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Collapse of a semiflexible polymer in poor solvent
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We investigate the dynamics and pathways of the collapse of a single, semiflexible polymer in a poor solvent
via three-dimensional Brownian Dynamics simulations. An example of this phenomenon is DNA condensation
induced by multivalent cations. Earlier work indicates that the collapse of semiflexible polymers generically
proceeds via a cascade through metastable racquet-shaped, long-lived intermediates towards the stable torus
state. We investigate the rate of decay of uncollapsed states, analyze the preferential pathways of condensation,
and describe the likelihood and lifespan of the different metastable states. The simulations are performed with
a bead-stiff spring model with excluded volume interaction, bending stiffness, and exponentially decaying
attractive potential. The semiflexible chain collapse is studied as a function of the three relevant length scales
of the phenomenon, i.e., the total chain lengthL, the persistence lengthLp , and the condensation lengthL0

5AkBTLp /u0, whereu0 is a measure of the attractive potential per unit length. Two dimensionless ratios,
L/Lp andL0 /Lp , suffice to describe the dimensionless decay rate of uncollapsed states, which appears to scale
as (L/Lp)1/3(L0 /Lp). The condensation sequence is described in terms of the time series of the well separated
energy levels associated with each metastable collapsed state. The collapsed states are described quantitatively
through the spatial correlation of tangent vectors along the chain. We also compare the results obtained with a
locally inextensible bead-rod chain and with a phantom bead-spring chain. Finally, we show preliminary results
on how steady shear flow influences the kinetics of collapse.

DOI: 10.1103/PhysRevE.69.021916 PACS number~s!: 87.15.He, 36.20.Ey, 87.15.Aa
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I. INTRODUCTION AND MOTIVATION

The conformation of individual polymer chains depen
on the solvent properties@1–3#. In good solvent, the mono
mers effectively repel each other, preferring to be surroun
by solvent. This effect leads to a swollen coil conformati
for flexible polymers in good solvent. In poor solvent, co
versely, the monomers try to exclude the solvent and ef
tively attract one another, and a flexible chain forms a co
pact globule of roughly spherical shape to minimize t
contacts between monomers and solvent. The dynamic
the coil-globule transition in flexible chains are well know
@4–7# and involve the formation of a pearl necklace and
gradual diffusion of large pearls from the chain ends@8,9#.

An early theoretical picture of the phenomenon predic
the initial formation of a dense, uniform, sausage-like sh
aggregate, which in a second stage forms a globule, dr
by surface area minimization@4#. The first experimental evi-
dence of a two-stage kinetic was later obtained using a
capillary tube cell for dynamic light scattering measureme
@8#. More recently, simulations showed that capillary ins
bility prevents the formation of such sausage-like shapes
that the condensation pathway actually involves an ini
fast crumpling of the unknotted polymer chain, with the fo
mation of pearls of collapsed, dense phase connected by
collapsed bridges, and a subsequent slow rearrangeme
these pearls to form a compact globule@6,9#. Each stage is
characterized by a length scale, and by a time scale incr
ing with the relevant length scale. The pearling stage
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volves only local rearrangement of the chain configuratio
while the dimensions and configurations of the whole ch
are weakly modified. The pearls then grow attracting mo
mers from the bridges, which become increasingly stretc
and then shrink as the collapse proceeds. Eventually,
pearls come into contact, coalescing into a single globule

Many polymers, however, exhibit substantial bendi
stiffness, i.e., they are semiflexible, and they collapse in p
solvent towards very different equilibrium states, and follo
ing different kinetics. Semiflexible polymers can be d
scribed by the wormlike chain model; examples inclu
biopolymers~such as F-actin, DNA, and xanthan! as well as
synthetic polymers~such as PPTA and PBO! used for pro-
duction of high-performance fibers~e.g., KevlarTM and
ZylonTM). Such polymers form open, extended structures
good solvents. In poor solvent, the effective self-affinity
the chain leads to chain collapse. The collapsed state
figurations and the pathways to their formation are the re
of the interplay between two opposing forces: the bend
force related to the chain stiffness and the attractive fo
due to the poor solvency of the environment.

