB101, CB153 and CB180 (Table 2). Four
different implementations have been used: three

2 Now the EU-Standards, Measurement and Testing Pro-
gramme.

different basis sets, i.e. the normal distribution, Stu-
dent’s t-distribution and the symmetric triangular
probability distribution (the parameter a[34] is set to
3 X S,ihin): and the normal distribution approxima
tion. The latter uses only the laboratory means, the
former three also the within-laboratory standard de-
viations.

For the model, the values calculated for the first
interlaboratory measurement function IMF1 should
be compared with the certified values. The results for
the second interlaboratory measurement function
IMF2 are given for an insight into the structure of the
data.

For CRM 536, the characteristics calculated with
the model in all implementations correspond well
with the certified values. The overall standard devia-
tions calculated with the model are somewhat lower,
except when the normal distribution approximation is
used. This observation can be attributed to the effect
of selection because the between-laboratory standard
deviation isin most cases in the order of 1.5-2 times
higher than the within-laboratory standard deviation.
The overal standard deviation calculated with the
normal distribution approximation is in the same or-
der or larger than the value stated in the certificate.
In this case, the standard deviation calculated with
formula (10) is used as within-laboratory standard
deviation for all laboratories. The magnitude of this
standard deviation is distinctively higher than the ob-
served within-laboratory standard deviations.

The sum of the percentages of observations ac-
counted for obtained with the model for the first two
interlaboratory measurement functionsis, in all cases,
75% or more. This indicates that these two interlabo-
ratory measurement functions describe to a large ex-
tent the structure in the datasets. In most cases, the
results suggest that two modes are present. This was
discussed previously, in particular the case for CB28,
in Fig. 2 and is clearly demonstrated in the biplot de-
picted in Fig. 3. It is not clear whether this possible
bimodality has an analytical significance. Two-di-
mensional gas chromatography has been involved in
the certification-study [33]. The possibility of co-
eluting congeners as CB25, CB26, CB29 and CB31
can be ruled out, the differences might be caused by
differences in recoveries or by evaporation losses
during the clean-up [35]. The certified concentration
of CB28 and its uncertainty embodies the concentra-
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Fig. 3. A biplot for CB28 in CRM536. The eigenvectors belonging to the two interlaboratory measurement functions IMF1 and IMF2 are

plotted against each other.

tions of the two possible modes distinguished in this
study. In view of the limited number of observations,
there is no reason to question the certified value. Fur-
ther investigations might give rise, however, to a bet-
ter analytical understanding in the distribution of the
observations and, hence, to a more accurate certified
value.

The results for CRM 349 exhibit more or less the
same pattern as found for CRM 536. The data for
CB52 present aspecial case. The calculations with the
new model using, for instance, the basis functions
based on the normal distributions, reveal a bimodal
structure with two different expectation values which
are, respectively, distinctively higher and lower than
the certified value. When the model is used in the
normal distribution approximation, one modeisfound
with an expectation value close to the value stated in
the certificate. The difference between the results of
these two implementations of the model can be traced
back to the difference between the observed within-
laboratory standard deviations and the constructed
value calculated with formula (10). The information
presented in this study could, at the time of certifica-
tion, have resulted in additional analytical assess-
ments and, depending on the outcome thereof, in a
more accurate certified value.

4.2. Calculations conducted on the results of inter-
laboratory studies carried out in the context of the EU
QUASIMEME project

QUASIMEME was a project sponsored by the
European Union with the objective to improve the
quality of measurements carried out by about 95 lab-
oratories involved in European marine monitoring
programmes [29,30]. Interlaboratory studies were
conducted for nutrients in seawater and for trace
metals and for CBs and polycyclic aromatic hydro-
carbons in sediments and biological tissues. These
interlaboratory studies had the objective to assess the
analytical state of practice at that time and be repre-
sentative for the data submitted to European marine
monitoring programmes. Consequently, no method-
ological reguirements were posed. The results of ex-
pert laboratories were used to evaluate the assigned
values. The data were assessed to establish important
features describing the overall performance of the
participants. The examples described in this section
have been selected to illustrate the potential of the
model to handle difficult distributions.

