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Outline

» Standard derivation of the diffusion eqn.
* What if D(x) ?

e j=-DVcorj=-V(Dc)or...

* Equilibrium concentration if D(x) ?

* Strategies for bacterial feeding

The diffusion equation

For many particles: j’/N (x) N(x + Ax)
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The diffusion equation

& - pvic and j=-DVc
but what if D = D(x) ?
j=-Dx) Ve or j=-V(Dx)) ?

Next: two routes

* R. Landauer: it depends

* M. Schnitzer: not enough information
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j =—-D Ve  withc = const remains constant

hence: / = —-V(Dc)

j==D Ve vs. j==V(Dc)
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T constant = ¢ const
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j =-D Ve  withc = const remains constant

j=-DVc or j=-V(Dc)
depending on the problem

How do we know what to choose?




Landauer: flux j revisited

c occupation probability | Ax = 1 ‘l Ax =1

jump probability

Ci Citl

J

J = Winig1Ci — Wir1-iC it

Wirl-i
Wg = %(me + Wir1oi)
Wy = %(me — Wirloi)

J = wu(Ci1 +¢i) —wg(Ci1 —¢i)
unbalance in jumps
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Landauer:

flux j revisited
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Landauer: flux j revisited
j=vc—DVc

j=uc—-V(Dc) withu=v+VD

v : drift unbalance between adjacent points
exchange
u : drift unbalance in 2 directions from a single point
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Big names; probability flux
c occupation probability | ox = 1 ‘l ox =1 ‘l
w jump probability
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o =-Vjwithj=vc-D Ve
Fokker-Planck equation (probability flux)

The Smoluchowski equation

What is the difference?
j=-V(Dc) S j=-D Ve

free path length § ~ determinedby

iron wool

free time interval ¢
d constant 0 = 0(x)
T = 7(x) T constant

_ 0
D_Zr

D(x) in both boxes can be the same !

one must know J(x) and 7(x) separately

A diffusion equation for the case D(x)

At a collision: 50% chance to change direction

R density of right-moving particles —
L density of left-moving particles «<—
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heapingup loss by gain by
due to flipping flipping
non-uniform
velocity
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What do we have to choose?

U )01

j=-V(Dc) S j=-D Ve

We choose using the known result

But how can one know a proiri what to choose?
Landaver .l WM™

Mark Schnitzer, PRE 48 (19

93) 2553
Chemotaxis of Escherichia coli

Enthousiasm leads to hunger

A diffusion equation for the case D(x)

Define new variables:
particle speed v(x) = %

collision rate a(x) := T;)

Ignore distributions of v and a

General case: v - vand o - &

A diffusion equation for the case D(x)

R _ _OOR)  aR | al
ot Ox 2 2
oL _ yO0L) | aR _ alL
a - T T2 2

local density ¢ .= R+ L
fluxj = vo witho == R—-L

adding : % = __a(;:) = —%
_0te) _

subtracting : %—‘t’ =-—5  —uo




A diffusion equation for the case D(x)

fe _ _00o) _ _ 9
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diMng and combining
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The telegraph equation
e _ (vn) _ 1
i )+ a=

1<<1 wavelike eqn: ballistic regime

The telegraph equation
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1<<1 wavelike eqn: ballistic regime
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Next: ¢ >> 7 | &%

The telegraph equation
0 = (V o(ve) ) 6(01])

Integrate.
j= _v* o _ ve v
& ox @ ox
flux due to flux due to

diffusion drift

0
Vdrifi = Za;
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The case v # v(x) and a # a(x)
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in equilibrium: j = 0
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The case v # v(x) and a = a(x)

;v dc _ ve
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j: a(x) 6x = —D(X)
in equilibri =0
ax =0

c = co # co(x)




v(x)

The case v = v(x) and & = a(x) but ey = const
= _v* éc _ v ov mean
I= @ ox & ox ngt%

j =202 with D = L&
[check]j = —6(%6—:0 = _%6(;—)(6)]
in eqpilibrium: j = 0

Dc = const

D(x) v(x) v(x) v(x)

Experiment
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The case v = v(x) and a # a(x)

v(x)

— _v2 0 _ ve v
/ a  ox a ox
. 2
j=-D%& <D withp = VO?‘)
ox 2 ox V200
) a o)
o = _¥W) Oc _ ¢
[check:)j = e s

in equilibrium: j = 0

1 0c _ _1_1 0D
¢ ox 2 D ox
_1
Inc = InD™2 + const
1 1
c x ~ ~
) [D(x) v(x)

The case v = v(x) and & = a(x) and o) * const
No general Ficks Law
— _v2 dc _ wve Ov
/ * ox & ox
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Cells that speed up at high attractant concentration

move away from it

Enthousiasm leads to hunger

Connection with random walk simulation

Schnitzer uses v and a
Simulation uses only variable steplength

Langon, Europhys Lett 2001
Ax = £ J2DAt

is that at the start or end or ...?

| N(x) _ | N+ Ax) |

1is

Connection with random walk simulation

Ax = + [2D(x + PAx)At

D at start | [to convention p=0
D atend isothermal convention | =1
D at middle | Stratonovich convention | § = %

D(x + BAx) = D(x) + B2 Ax
Ax = iJ2|:D(x) + L Ax At
Ax = BLAr £ [2D(x)At




Connection with random walk simulation

(Ax) = (BErAL) + (£ PDEAT)

Net drift for g # 0

oD
Varit = P 5o

What about the flux?

We discussed Ax from a point x

z—>D(x + fAx)
e.g. f = 1: take the endpoint

)

Varifp = P75,

Flux is through a plane: towards a point x
@ D(x+ (1 - p)Ax)

e.g. f = 1: take the endpoint
j=—c(-B)g

ox

What about the flux?

j=—c(-B)g

demanding in equilibriumc¢ = constant
=p=1
j=0
Constant concentration if stepsize determined by endpoint

Vain = BL zero flux < non-zero drift
rift ox

j=—c(l- ﬁ)g_f zero drift < non-zero flux

What about the flux?

.
ox
drift  flux due to potential

Landaver u = v+
vV v

oD - i
Varip = B2 zgyo flux < non-zero drift

j=—c(l- ﬁ)%—? zerq drift < non-zero flux

Experiment of Lancon
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Diffusion with D(x)
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Schnitzer:

Extensions

* Direction dependent velocity
* Higher dimensional cases

* Distributions in

vand o

* Feeding strategy: lower tumbling if <& > 0
* Bacterium has memory: c(?)
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Summary
a=C |la=ax) |a=ax)|a=C |a=alx)
v=C |[v=C @ ~ax)|v=v(x) |v=v(x)
— ocli — | - o(De) | . & _cép
] = Dj/ =-Dx)Z3j = __a; j=-p%-5%| Nolaw
= 1
Cc = C Cc ~ -
trivial difficult

B=0
Varii = 2L [Vain =0 v = T8
Isothermal |Ito Stratonovich
D at end D at start D in middle