A compact globule is energetically unfavorable for sem
flexible polymers because it involves bending over sh
length scales. The collapsed ground state is instead a to
which reduces the monomer-solvent contacts without ca
ing excessive bending penalty, i.e., ensuring that the cha
still roughtly straight on short length scales. Theoretic
analysis@10,11#, Monte Carlo simulations@12#, and experi-
mental evidence@13,14# have detailed the stability, the fea
tures, and the packing of the collapsed tori. The dynamic
the collapse of wormlike chains in poor solvent have be
investigated more recently@15–17#, strongly suggesting a
©2004 The American Physical Society16-1
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possible generic pathway for the collapse of semiflexi
polymers, featuring a series of long-lived, partially co
lapsed, racquet-shaped intermediate states, before the
tual collapse to a torus. Such intermediate states form
energetically driven cascade of increasingly compact con
mations with sharp transitions between their energy leve

The dynamics of collapse of semiflexible molecules
relevant for understanding DNA condensation. DNA fr
quently forms condensed structuresin vivo, e.g., in DNA
replication, viral transfection, and compaction within spe
heads and nucleosomes@14#. Controllablein vitro DNA con-
densation is involved in nonviral gene therapy—which
used in the treatment of various kinds of disease, includ
cancer—for packaging in, and transfection from gene de
ery vehicles. Multivalent cations, in particular polyamine
have been used to induce condensationin vitro, showing that
condensed DNA exists in toroidal and rodlike structur
Polyamines present ubiquitously in living cells in millimola
concentrations~e.g., putrescine and spermidine! are also be-
lieved to induce condensationin vivo @18#. A better under-
standing of the dynamics of condensation would lead to
provements in gene delivery technology, as it may h
defining the best conditions and protocols to obtain DN
condensation.

In the present work, we verify previous hypotheses@15#
of the suggested pathway for the collapse of semiflex
polymers and further explore the effect of the relevant len
scales on the phenomenon. The natural length scale fo
polymer stiffness is its intrinsic persistence lengthLp , de-
fined as the ratio of the bending stiffnessk to the thermal
energykBT, which represents the length along the chain
which tangent vectors remain correlated in a theta solv
i.e., in absence of energetic~attractive or repulsive! interac-
tions between chain and solvent. In a poor solvent, the
ance between intrachain attractive forces and bending fo
can be considered in terms of the so-called ‘‘condensa
length’’ L05AkTLp /u0, whereu0 is the value of the attrac
tive potential per unit length. We choose as time scale for
collapse event the rotational diffusion time of a perfec
rigid rod with L5Lp , t rot,Lp

5zLp
3/(72kBT), wherez is the

transverse friction coefficient@19#. Therefore we uset rot,Lp

as unit of time andkBT as unit of energy in presenting all th
results of the present work. We investigate the sequences
the likelihood of different collapsed structures formed
various solvent quality~described byu0) and chain stiffness

II. SIMULATION DETAILS

The dynamics of the continuous wormlike chain are d
scribed by an inertialess Langevin equation:

z•H ]r

]t
2ġ•r J 52

dU

dr
1h. ~1!

Equation~1! balances the hydrodynamic force exerted on
chain by the surrounding fluid with the force due to t
global potential acting on the chainU5Ubend1Uconn
1Usolv , and the Brownian force per unit lengthh, with
correlations ^h(s,t)h(s8,t8)&52kBTzd(t2t8)d(s2s8).
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Ubend5kTLp*0
Lds]u(s)/]s is the bending potential relate

to the chain stiffness,Uconn is the connector potential,Usolv
describes the monomer-monomer interaction, and
Brownian term accounts for the rate of fluctuating mome
tum transfer due to the random collisions of small solve
particles with the chain.

The potentialUsolv chosen to account for the effect o
poor solvent is an exponential attractive potential with
excluded volume repulsive term:

Usolv52E dsE ds8ũ0expS 2
ur ~s!2r ~s8!u

Rattr
D

1E dsE ds8ũ0S s

ur ~s!2r ~s8!u
D 12

, ~2!

whereũ0 defines the depth of the potential well,Rattr is the
range of the attractive forces, ands is the radius of the
excluded volume region. With this potential,u05Rattrũ0.
Different choices for the shape of the potential should
change the stable and metastable configurations for
wormlike chain in poor solvent, whereas they modify t
actual value of the condensation lengthL0 and they may alter
the speed and the dynamics of the collapse. Our choice o
exponential potential is related to the physics of the cond
sation phenomenon. DNA and polyelectrolytes collapse
cause of charge inversion and counterion induced attrac
@20#. The attractive forces are therefore due to high
screened electrostatic charges, which typically show an
ponential decay, mimicked by the potential selected in t
work.

The Brownian Dynamics code used in this work solves
dimensionless, discretized form the Langevin equation
motion of a linear wormlike chain ofN beads with positions
R1 , . . . ,RN , connected byN21 connectors of equilibrium
length a[L/(N21) with unit tangent vectorsui[(Ri 11
2Ri)/a. For most of the simulations reported in this wor
we use quadratic springs as connectors, with a force cons
equal to 100kT/a2, which ensures a small variation of th
connectors’ length. This choice allows for longer time ste
without interfering with the spring relaxation time. We use
midstep algorithm@21# to compute the bead trajectories ge
erated by the equation of motion

zbH dRi

dt
2ġ•Ri J 5Fi5Fi

bend1Fi
elast1Fi

solv1Fi
rand . ~3!