4.2.1. Metals in marine sediment
In the first round of the QUASIMEME interlabo-
ratory studies, marine sediments were distributed to
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Results for Cd in a sandy marine sediment (sample QTM002M S [38])
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Table 4
Results for lead in a sandy marine sediment (sample QTM002M S [38])
Assigned Robust methods This model
value AMC Lischer Basisset: Basisset: Basisset: Normal
normal Student’s symmetric distribution
distribution t-distribution triangular approximation
distribution
IMF IMF2 IMF1 IMF2 IMF1 IMF2 IMF1
Pb Mean (mg/kg) 11.84 11.82 13.37 8.65 13.43 8.79 13.32 8.62 12.02
full data set Sota (MY/kY) 157 2.02 1.59 217 1.69 2.10 3.69
N=53 Shetween (MY,/KQ) 4.20 4.16 151 1.99 155 2.15 1.61 2.07
Suithin, weighed (M/KQ) 0.99 0.68 0.80 0.71 113 0.74
Suithin, at (Mg,/KQ) 0.76 0.80 0.82 0.69 0.93
Fraction encompassed (%) 351 171 30.5 15.0 36.3 17.6 37.2
Pb Mean (mg,/kg) 8.7 8.74 8.86 866 1115 874 1128 870 1104 8.71
partidl methods Sy (Mg,/kg) 159 2.02 1.89 2.00 163 2.09 2.65
N=24 Stetween (MJ/KQ) 3.36 352 157 1.99 1.86 1.97 1.60 2.06
Swithin, weighed (MJ/KQ) 0.65 0.76 0.74 0.67 0.74 0.83
Suithin, at (Mg,/KQ) 0.68 0.71 0.67 0.60 0.76
Fraction encompassed (%) 34.2 21.8 30.7 20.4 35.8 21.6 66.8
Pb Mean (mg,/kg) 13.1 14.17 14.09 13.97 14.26 14.03 13.63 13.96 14.30 13.98
total methods Sota (MY,/kg) 127 2.65 1.09 1.84 1.40 2.86 115
N=29 Stetween (MJ/KQ) 3.10 2.06 1.20 2.27 1.04 1.83 131 2.83
Swithinweighed (MY,/KQ) 0.96 0.75 0.73 0.48 111 131
Suithin, at (Mg,/KQ) 0.96 0.81 0.98 0.7 112
Fraction encompassed (%) 52.0 134 46.1 127 53.2 135 62.0
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assess the analyses of trace metals [36]. The labora-
tories analysed the samples on six different days in
duplicate. During the assessments, it appeared that
systematic differences occurred for a number of met-
as in sediments due to differences in the digestion
techniques applied. This problem had to be ad-
dressed for each element and sampled separately dur-
ing the exercise, as the calculation of expectation
values for bimodal distributions is not appropriate.
The data for Cd and Pb are considered.

The determination of Cd in a sandy marine sedi-
ment with digestion methods giving a partial recov-
ery of the total metal content (e.g. agua regia) proved
to congtitute a difficult problem for conventional
statistics [22]. The concentrations of Cd were very
low, resulting in a strongly tailing distribution. Both
ISO 5725 and the AMC robust statistics could not
cope with this distribution, resultsin line with the in-
dependently established assigned values were only
obtained when ‘obvious outliers' were removed. As
the assigned values were established independently,
the dataset could be trimmed prior to the statistical
evaluation on the basis of the z-scores. It appeared
that trimming the dataset by discarding all data with

0,4 -
0,3 -
0,2

0,1 4

absolute z-scores greater than six gave rise to expec-
tation values, which were close to the assigned val-
ues. This approach was adopted as a standard proce-
dure in the QUASIMEME programme after round
three [30].

In Table 3, the outcome of the present procedure
is provided and compared with the calculations re-
ported previously. Trimming the dataset has a great
effect on the results obtained with 1SO 5725 and both
robust procedures. The expectation values obtained
with the new model in al implementations change
hardly. Upon trimming, the percentage of observa-
tions accounted for increases owing to the deletion of
the results of nine laboratories, which have absolute
Z-scores greater than six except when the normal dis-
tribution approximation is used. The results of the
calculations illustrate the high robustness of the new
model.