Here,zb5za is a bead friction coefficient, the bending forc
is

Fi
bend5k/a (

j 52

N21

]~uj•uj 21!/]Ri , ~4!

the elastic force due to the spring is

Fi
elast5H@~ uRi2Ri 21u2a!ui 21

2~ uRi 112Ri u2a!ui #, ~5!
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COLLAPSE OF A SEMIFLEXIBLE POLYMER IN POOR . . . PHYSICAL REVIEW E69, 021916 ~2004!
the potential force related to the effective interactions
tween the beads of the chain, repulsive within the hard c
attractive at short distance is

Fi
solv5ũ0(

j Þ i
F expS 2

uDRi j u
Rattr

D
Rattr

2
12s12

uDRi j u13
G DRi j

uDRi j u
, ~6!

whereDRi j 5Ri2Rj , and the random force isFi
rand .

Another relevant issue in the simulations is the accur
description of the high curvature of the collapsed states.
a fixed level of arclength discretization, the computatio
error in the discretized wormlike chain model grows as
chain curvature increases. To achieve an accurate repre
tation of highly curved states characteristic of raquet he
and tori ~see Sec. III below! a sufficiently large number o
connectors within the characteristic length scale of the c
lapsed structure is needed. The typical size of the tori an
the racquet heads are of the same order of magnitude ofLp .
In the simulation conditions examined here, we found t
using 20 connectors perLp yields an accurate description o
chain curvature.

We also performed simulations with a bead-rod mo
@22,23#, which ensures local inextensibility of the wormlik
chain. The computational cost for this model is, howev
significantly higher (;10–50 times! than that for a bead
spring chain model, mainly because a smaller time ste
required for convergence. While performing most of t
simulations using the bead-spring model, we compared
results for few conditions with the bead-rod model, as d
cussed in Sec. III D. In that section we also compare som
the results with that obtained using a bead-spring phan
chain, i.e., without excluded volume interactions.

For simplicity, we use isotropic drag in the simulation
and we neglect hydrodynamic interactions between segm
of the chain. Including such interactions would likely giv
minor corrections to the evaluation of the time scales of
phenomena, but it would not change the kinetic pathw
and the lifetimes of the intermediate states, because a
beginning of the simulations the chains are locally straig
and after the collapse the hydrodynamic interactions wo
be dominated by the attractive forces.

III. RESULTS

This section is organized as follows: Sec. III A repo
qualitatively the results of our simulations, describing t
various possible intermediate configurations and the typ
pathways. Section III B presents a more quantitative desc
tion of the collapsed states in terms of the correlation fu
tion between tangent vectors along the chain and of the
ergy levels associated with each different collapsed st
which confirm that the toroid is the stable configuration, a
show how the collapse proceeds through a cascade of su
quently more energetically favorable metastable states,
various multiple-heads racquets shapes, as predicted
theory @24#. The decay rate of the number of uncollaps
states is investigated as a function of a proper combinatio
L, L0, andLp in Sec. III C, together with a statistical analys
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of the preferred collapsed configurations. Sec. III D provid
a comparison between the results obtained with the diffe
computational models~phantom chain and bead-rod chain!.
Some preliminary results of the effect of shear flow on t
kinetics and pathways of collapse are presented in Sec. I

A. Molecule configurations and collapse pathways

Figure 1 shows a typical snapshot of an ensemble of se
flexible chains during collapse. The 3D structures of the m
ecules are shown here as 2D projections on a conven
plane. At a given time molecules coexist in different config
rations, from completely uncollapsed@molecule~a!#, to par-
tially collapsed@molecules~b!, ~f!, and~g!#, to higher order
racquet@molecules~c! and ~e!#, to torus@molecule~d!#.

The fraction of collapsed molecules increases monoto
cally with time, confirming that collapsed states are energ
cally favorable in a bad solvent. Many other ensembles w
different values ofL/Lp andL0 /Lp show a similar behavior.
However, if the attractive forces are not strong enough or
bending stiffness is too high there is no evidence of colla
and the open conformations persist in time. As already
served in@15#, a collapse sequence can evolve following tw
different generic patterns. The first pattern involves the dir
formation of a torus from the open conformation, when t
two ends of the chain meet while the tangent vectors
locally parallel and pointing in the same direction (u1•uN
'1). In this instance, the chain collapses without format
of any intermediate, the end to end distance drops quickl
a value of the order of the torus dimension, and then fluc
ates as the chain keeps folding into the final structure. Me
while the total energy of the chain keeps decreasing mo
tonically until it reaches the equilibrium value. Converse
the second pattern involves the formation of intermedi
metastable states: initially a single-headed racquet wh
folds quickly into a short-lived, 3-head racquet configuratio
and then rearranges as a toroid via a subsequent fold
Figure 2 shows the two different pathways. We n

FIG. 1. Typical configurations of an ensemble of collapsi
chains at an intermediate time (L/Lp58, u051.25kT/a).
6-3
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tice here that the direct formation of a torus is a more
likely pattern in 3D—and in fact observed with scar
frequency—than in 2D. Whereas in 2D the relative orien
tion of the two ends is described by a single angle, t
angles are required in 3D and both need to be close to 2p for
the direct formation of a torus to take place; therefore, m
of the chains initially form a single headed racquet, as
scribed below@25#.

The time evolution of the total energy of an ensemble
collapsing chains is shown in Fig. 3. The total energyU of
the chain during collapse is defined as the sum of the be
ing energyUbend and the interaction energy along the cha
Usolv . In the discretized form,

U5kTLp (
i 51

N22

cos2u i1(
j 51

N

(
k5 j 11

N

usolv, jk , ~7!

where u i is the bond angle andusolv, jk is the interaction
energy evaluated between the beadsj andk along the chain.

The time series in Fig. 3 reports most of the possi
evolutions observed in our simulations. Few molecules

FIG. 2. ~Color online! Comparison between time series of end
end distanceR and total energy for direct formation of toroid an
formation through intermediate states.
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main in the uncollapsed states for the whole duration of
run, equivalent to 250t rot,Lp

. For these molecules, the the

mal fluctuations never lead two branches of the chain cl
enough together to initiate the collapse. The other molecu
typically reach lower energy states by collapsing in sequ
tially higher order metastable conformations. The energy l
els for each racquet-head shape of increasing order are
separated, and there is a rather large gap from the hig
order racquet observed~sixth order! and the stable tori, as
expected from theory@24#. It is interesting to compare the
actual values of the energy levels obtained in these sim
tions with those calculated using the theoretical approac

Schnurret al. @24# obtained the conformational energie
of the intermediate racquet states in the absence of the
fluctuations, relating the annealed shapes to a particular
of Euler’s elastica. In their calculations, the relative energe
advantage for segments of the chain to bundle has b
evaluated expressing the energy as a surface tensionG of
solvent-exposed sites. For the simulation condition of
data reported in Fig. 3 we get the two sequences of rela
energies~theoretical and from simulations! reported in Table
I. In both cases, the energy of a straight, uncollapsed cha
set to 1, and we report the energy of the collapsed confi
rations relative to this one. We note that there is a very go
agreement for open chain, 1-head, 2-heads, and 3-heads
quets, whereas the simulation results show lower energy
els for higher order racquets. The reason for these discre
cies, substantial for the more compact conformations, m
lie in the finite range of the attractive potential in the sim
lations. While the theoretical calculation using surface te
sion accounts only for the local coverage of the filame
cross section, the finite range in the simulations allows
next-nearest neighbor interactions, leading to higher sta
zation for tighter structures~where each bead has more n
merous next-nearest neighbors!.

Most of the chains initially form a single head racque
after the first monomer-monomer contact and the format
of the racquet head, the two sides of the chain tend to
come parallel and form a neck region, which ensures
ns and
FIG. 3. ~Color online! Time series of total energy for an ensemble of molecules, with labels of the corresponding configuratio
actual shape of~a! 1 head,~b! 2 heads,~c! 5 heads racquets, and~d! torus.
6-4
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COLLAPSE OF A SEMIFLEXIBLE POLYMER IN POOR . . . PHYSICAL REVIEW E69, 021916 ~2004!
maximum number of monomer-monomer contacts with
increasing the bending penalty. The molecules then f
again on themselves, forming higher order shapes. Dep
ing on how the molecule folds back on itself, the next co
figuration can be a 2-heads or a 3-heads racquet shape.
ure 3 shows examples of both pathways. Successive fol
leads to higher order racquets. The transition between e
single metastable conformation is very rapid and driven
the deterministic attractive and bending forces. In contr
the initiating event for each successive collapse is relate
the Brownian motion of the molecule, and therefore the ti
interval between folding events is completely random for
simulations that we have performed. In the simulations
longer chains (L510Lp) we observe combinations of th
conformational elements described above, e.g., chains
tially folded in a racquet shape at one end while still unc
lapsed at the other. Those conformations have intermed
energies between the well-defined levels corresponding
racquets and tori and quickly disappear in favor of mo
compact and ordered structures. In contrast, the metas
high order racquets are extremely long-lived, and the e
getic barrier for reaching the equilibrium shape is of the
der of severalkBT. While the partial unfolding of a torus in
a racquet is never observed, simulations show the forma
of a torus via metastable configurations, and this, toge
with the lower total energy shown by the torus~see Fig. 3!,
confirms once more that the latter is the equilibrium config
ration.