A second element, Pb, was studied in the sandy
marine sediment in the first round of the QUA-
SIMEME project. A total of 53 laboratories submit-
ted data. Twenty-four laboratories used acid mixtures
such as agua regia to digest the samples, so that Pb
was only partially recovered from the material. The

IMF2
o

» Partial methods
« Total methods

IMF1

Fig. 4. A biplot depicting the coefficients in the first two interlaboratory measurement functions obtained for the full dataset of Pb in the
sandy marine sediment sample QTM002M S [38]. Laboratories using partial and total methods have been indicated separately. Substructures

within the sets of partial and total data are visible.
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remaining 29 laboratories used a digestion invoking
hydrofluoric acid or equivalent, providing a ‘total’
determination of Pb. The two datasets were evalu-
ated separately, the difference was found to be sig-
nificant [36].

In Table 4, the results of the two different applica
tions of robust statistics and the results obtained by
the present method are given. The expectation values
of Pb found with the present procedure agree well for
both partial and total methods with those obtained
with robust statistics.

For the full dataset, both robust statistics proce-
dures provide an expectation value which is located
between the expectation values for the individual to-
tal and partial populations. The present procedure

renders two interlaboratory measurement functions
with low, similar percentages of observations ac-
counted for, indicating the presence of abimodal dis-
tribution. The expectation values of these two inter-
laboratory measurement functions are quite close to
those obtained on the separate total and partial popu-
lations. The bimodal nature is also demonstrated by
the biplot given in Fig. 4, and by the right-hand part
of Fig. 2, which was discussed in the previous chap-
ter. The model also indicates a bimodal distribution
for the data observed with partial methods.

The good agreement between the calculations on
the full dataset and on the separate populations may
be traced back to a within-laboratory precision which
is relatively low compared with the difference be-

Table 5
Results of laboratory-performance studies on Cd, Cu, Hg and Pb in a plaice muscle tissue (sample QTMO17BT [38])
Assigned  Number Robust statistics ~ This model
velue of laboratories  AMC  Lischer  Basis Normal
function: distribution
normal approximation
distribution
IMF1 IMF2 IMF1
Cd full dataset Mean (ng/kg) 6.1 37 879 775 542 686 595
Sota (09/KQ) 597 488 144 254 316
Fraction encompassed (%) 46.5 17.1 67.3
Cd trimmed dataset ~ Mean (ng,/kg) 6.1 27 578 580 542 676 563
Sota (110/KQ) 200 198 143 250 206
Fraction encompassed (%) 63.7 233 79.5
Cu full dataset Mean (n.g/kg) 0.25 40 027 026 023 027 024
Sota (110/KQ) 009 008 005 008 006
Fraction encompassed (%) 504 173  69.0
Cutrimmed dataset ~ Mean (ng,/kg) 0.25 34 024 024 023 027 023
Som (00/KQ) 006 005 005 008 005
Fraction encompassed (%) 69.8 20.4 74.4
Hg full dataset Mean (ng/kg) 67.4 35 64.12 63.85 64.23 58.66 63.83
Sota (19/KQ) 14.87 1459 7.65 1530 10.94
Fraction encompassed (%) 53.1 20.6 66.2
Hg trimmed dataset  Mean (ng,/kg) 67.4 33 64.05 6385 6423 5866 63.84
Som (00/KQ) 1322 13.03 765 1529 10.93
Fraction encompassed (%) 56.3 219 70.2
Pb full dataset Mean (ng,/kg) 18.6 29 48.37 38.80 16.87 2457 23.60
Sota (1-9/k9) 51.44  40.09 944 1436 26.60
Fraction encompassed (%) 41.6 18.9 68.4
Pb trimmed dataset ~ Mean (g,/kg) 18.6 17 1891 1891 1739 2287 1814
Sota (9/KQ) 1049 1049 900 1285 10.38

Fraction encompassed (%)

67.9 279 774
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tween the sub-populations corresponding with the to-
tal and partial digestion. Such a favourable combina-
tion will not aways be encountered.

4.2.2. Trace metals in marine biological tissues

In the fourth round of the QUASIMEME project,
Cd, Cu, Hg and Pb were measured in a plaice muscle
homogenate (sample QTMO017BT). Laboratories were
requested to report a single result from the analysis
of the sample. The concentrations were very low.

The uncertainty of the laboratory data has been
estimated as no replicate data are available. Berman
and Boyko [37] have organised interlaboratory stud-
ies of trace metals in marine biological tissues for
the International Council for Exploration of the
Sea (ICES). These interlaboratory studies covered a
range of concentrations and included estimates of the
within-laboratory standard deviations. For the ele-
ments included in this study, the medians of within-
laboratory standard deviations for matrices with sim-
ilar concentration levels were considered. This
assessment resulted in the following estimates for the
within-laboratory relative standard deviations. Cu —
14%, Cd — 15%, Hg — 8% and Pb — 20%. For
each element, the median concentration in the pre-
sent dataset has been established. Each laboratory is
given a s, equal to the appropriate percentage of
the median.