B. Quantitative description of collapsed states

The configurations and the shapes of semiflexible m
ecules in bad solvent can be studied through direct visua
tion of the collapsing chain. While this method is a valuab
way to gather information on the kinetics and pathways
collapse, it is time-consuming and not quantitative. We the
fore define a spatial correlation matrixM to analyze in a
more systematic way the collapsed shapes. The elemen
M are defined asMi j 5ui•uj . With this definition,M is sym-
metric; a perfectly straight rod hasMi j [1 ; i , j , as all the
connecting normalized vectors have the same direction
orientation. An uncollapsed semiflexible chain with pers
tence lengthLp will have Mii [1, while the off-diagonal
termsMi j would be smaller and decaying exponentially w
the distance along the chain between the connectorsi and j.

TABLE I. Comparison between the energy level of the me
stable condensed states from theory@24# and present simulation
(L/Lp58.0, L/L0565.3).

Conformational energy (kT) Theory Simulation

open chain 1.0 1.0
1-head racquet 0.86 0.87
2-heads racquet 0.75 0.79
3-heads racquet 0.71 0.73
4-heads racquet 0.70 0.66
5-heads racquet 0.68 0.57
6-heads racquet 0.65 0.42
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When the chain collapses, the actual shape assume
the molecule can be inferred from the spatial correlation
tween connectors. The spatial correlation matrix for a sin
head racquet, for example, will be a block matrix: one blo
will show values close to 1, corresponding to the alm
straight filament in the neck of the racquet, followed by
region with rapidly decreasing values from 1 to21—the
racquet head—and by another block with values close
21, indicating the other filament of the neck, with the sam
direction but opposite orientation.

The spatial correlation matrix can be simplified into
spatial covariogram for the molecule. The covariogram i
standard statistical measure of spatial covariance as a f
tion of distance@26#, and is defined as

C~h!51/N~h!(
j 51

N

(
i 51

N

$Zi2m%$Zj2m%, ~8!

where h is the distance~in time or in space! between the
observationsZi andZj , N(h) is the number of observation
at a distanceh, andm is the expected average value of th
observation. In the present analysis, for each molecule
construct the spatial covariogramCsp assumingZi5ui and
m50W . We therefore obtain a scalar function of the distan
along the chains, bounded between11 and 21, which
contains all the relevant information about the shape of
molecule.

Figure 4 shows three relevant examples of this type
analysis: the actual shape of the semiflexible molecule
shown together with the spatial correlation matrix and
spatial covariogram. For a uncollapsed chain@Fig. 4~a!#, the
matrix shows randomly alternating regions of positive a
negative correlation along the length of the chain, cor
sponding to the typical open configuration of a semiflexib
chain in good solvent. The corresponding covariogr
shows how the connectors correlation decays from 1 to
ues around 0 along the length of the chain; the decay
exponential at short distances and related to the stiffnes
the chain, i.e.,Csp5exp(2s/Lp). At longer distances, the cor
relation randomly fluctuates between negative and posi
values. As shown in Fig. 4, a single exponential curve w
the theoretical coefficient21/Lp fits very well the spatial
covariogram of the open chain, thus confirming the valid
of this quantitative analysis.

For a racquet shape with multiple heads,M has a struc-
ture of alternating blocks with strong positive and stro
negative correlation, as shown in Fig. 4~b!. The five straight
filaments in the neck of the racquet correspond to these
blocks in the matrix; the size of the blocks is approximate
the same and indicates the length of the racquet neck.
covariogram shows four zero-crossings, each correspon
to a head of the racquet, and can be fitted quite accura
with a fourth order harmonic; the parameters of this fit a
related to the curvature of the racquet heads. From the an
sis of the covariogram only, we can extract:~1! the number
of heads in the racquet, which is equal to the number
zero-crossing of the covariogram. This relationship can
easily understood recalling that the tangent vector at the e

-

6-5
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FIG. 4. ~Color online! ~a! Actual shape,~b! correlation matrix, and~c! spatial covariogram~with fitting curve! for ~1! an uncollapsed
molecule,~2! a metastable racquet-head shape, and~3! a stable torus.
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for
of the head is perpendicular to the tangent along the n
and~2! the size of the collapsed molecule, from the distan
between two subsequent zero-crossings. In the collapse
figuration in Fig. 4~a.2!, for example, the length of the
4-heads racquet can be correctly estimated from the cov
ogram to be about 2Lp .

For a torus, the spatial correlation matrix appears co
pletely different@Fig. 4~c!#, showing a structure with diago
nal bands. In fact, the correlation between pairs of conn
tors at the same distance is the same, regardless of
position along the chain; this translates into bands along
diagonals of the matrix. The distance between a diago
with values close to 1 and one with values close to21
corresponds to the diameter of the collapsed torus. The s
information can be extracted from the covariogram, which
a perfect sinusoid, instead of a higher order harmonic fu
tion: the period of the sinusoidal function corresponds top
times the diameter of the torus, and the number of comp
periods in along the chain indicates the number of loo
formed by the collapsed molecule. Again, from the cova
ogram alone we can derive~1! the number of loops formed
by the torus, equal to half of the number of zero-crossing
~2! the size of the collapsed chain, which is in the case
Fig. 4~a.3! equal to roughly 1.5Lp .

C. Kinetics of collapse

The fraction of collapsed semiflexible molecules in a b
solvent increases monotonically with time, as already sta
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We have studied the effect of the relevant length scales of
phenomenon,Lp , L0, andL, on the kinetics of this collapse
By systematically varying the total length of the chain (L
53Lp , 5Lp , 8Lp , and 10Lp), as well as the strength (ũ0
50.25kT/a2, 0.5kT/a2, and 1kT/a2) and the range (Rattr
55/40Lp and 1/6Lp) of the attractive forces, we have ex
plored the effect of these parameters on the decay rat
uncollapsed molecules. We define the time to collapsetcoll as
the time required by the molecule to form the first metasta
collapsed structure. We obtain from simulations the aver
value of tcoll in an ensemble of collapsing chain under ea
condition, normalized witht rot,Lp

. The inverse oftcoll is

taken as a measure of the decay rateDcoll of uncollapsed
molecules. The distribution of the times to collapse follow
the expected lognormal distribution, typical of such dynam
cal processes, with a peak close to the average value a
long tail, as shown in Fig. 5.

At a given value ofL/Lp , the decay rate increases, i.e
the molecules collapse faster, for decreasing values ofL0,
i.e., for increasing values ofu0. Similarly, the decay rate
increases for longer chains at a given value of the attrac
potential and persistence length. We can collapse the va
of Dcoll on a single curve as a function of a proper combin
tion of the two dimensionless ratios,L/Lp and L0 /Lp ,
(L/Lp)1/3(Lp /L0). Figure 6 shows the mastercurve for th
decay rate.

Table II reports the statistics of chains conformations
different values ofL/Lp at two different times, i.e.,t1
6-6
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5100t rot,Lp
and t25200t rot,Lp

. At t1, the single head rac
quet is a conformation much more likely than the torus
all the explored values ofL/Lp . This confirms that the direc
formation of a torus is an unlikely event, as discussed in S
III A, and most of the chains collapse through a sequenc
folding events. Att2, the percentage of molecules in th
1-head racquet configuration does not vary substantially w
respect tot1, because while uncollapsed molecules fold
form new 1-head racquets, some of these configurations
ther collapse in higher order metastable racquets and s
tori. The number of chains collapsed in tori or multiple he
racquets monotonically increases within the observed spa
time. For shorter chains the likelihood of tori and multip
racquets is similar, while the metastable states seem t
initially more favorable for longer chains (L/Lp58 and
L/Lp510). Overall, the results show that the intermedia
conformations in the collapse phenomenon are extrem
long-lived: only 8.4% of the simulated chain has reached
equilibrium, torus state after 200t rot,Lp

.

D. Comparison of different computational models

We have performed simulations of collapsing chains w
different computational models in order to verify the resu
obtained and the appropriateness of the model chosen
particular, we have performed simulations with a bead-
model, where the chain connectors are rigid rods rather t
a stiff elastic spring. As noted in Sec. II, the bead-rod mo

FIG. 5. Normalized collapse time distribution for all the sim
lation conditions.
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is a constrained model which ensures local inextensibility
the chain, but is computationally more expensive, due
more stringent time step requirements for convergen
While local inextensibility is fundamental when analyzin
the polymer contribution to the stress tensor@22#, its effect
on the pathways and dynamics of collapse is less relevan
confirmed by our results. In fact, we observe qualitative
similar pathways to collapse in the simulations perform
with the bead-rod model. The preferred pathway includes
formation of metastable racquet shapes, similarly to w
was observed in the bead-spring simulations. The kinetic
the collapse are slower for the locally inextensible model;
believe that this is due to how the constraints are impos
i.e., by projecting the random forces onto the constraints,
therefore not allowing any fluctuations along the chain.
more detailed comparison between the collapse kinetic
the two models is prevented by the high computational c
of simulating the constrained system.