The computations are limited to the robust meth-
ods of AMC and Lischer [26] and the model using
normal distributions as basis functions and the nor-
mal distribution approximation. The results are de-
picted in Table 5.

The number of laboratories included in the
trimmed dataset for Cd and Pb are substantially less
than in the full dataset. This reflects the difficulty in
the analysis of these elements at such low concentra-
tions.

The means calculated with robust statistics for the
full datasets are in poor agreement with the assigned
value for Cd and Pb, and differ largely from the
means obtained for the trimmed datasets for Cd and
Pb. Robust statistics give good results for the full and
trimmed datasets of Cu and Hg. The calculations in-
dicate that robust statistics cannot handle well the
skewed full datasets of Cd and in particular Pb.

The assigned values and the outcome of the model
agree for both the full and trimmed datasets with

normal distributions as basis functions. The results
obtained for the full and trimmed datasets differ
marginally. This demonstrates the ruggedness of the
model and that it handles strongly tailing distribu-
tions well too. The model applied in the normal dis-
tribution approximation appears to have some diffi-
culty to cope with the full dataset of Pb. The full
dataset of Pb is highly skewed and the assumptions
on which the normal distribution approximations are
based are not valid in this case.

5. Conclusions

A new model to infer population characteristics
from experimental datais presented and applied to the
evaluation of datasets from interlaboratory studies.
The calculations using this model offer a consider-
able number of advantages over the commonly used
ISO 5725 and robust statistical procedures. It has
been demonstrated that the model copes well with
highly skewed and with multimodal distributions. It
also provides quantitative measures and graphical
means to explore data structures and revea features
which are less or not obvious by inspection or tradi-
tional data analysis. The model has been applied in
this paper exclusively to the evaluation of interlabo-
ratory studies, but has a much wider generic applica-
tion.
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Appendix A. Formulas for the overlap integrals

When the basis functions invoke normal distribu-
tions, all integrals required can be calculated analyti-
cally

(1 _MJ)Z

&Pl 4(0'i2 + 0']-2)

§; is proportional to a normal distribution of the
‘variable’ (u; — w;) with zero mean and variance
2(0;* + 0;?). For the expectations of x and x*, we
find

2 2
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Note that for i =], these expressions simplify to §;
=1, u, and u?+ o ?, respectively.

References

[1] JN. Miller, Analyst 118 (1993) 455-461.

[2] F.R. Hampel, E.M. Ronch, P.J. Rousseeuw, W.A. Stahl, Ro-
bust Statistics, Wiley, New York, 1986.

[3] C.Z. Mooney, R.D. Duval, Bootstrapping. A Nonparametric
approach to statistical inference; SAGE University Paper se-
ries on Quantitative Applications in the Social Sciences,
Newbury Park, 1993.

[4] W. Horwitz, Pure Appl. Chem. 66 (1994) 1903-1911.

[5] W. Horwitz, Pure Appl. Chem. 67 (1995) 331-343.

[6] M. Thompson, R. Wood, Pure Appl. Chem. 65 (1993) 2123—
2144.

[7] W.P. Cofino, B. Pedersen, Mar. Pollut. Bull. 32 (1996) 646—
653.

[8] Analytical Methods Committee, Analyst 117 (1992) 97-104.

[9] Anonymous, 1SO/IEC Guide 43-1, Proficiency testing by in-

terlaboratory comparisons; Part 1. Development and opera-
tion of proficiency testing schemes, International Standard
Organisation: Geneva, 1996.

[10] Anonymous, 1SO/IEC Guide 43-2, Proficiency testing by in-
terlaboratory comparisons: Part 2. Selection and use of profi-
ciency testing schemes by laboratory accreditation bodies, In-
ternational Standard Organisation: Geneva, 1996.

[11] W.J. Youden, E.H. Steiner, Statistical Manual of the AOAC,
Association of Official Analytical Chemists, 1975.

[12] Anonymous, J. Assoc. Off. Anal. Chem., 72 (1999) 694—704.