We also perform simulations with a phantom bead-spr
chain, i.e., a chain with no repulsive hard core. Once mo
we find that the dynamics of collapse are qualitatively t
same, although the actual shapes of the tori and of the
quets formed by the phantom chain are slightly different. T
absence of hard core repulsion allows in fact for tigh
structures, as shown in Fig. 7. In particular, in the metasta
multiple racquets the neck for phantom chains appears m
narrower than for the chains where excluded volume in
actions are taken into account, while it is noticeable that
shape and the curvature of the racquet head appears
changed. The traces in time of the energy level for the ph

FIG. 6. ~Color online! Masterplot of the decay rate of unco
lapsed molecules.
7

TABLE II. Statistics of chain conformations for differentL/Lp at t15100t rot,Lp
and t25200t rot,Lp

~percent values!.

L/Lp53 L/Lp55 L/Lp58 L/Lp510

Conformation t1 t2 t1 t2 t1 t2 t1 t2

open chain 62.0 43.2 48.0 30.0 43.3 36.6 49.0 36.8
single head 31.0 43.2 36.0 42.5 33.4 30.0 24.5 23.
multiple heads 3.5 6.7 8.0 15.0 20.0 26.7 20.4 31.6
torus 3.5 7.9 8.0 12.5 3.4 6.7 6.1 7.9
6-7
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tom chain show the features already discussed in Sec. II
well-defined energy states corresponding to metastable s
tures, with rapid transitions between them~see Fig. 7, inset!.
However, the average life of metastable states appear slig
shorter than in the complete model: intuitively, this is due
the wider range of motion of the phantom chain, which p
mits folding paths otherwise prevented by the excluded v
ume interactions.

E. Effect of shear flow

We discuss here the results of some preliminary work
the effects of steady shear flow on the collapse dynamic
semiflexible chains. In particular we monitor the decay r
Dcoll at different flow strengths, and we compare the pa
ways of collapse with those at equilibrium. Flexible chai
expand in shear flow, i.e., the average end to end dista
increases while the molecules tend to orient with the flo
the effect of the flow is therefore counteracting that of t
attractive forces, which tend to form compact globuli. St
semiflexible chains, withLp>L shrink in shear flow, due to
a buckling instability@27#; such rigid chains, however, woul
not collapse to form tori and multiple racquets in bad s
vent, as the open, rodlike shape is stable at equilibrium@24#.
In this work, we consider the collapse of less stiff semifle
ible molecules: is not cleara priori what to expect for the
collapse dynamics under shear flow.

We use a freely draining model for the chain under she
While hydrodynamic interactions are crucial in describi
the dynamics of flexible chains in shear flow@28#, their ef-
fect is far less relevant in a semiflexible chain. For flexib

FIG. 7. ~Color online! ~a! Metastable racquet-headed state fo
phantom chain and~b! corresponding correlation matrix. Inset i
~a!: energy traces in time for collapsing phantom chains.
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chains in fact, different segments of the chain contribute v
differently to the viscous drag: the segments in the core
the polymer coil—or globule in the poor solven
conditions—are partially shielded from the flow, thus redu
ing the overall viscous drag. For a stiffer chain, however, t
effect is negligible, because locally the molecule is strai
and the shielding effect from the other part of the chain
highly reduced. The appropriate approach therefore is us
slender body hydrodynamics; in this context, the friction te
sor can be written asz5z iuu1z(I2uu). For a slender rod,
z i50.5z. Because the anisotropy of the friction coefficie
affects the dynamics only marginally~although it affects the
viscous component of the stress tensor!, in the present simu-
lations we setz i5z ~isotropic drag! for simplicity.

We show here that strong enough shear flow considera
speeds up the collapse kinetics because it increases the
lihood that the two ends of the chain meet. Figure 8 sho
the trend of the decay rate as a function of the Weissenb
number Wi, where Wi5ġt rot,Lp

, for three different values of

L/Lp . The Weissenberg number describes the ratio betw
the polymer characteristic relaxation time and the time sc
of the flow. Consistently with what was done in the oth
sections of this paper, we use the rotational diffusion time
a rod of lengthLp as the polymer characteristic time. Fo
shear flow, the characteristic time scale is given by 1/ġ @29#.
When the Weissenberg number Wi is smaller than one
polymer can relax—in this case rotate over a sectionLp—in
the time scale of the flow, while for Wi.1 the flow is fast
with respect to the polymer relaxation. At Wi50.1, the de-
cay rate does not change much with respect to the equ
rium value, and there is not a clear trend among the differ
L/Lp . At Wi51, the increase in decay rate becomes inst
significant, as the average time to first contact halves;
Wi510, the effect of shear flow is completely dominatin
and the decay rate under the three different conditions
almost equivalent. Under shear flow, the semiflexible m
ecules undergo a sequence of compressions and exten
while tumbling in the plane of shear; in the compressi
region, the molecules tend to shrink, therefore raising
probability that two sections far apart along the chain ba

FIG. 8. ~Color online! Plot of the decay rateDcoll vs Wi for

L/Lp53,5,8, ũ051kT, andRattr510/3.
6-8
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bone come in contact. The attractive forces then trap
molecule in the partially collapsed configuration, prevent
it from straightening back in the extension region.

However, the continuous tumbling of the chain and alt
nation of extension and compression does not allow the
mation of the higher order, compact structures observe
equilibrium. In particular, the shear flow seems to inhibit t
formation of the torus, which was never observed in the h
shear flow simulations. Figure 9 shows two typical config
rations observed in strong shear flow; while they show
basic features of the metastable racquets, the structure
less compact and do not reach the same level of energy o
equilibrium conditions.

IV. DISCUSSION

The dynamics of collapse of semiflexible molecules
bad solvent has been recently investigated in the literat
Direct, visual experimental evidence of the formation of t
and high order racquets has been obtained studying biop
mers with sufficiently large persistence lengths@13,14#. The-
oretical work and Monte Carlo simulations@11,12,24# have
confirmed that the torus is the stable conformation, but in
mediate, metastable racquet-shaped conformations exis
are long lived. Previous Brownian Dynamics simulations
2D @15# have firstly suggested the possible general pathw
to the dynamics of collapse.

The present work provides new insights on the collapse
semiflexible chains, confirming the suggested pathw
through 3D simulations, and showing the effect of the t
relevant dimensionless ratiosL/Lp andL0 /Lp on the kinetics
of collapse. The time series of the total energy of each ch
show clearly the fast transition between well-defined ene
levels, corresponding to different metastable intermed
shapes, and the final, stable torus. We also showed that
possible pathways towards the stable conformation are

FIG. 9. ~Color online! Collapsed configurations of semiflexibl
chains in shear flow at Wi510; ~a! L/Lp58, and~b! L/Lp55.
er

02191
e
g

-
r-
at

h
-
e
are
he

e.
i
ly-

r-
nd

ys

f
s

in
y
te
wo
s-

sible: direct formation of a torus and successive folding
the chain in progressively higher order racquets. The la
one appears to be more probable for the range of param
investigated. The decay rate of uncollapsed states for all
different conditions of the simulation can be plotted as
function of a proper combination ofL/Lp andL0 /Lp . Fur-
ther work is needed to confirm the validity of this empiric
scaling and verify it in a wider range of parameters. In p
ticular, this scaling does not provide a proper dependenc
the decay rate from the persistence length alone, becausLp
is never varied (Lp520 connector lengths for all the simu
lations!.

We also performed simulations with different comput
tional models, therefore confirming that the observed me
stable conformations and pathways are general and do
depend on the model details. However, the kinetics, i.e.,
actual value of the decay rate, can be different: in particu
for a constrained bead-rod model the kinetics of collap
appear slower, possibly due to the way the Brownian nois
projected onto the constraints.

We show preliminary results on the kinetics and pathwa
of collapse of semiflexible chains in shear flow. Stro
enough shear flow increases the decay rate of uncollap
states, but prevents the formation of the compact, w
defined configuration observed at rest, and seems to inh
the formation of the torus. Based on this evidence, the fas
kinetics of condensation should be achievable by shea
the molecules initially—to promote the initial collapse—an
then stopping the flow to let internal forces drive the fin
collapse to the compact configurations. While these res
have been obtained in unbounded shear flow, future w
will consider the interaction of the collapsing molecules w
a solid surface, which could be attractive or repulsive for
chain. Also, a future possible direction of research includ
the effect of local defects along the chain, which make
molecule locally more flexible or stiffer, as well as the d
namics of compaction when specific binding sites are
duced in the chain, for example, by proteins on DNA m
ecules.
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