[13] Anonymous, Accuracy (trueness and precision) of Measure-
ment Methods and Results: Part 2. Basic Method for the
Determination of Repeatability and Reproducibility of a
Standard Measurement Method, International Standard Or-
ganisation, Geneva, 1994.

[14] M. Feinberg, TrAC, Trends Anal. Chem. 14 (1995) 450-457.

[15] J. de Boer, J. van der Meer, L. Reutergardh, JA. Calder, J.
Assoc. Off. Anal. Chem. 77 (1994) 1411-1422.

[16] V.J. Houba, J. Uittenbogaard, P. Pellen, Commun. Soil Sci.
Plant Anal. 27 (1996) 421-431.

[17] Analytica Methods Committee, Analyst 114 (1989) 1699—
1705.

[18] Analytica Methods Committee, Analyst 114 (1989) 1693—
1697.

[19] M. Thompson, B. Mertens, M. Kessler, T. Fearn, Analyst 118
(1993) 235-240.

[20] M.A. Montfort, Commun. Soil Sci. Plant Anal. 27 (1996)
463-478.

[21] W. Beyrich, W. Golly, N. Peter, R. Seifert, Die DOD Meth-
ode, Kernforschungszentrum Karlsruhe, Karlsruhe, 1990.

[22] W.P. Cofino, D.E. Wells, Mar. Pollut. Bull. 29 (1994) 149—
158.

[23] Anonymous, European Laboratory Accreditation Publication
ELA-G6: Criteria for Proficiency Testing in Accreditation,
European Laboratory Accreditation, 1993.

[24] M. Thompson, P.J. Lowthian, Analyst 121 (1996) 1597—
1602.

[25] K. Kafadar, J. Am. Stat. Assoc. 77 (1982) 416—424.

[26] P. Lischer, Statistik und Ringversuche (Auszug aus dem
Schweiz. Lebensmittelbuch), Eidgenoessische Forschung-
sanstalt fuer Agrikulturchemie und Umwelthygiene: Liebe-
feld-Bern, 1990.

[27] C.L. Perrin, Mathematics for Chemists, Wiley, New York,
1970.

[28] H. Wilson, B. Gardner, MATLAB Numerica Integration
Toolbox version 2.0, Mathtools, 1998. www.mathtools.com.

[29] D.E. Wells, A. Aminot, J. de Boer, W. Cofino, D. Kirkwo-
ord, B. Pedersen, Mar. Pollut. Bull. 35 (1997) 3-17.

[30] D.E. Wells, W.P. Cofino, Mar. Pollut. Bull. 35 (1999) 18-27.

[31] B. Griepink, D.E. Wells, M. Frias Ferreira, The certification
of the contents (mass fraction) of chlorobiphenyls (IUPAC
Nos 28, 52, 101, 118, 138, 153 and 180) in two fish oils,
Commission of European Communities, Directorate-General
Telecommunication, Information Industries and Innovation,
Report EUR 11520 EN, 1988.

[32] JW.M. Wegener, W.P. Cofino, E.A. Maier, G.N. Kramer,
TrAC, Trends Anal. Chem. 18 (1999) 14-25.



W.P. Cofino et al. / Chemometrics and Intelligent Laboratory Systems 53 (2000) 37-55 55

[33] JW.M. Wegener, E.A. Maier, G.N. Kramer, W.P. Cofino,
The certification of the contents (mass fractions) of chloro-
biphenyls IUPAC no 28, 52, 101, 105, 118, 128, 138, 149,
153, 156, 163, 170 and 180 in freshwater harbour sediment
CRM 536, European Commission, Directorate Science, Re-
search and Development Report EUR 17799 EN, 1999.

[34] Anonymous, Guide to the Expression of Uncertainty in Mea-
surement, International Organization for Standardization,
Geneva, 1993.

[35] J. de Boer, personal communication, 1999.

[36] B. Pedersen, W.P. Cofino, Mar. Pollut. Bull. 29 (1994) 166~
173.

[37] S.S. Berman, V.J. Boyko, ICES seventh round intercalibra-
tion for trace metals in biological tissue (ICES 7/TM /BT
part 1 and part 2), International Council for Exploration of the
Sea ICES, Copenhagen, 1999.

[38] B. Pedersen, W.P. Cofino, I. Davies, Mar. Pollut. Bull. 35
(1999) 42-51.



